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Preface

The First Summer School on Theoretical Aspects on Computer Science was held
at the Institute for Studies in Theoretical Physics and Mathematics (IPM) from
July 3-10, 2000.

The idea of organizing a summer school was originated during a conversation
between the first and the second editor of this volume in the winter of 2000 at
IPM in Tehran. The decision was formalized when the third editor visited IPM
later in the winter.

The main idea behind the Summer School was to introduce to the students
in Iran some of the highly innovative and promising research in Theoretical
Computer Science, and, at the same time, to start a flow of ideas between top
researchers in the field and the Iranian scientists. For this reason, the talks were
designed to be of a tutorial style.

The organizers decided to concentrate on a few important areas of research
in modern Theoretical Computer Science. To attract students to this impor-
tant area, they also decided to include talks on applications of methods from
Theoretical Computer Science to other areas.

This volume contains the written contributions to the program of this Sum-
mer School. It is intended for students and researchers who want to gain ac-
quaintance with certain topics in Theoretical Computer Science. The papers on
quantum computation, approximation algorithms, self-testing/correcting, alge-
braic modeling of data, and the Regularity Lemma correspond to the former
category, while connections between multiple access communication and combi-
natorial designs, graph-theoretical methods in computer vision, and low-density
parity-check codes belong to the latter category.

Each contribution to this volume was presented in a two hour session, lea-
ving ample time for questions and discussions. The tutorials were followed by a
number of specialized talks touching on current research problems in the area.
Parts of the talks have been incorporated into the material of the contributions.

January 2002 G.B. Khosrovshahi
A. Shokoufandeh

A. Shokrollahi
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Multiple Access Communications Using
Combinatorial Designs

Charles J. Colbourn

Computer Science, University of Vermont
Burlington, VT 05405

USA
Charles.Colbourn@uvm.edu

Abstract. In the past century, combinatorial designs have had substan-
tial application in the statistical design of experiments and in the theory
of error-correcting codes. Applications in experimental and theoretical
computer science have emerged more recently, along with connections
to the theory of cryptographic communication. This paper focuses on
applications of designs in multiple access communications, in particu-
lar to balanced methods of sharing resources such as communications
hardware, time, and bandwidth. The theory of combinatorial designs
continues to grow, in part as a consequence of the variety of these ap-
plications and the increasing depth of the connections with challenging
problems on designs.

1 Background

The nature of most computational tasks, including communication, is bursty. A
single user often has an intensive requirement for a resource for a short period of
time, followed by longer periods of relative inactivity. As a result, techniques for
sharing resources have occupied many research areas within computer science
and communications. Support for multiple access to a resource addresses both
the needs of individual users for sufficient access to the resource, and the (eco-
nomic) requirement that the resource itself be highly utilized. We focus here on
problems of this type arising in multiple access communications; some of these
applications have been described in the earlier surveys [37,39], and we borrow
extensively here from those presentations.

Our interest is to explore the uses of combinatorial designs in the solution of
such problems. The theory of combinatorial designs has a long and rich history.
Its origins lie in somewhat specialized problems that arose in algebra, geometry,
topology, and number theory. However, applications are found in the design of
experiments [66] and in the theory of error-correcting codes [62]. Both fields of
application served as sources for a wide variety of research directions.

In the past few decades, combinatorial design theory has grown to encompass
a wider variety of investigations, many of which are not apparently motivated
by any practical application. Rather they are motivated by a desire to obtain a
coherent and powerful theory of existence and properties of designs. Nevertheless,

G.B. Khosrovshahi et al. (Eds.): Theoretical Aspects of Computer Science, LNCS 2292, pp. 1−29, 2002.
 Springer-Verlag Berlin Heidelberg 2002



it comes as no surprise that applications in experimental design and in coding
theory continue to arise, and also that designs have found applications in new
areas. Cryptography in particular has provided a new source of applications
of designs, and simultaneously a source of new and challenging problems in
design theory [72]. Across the spectrum of theoretical and experimental computer
science, there are similar connections [37,39].

Arguably, many of the connections that arise are somewhat superficial, and
appear to require only the translation of elementary combinatorial properties to
the application domain. Naturally, the limited application does not then pro-
vide evidence of an important role for combinatorial design theory. However,
we believe that there is ample evidence not only of superficial connections of
theoretical investigations on designs to applications, but of deeper and more
substantial connections. The importance of these cannot be overstated. While
we can never know which results will find a genuine application, we expect to
see such applications arise. Moreover, the evolution of the field depends largely
upon its ability to make contributions both to other theories and to applications.

This paper presents some multiple access communication applications in
which the connection with designs appears to be substantial. Our objective is
to present evidence that combinatorial designs continue to arise in applications
areas, often in unexpected ways; that the connections involve difficult aspects of
the theory of designs; and that the applications motivate new research in design
theory.

The applications span the breadth of computer communications. In this sec-
tion, we introduce bus network design as a complement to the required defini-
tions; then in Section 2 the design of multidrop or bus networks is examined in
more depth. Multidrop or bus networks are used extensively in loosely coupled
distributed systems; for tightly coupled systems, interconnection networks pro-
vide the basic communications structure. In Section 3, design-theoretic aspects
of interconnection networks are briefly surveyed.

Section 4 then introduces a problem on graph designs and decompositions
that arises in sharing wavelengths among point–to–point communication paths
in an optical network such as SONET. In this application, communications are
assigned to a specific portion of a wavelength so that no interference among
communication arises. We then turn to systems that permit simultaneous trans-
mission by multiple users, so that interference among users occurs. Section 5
considers how designs arise in schemes for multiple access that enforce a syn-
chronous operation among users; Section 6 treats the analogous situation, but
for asynchronous operation. Finally, in Section 7, superimposed codes for simul-
taneous transmission are described in the context of more general group testing
problems.

These brief surveys of certain applications are independent of one another
for the most part, and are intended to provide the reader with an appreciation
for the breadth and depth of the relationships to combinatorial design theory.

We provide an overview of design theory next, but assume that the reader
is familiar with the major topics in the area; see [19,36,40,46,59] for comprehen-
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sive treatments. In general, we attempt to give a sufficient introduction to the
applications problem and then outline the connection with designs.

We provide enough background in combinatorial design theory to enable the
reader to appreciate the role of combinatorial designs in the problems which we
explore in subsequent sections. Many basic definitions are needed. We therefore
introduce an illustrative recurring example to clarify the definitions as they are
introduced. We italicize the paragraphs outlining the example, to distinguish
them from the (authoritative) formal definitions.

Example. Imagine that there are v sites in a communications network. We
are to establish communication paths among these sites. The communications
links we have at our disposal are multipoint buses, or local area networks. Such
a bus is attached to a number of sites, and is assumed to provide communication
between any two sites attached to the bus. A bus network is a collection of buses,
each attached to a subset of the network sites. The bus network is said to provide
a direct connection between some subset of the network sites if there is a single
bus in the network to which all sites in the subset are attached. For example, we
could form a bus network with ten sites numbered 0 through 9, and six buses
named A through F, with attachments as follows:

Bus Sites on Bus
A 1,2,3
B 4,5,6
C 7,8,9
D 0,1,4,7
E 0,2,5,8
F 0,3,6,9

This bus network provides direct communication among nodes 0, 4 and 7
for example, since all three are attached to bus D. However, there is no direct
communication here among sites 0, 4 and 5 despite the fact that direct commu-
nication can be established between any two of the three. Our first definition is
a simple combinatorial model for such a bus network.

Let V be a finite set of v elements. A set system B on V is a collection of
subsets of V ; the set system is simple when B does not contain any subset more
than once. Set systems are widely studied under the name hypergraphs. Sets in
B are blocks; the number of blocks is denoted b = |B|.

A bus network is just a set system in which V is the set of sites, and B
contains a subset for each bus which contains precisely the sites attached to that
bus. The bus network given earlier is a simple set system with v = 9 elements,
and b = 6 blocks. In the design of actual bus networks, we are concerned with a
number of criteria related to physical realizability and to performance. We list
a few such criteria here.

1. A site must not be attached to too many buses.
2. A bus must not be attached at too many sites (in order to maintain a ma-
nageable traffic load on the bus).
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3. Every pair of sites must not appear together on too many buses (in order to
avoid unnecessary redundancy).

4. Every pair, or more generally, subset of sites must appear together on suffi-
ciently many buses (in order to ensure reliable direct communication).

While (1) and (2) only specify upper bounds, if the buses are attached at too
few sites, we need many buses, leading to a violation of criterion (1). Similarly, if
a site appears on too few buses, we are forced to attach buses to many sites. This
leads to a desire for “uniformity” or “balance” in determining the sizes of buses,
number of buses attached to a site, and so on. Our next definitions therefore
concern special types of set systems with these properties.

K denotes the set of blocksizes {|B| : B ∈ B}. When K contains a single
blocksize, k, the set system is k-uniform. Each element x ∈ V appears in some
subset Bx ⊂ B. The replication number rx > 0 is |Bx|, and the set of replication
numbers is R = {rx : x ∈ V }. Every subset S ⊆ V appears as a (not necessarily
proper) subset of a number of the sets in B; the number of sets in B containing
S is denoted λ(S) and is termed the index of S in B. The t-index set of a set
system (V,B) is the set {λ(S) : |S| = t, S ⊆ V }. A set system is t-balanced if the
t-index set contains a unique value λt and λt > 0. A 1-balanced set system is
simply one in which there is a single replication number r, with r = λ1. Every
set system is 0-balanced, with b = λ0. Any t-balanced k-uniform set system is
also (t− 1)-balanced.

The blocksizes K are the bus sizes in our example. The replication numbers
are the number of buses attached at each site, and the t-indices are the number of
buses providing direct communication among subsets of t sites. Criteria (1)-(4)
given earlier suggest that we choose a bus network which is both uniform and t-
balanced. Let us consider an example of such a set system. We form a 4-uniform
3-balanced set system with v = 8 elements numbered 0 through 7, and 14 blocks.
Each block is a 4-subset of elements; we adopt the usual convention of writing
ijkl to denote the subset i,j,k,l whenever no confusion can arise. The block set B
is 0124, 0137, 0156, 0235, 0267, 0346, 0457, 1236, 1257, 1345, 1467, 2347, 2456,
3567. So k = 4, r = 7, λ2 = 3 and λ3 = 1. What does this mean? It is a scheme
for constructing a bus network on eight sites, having fourteen buses, with every
bus attached to four sites, and every site on seven buses. Moreover, any pair of
sites can establish direct communication via three different buses, and every set
of 3 sites can communicate directly on a single bus! Set systems which exhibit
this uniformity and balance address criteria (1)-(4) quite effectively. We focus
on such special set systems.

A (balanced incomplete) block design is a pair (V,B) where B is a k-uniform
set system on V which is 2-balanced with index λ. (V,B) is typically termed a
(v, k, λ)-design. The remaining parameters, r and b, can be computed from the
specified parameters, by observing the identities vr = bk and r(k−1) = λ(v−1).
These identities are obtained by counting, in two ways each, the number of pairs
that a given element appears in, and the total number of elements in the design,
respectively.
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Block designs are set systems in which the appearance of unordered pairs is
uniform; the natural extension is to set systems which are t-balanced. A t-design
(V,B), or more precisely, a t − (v, k, λ) design, is a k-uniform set system with
|V | = v which is t-balanced with t-index set {λ}. Trivial t-designs arise by taking
v = k or k = t.

Our last example is a 3-(8,4,1) design. Since it is also 2-balanced, the same
set system is also an (8,4,3) block design. Given that v = 8, k = 4 and λ = 3,
we compute r = λ(v − 1)/(k − 1) = 7 and b = vr/k = 14, as expected.

Now suppose in our example that there were nine sites rather than eight, and
we therefore want a 3-(9,4,1) design to use as our bus network. Can such a design
exist? Perform the following simple counting. Consider two sites, say x and y.
Then for each other site z, the 3-subset x,y,z must be contained in precisely
one block. There are v − 2 such 3-subsets containing x and y, and each block
contains two such 3-subsets. But then if v−2 is not even, there is no way to select
blocks containing each of these 3-subsets once, and there is no 3-(9,4,1) design.
We therefore need some necessary conditions to tell us for which parameters a
design cannot exist, and also some conditions which guarantee existence.

Let us suppose that a t − (v, k, λ) design (V,B) exists. Consider a subset
X ⊂ V with 0 ≤ |X| < t. The total number of t-subsets of V containing X

in B is λ
(
v−|X|
t−|X|

)
, while any block containing X contains

(
k−|X|
t−|X|

)
of these t-sets.

Hence by considering all possible sizes of X, we obtain t divisibility conditions:(
k−i
t−i
)|λ(v−it−i

)
for i = 0, ..., t− 1.

For example, for a 3−(v, 4, 1) design to exist, we must have 4|(v3
)
, 3|(v−1

2

)
and

2|v − 2, from which we obtain the “congruence condition” v ≡ 2, 4 (modulo 6).
Suppose a subset X is chosen, and let the subset of blocks in B each containing
the set X be BX . (V \X,BX \X) is a (t− |X|)-design, where BX \X is the set
of blocks obtained by deleting from each block in BX all points in X. This is the
derived design for X.

A second type of necessary condition arises by considering the number of
blocks. The number of blocks b in a block design is equal to λ

(
v
2

)
/
(
k
2

)
; a well-

known inequality, Fisher’s inequality, shows that b ≥ v in any block design, and
hence λ(v − 1) ≥ k(k − 1).

Existence problems for block designs and t-designs are far from settled in ge-
neral. We only summarize some main existence results here. For block designs,
an elegant theory due to Wilson [80,81,82] establishes that the necessary condi-
tions for the existence of a (v, k, λ) design are sufficient for v sufficiently large
with respect to k. Hence existence of block designs is, in an asymptotic sense,
well understood; nevertheless, complete solutions are known only for (v, k, λ)
designs with k = 3, 4, and 5.

For t-designs with t > 2, much less is known. Teirlinck [76] proved that sim-
ple t-designs exist for all values of t. However, except for 3 − (v, 4, λ) designs,
the necessary conditions are not known to be sufficient, even in an asymptotic
sense. In fact, t-designs with index λ = 1 (Steiner systems) are at present un-
known for t > 5. Much of the effort in combinatorial design theory has been
invested in constructing designs with additional properties. Most effort to date
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in establishing existence results has been invested in triple systems ((v, 3, λ) de-
signs), quadruple systems (3−(v, 4, λ) designs), and Steiner systems (t−(v, k, 1)
designs). We do not attempt to review this literature here; see [36].

In the bus network example, we have thus far ignored an important economic
constraint. For practical reasons, we should add the constraint that the number
of buses be as small as possible. We have already seen Fisher’s inequality, which
tells us that we need at least as many buses as sites, except in trivial cases.
Can this be achieved? Before launching into more definitions, let us give a small
example with seven points, 0 through 6, and seven blocks: 013, 124, 235, 346,
045, 156, 026. This is a (7,3,1) design, and is a 2-balanced bus network for seven
sites using only seven buses. This is not an isolated example, as we see next.

A design with b = v is a symmetric design. In a symmetric design, we have
λ(v − 1) = k(k − 1), and hence the parameters of a symmetric design are of
the form ((k2 − k)/λ + 1, k, λ); note that b = v implies k = r. The order of a
symmetric design is n = k − λ.

The case λ = 1 has received special attention. A symmetric design with
parameters (k2 − k + 1, k, 1) is a (finite) projective plane; the parameters can
equivalently be written as (n2 +n+1, n+1, 1), and the plane is then of order n
(our example above is a projective plane of order 2). ¿From a symmetric design
(V,B), one can form a residual design by selecting one block, removing that
block and removing all of its elements from the remaining blocks. Residuals of
projective planes are (n2, n, 1) designs, usually called affine planes.

Projective planes can be obtained from a general class of structures which
give rise to symmetric designs. Let S be an (m + 1)-dimensional vector space
over GF (q), the finite field with q elements, where q is a prime or prime power.
The set of all subspaces of S is the projective geometry of dimension m over
GF (q), denoted PG(m, q). The 1-dimensional and m-dimensional subspaces of
S are points and hyperplanes, respectively. For each hyperplane H, let BH be
the set of points contained in H. Then using the 1-dimensional subspaces of S as
points, the block set {BH : H ⊆ S} defines a symmetric design with parameters
v = qm+1−1

q−1 , k = qm−1
q−1 , λ = qm−1−1

q−1 . Taking m = 2 yields projective planes. It
follows that projective planes are known to exist for all values n = q which are
powers of primes; at present no planes of non-prime power order are known.

At the other extreme, the symmetric designs with parameters (4n− 1, 2n−
1, n−1) are Hadamard designs, and arise from related configurations, Hadamard
matrices. Existence of Hadamard designs is still unsettled, but numerous infinite
families of such designs are known. (The smallest open case is n = 107; see [36].)

We have already mentioned one reason for special interest in symmetric desi-
gns: they minimize the number of blocks in a design. A second reason is equally
important. Two blocks in a symmetric (v, k, λ) design always intersect in preci-
sely λ elements.

While we have seen many families of designs now which may be useful in
designing bus networks, we have also seen that many parameter sets cannot be
realized. Naturally, the impossibility of a certain set of parameters does not help
us in solving the problem in designing bus networks. In such a situation, if we
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cannot have a design, we must relax one of the constraints on uniformity or
balance. We could, for instance, allow buses of different sizes, but still require
the t-balanced condition. On the other hand, we could insist that no t-subset
appear too often, or that no t-subset appear too seldom. These generalizations
lead to relaxations of block designs and t-designs.

In view of our observations that much remains to be settled concerning exi-
stence of designs, and that the necessary conditions rule out many orders, it is
reasonable to try to “come close”. Hence we might relax some of the restric-
tions. Suppose that (V,B) is a set system which is k-uniform on v elements and
each t-subset appears at most (at least) λ times in blocks of B; then (V,B) is a
t− (v, k, λ) packing (t− (v, k, λ) covering, respectively).

A t−(v, k, λ) packing can have at most b(t, v, k, λ) = λ
(
v
t

)
/
(
k
t

)
blocks, while a

t−(v, k, λ) covering must have at least this number. Equality holds if and only if
the packing (covering) is a t− (v, k, λ) design. However, Rödl [68] demonstrates
that as v goes to infinity, the size of a maximum t − (v, k, λ) packing is (1 −
o(1))b(t, v, k, λ), and hence that we can always come “close” to a design.

Packings are also often called partial designs.
Packings and coverings relax the requirement that the index be constant;

here we relax instead the requirement that the block size be constant. A pairwise
balanced design (PBD) with parameters (v,K, λ) is a set system on v elements
with blocksizes from K, and which is 2-balanced with index λ. A PBD does not
in general have a unique replication number. Block designs are just PBDs with
a single block size.

While there is a rich theory of pairwise balanced designs, we only remark
on a few facts which we employ. First, Fisher’s inequality applies to PBDs;
hence symmetric designs are again PBDs with the minimum number of blocks.
Second, Wilson’s asymptotic existence theory applies to PBDs as well, and hence
existence of a desired PBD is assured for v sufficiently large, provided that
basic numerical conditions are met. Finally, one can both relax restrictions on
blocksizes and impose only an upper bound on the index; the result is a partial
PBD (equivalently, a non-uniform packing).

To illustrate these last definitions, consider a bus network connecting ten
sites numbered 0 through 9. Let us suppose that no bus is attached at more
than four sites, and we require a unique direct connection between every pair of
sites. Employing a (10,{3,4},1) PBD with blocks 0123, 0456, 0789, 147, 258, 369,
159, 267, 348, 168, 249, 357 gives a design for such a bus network. Alternatively,
if each bus is attached at most three sites, replacing blocks 0123, 0456, 0789 by
blocks 012, 123, 045, 456, 078, 789, 036, 039 gives a (10,3,1) 2-covering. This can
be used to establish at least one direct connection between every pair of sites.

In our running example, we have found motivation for most of the basic
concepts in design theory. Two further basic properties are needed in other
applications, but do not arise in the bus network scenario. We introduce these
next.

One property of designs which arises in numerous design applications deserves
special attention. For a design (V,B), a parallel class (or resolution class) of
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blocks P ⊂ B is a set of blocks such that no two intersect, and the union of all
blocks of P is V ; a near-parallel class is similar, but the union contains all but
one element of V .

When B can be partitioned into parallel classes, this partitioning is a resolu-
tion, and (V,B) is a resolvable design.

More generally, a t− (v, k, λ) design may be partitionable into (t′)− (v, k, λ′)
designs; resolution is just the case t′ = 1 and λ′ = 1. Applications arise for
partitionable designs, but especially for the restricted case, resolvable designs.

Often we choose a design with some symmetry, or nontrivial automorphism.
An automorphism of a design is a bijection from the elements onto themselves,
by which blocks are mapped to blocks, and subsets which are not blocks are
mapped to subsets which are not blocks. Provided that an automorphism is
known, the design has a compact representation, in which a representative for
each equivalence class (orbit) of blocks under the action of the automorphism
is retained. The existence of such a compact representation enables one to find
and use much larger designs in practical applications.

Of particular interest are designs with a cyclic automorphism, which is a cycle
involving all elements of the design. Colbourn and Mathon [42] provide a survey
on cyclic designs, and remark on the importance of the compact representation
here; an instructive example of the use of cyclic designs appears in Chung, Salehi
and Wei [31] and in Section 6.

2 Multidrop Networks

Our running example in the introduction, the design of bus networks, forms one
of the clearest illustrations of how combinatorial designs arise in the allocation
of resources. Indeed, beyond the simple connections already mentioned, there
are deeper ones. Hence in this section, the design of networks using broadcast
media so that every two sites lie on a common link, subject to constraints on the
number of links at each site (degree), and the number of sites on each link (link
size), is examined. This leads to the examination of pairwise balanced designs
and to the use of (k, n)-arcs in projective planes.

The network design problem of interest is as follows. There are n network
sites, to be connected using multidrop communication links such as Ethernets,
token rings, or any broadcast medium. A link or bus is a subset of the n sites. In
order to avoid congestion due to switching overhead from one link to another, it
is required that every two sites appear together on at least one link. Typically,
each site is equipped with a limited number of communication ports and hence
can appear on at most some fixed number r of the links. Similarly, each link has
a limit on the number of sites that it can connect. Reasons for such a limitation
include capacity limits, and limits on acceptable routing delay within the link.
With these constraints in mind, the problem can be informally stated as follows:
Connect n sites so that every two sites appear together on at least one link,
subject to the constraint that no link has more than k sites on it, and no site
appears on more than r links.
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Problems of this type have been studied extensively. Mickunas [65] conside-
red the case when k and r are close to equal. Subsequently, Bermond and his
colleagues [14,15,16] considered general network design problems of this type
under the name “bus interconnection networks”. They are primarily responsible
for observing that numerous well studied combinatorial configurations lead to
useful solutions to such network design problems; see also [5,39,44,85,90,91].

Block designs and pairwise balanced designs lead to optimal solutions for the
network design problem when k < r [14,15]. When k = r, projective planes yield
bus networks [65]. Practical concerns dictate that the replication number r be a
fixed small number, while the block size k can be potentially much larger than
r. Since block designs and PBDs always have k ≤ r by Fisher’s inequality [19],
a technique is needed to treat cases when k > r. This is one of the problems
treated in [86].

Bermond, Bond, Paoli, and Peyrat [14] propose the following. Suppose that
we are to construct a covering with replication number at most r and block size
at most k, and our objective is to maximize the number of elements. Choose q
so that q is a power of a prime, q + 1 ≤ r, and q is as large as possible subject
to these constraints. Then form PG(2, q) on element set V of size q2 + q + 1,
and with block set B. A weight function ω : V → Z

+ from elements to positive
integers is to be chosen, and a set of elements W = {(x, i) : x ∈ V and 1 ≤ i ≤
ω(x)} defined. The weight of an element indicates the number of times that it
is replicated in W . We choose ω so that the weight, ω(B), of block B satisfies
ω(B) =

∑
x∈B ω(x) ≤ k, for every B ∈ B, and defines a new set of blocks

D = {{(x, i) : x ∈ B and 1 ≤ i ≤ ω(x)} : B ∈ B}.

Then (W,D) is a covering with block sizes at most k, replication number q+1 ≤ r,
and

∑
x∈V ω(x) elements. Naturally the problem is to determine ω so as to

constrain the weight of each block to k while maximizing the number of elements.
Bermond et al. [14,15] conjectured that the covering with replication number at
most r, block sizes at most k, and the largest number of elements, arises in this
manner when r − 1 is a prime power. It follows from a theorem of Fűredi [55]
that such a covering can have at most rk− (r−1)�kr � elements. Now choosing ω
so that all element weights are as equal as possible subject to the constraint on
block weight leads to coverings for which Fűredi’s bound is achieved infinitely
often, and approaches this bound as k → ∞ for fixed r when r − 1 is a prime
power [15,16]. Hence, although there are many potential methods for producing
coverings, Fűredi’s result establishes that the asymptotically optimal coverings
arise from replicating elements in projective planes.

Bermond et al. [15,16] did not address the question of finding the largest
number of elements in a covering with block size at most k and replication
number at most r precisely. Yener, Ofek, and Yung [86], however, employed a
similar underlying strategy but developed techniques for specifying the weight of
each element in the projective plane so as to maximize the number of elements.
Their method is a simple greedy strategy, which does not in general lead to the
minimum block size [35]. See [20] for related work on affine planes.
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When k ≤ r, the existence of bus networks with restricted bus sizes amounts
simply to the existence of pairwise balanced designs with specified block sizes.
When k > r, two more specific problems arise.

The first arises when r is of the form q + 1 for q a prime power, so that
a projective plane of order q exists. Then an apparently hard question is to
determine the minimum increase in the maximum block size. A (k, n)-arc in a
projective plane of order q is a nonempty set K of k elements such that n is the
maximum number of elements in K that appear together on a block. A (k, 2)-
arc is a k-arc. The existence of (k, n)-arcs was extensively studied, but their
importance here is that the maximum number mn(q) of elements in a (k, n)-arc
in PG(2, q) is precisely the same as the maximum number of elements that can
be replicated without increasing the maximum block size by more than n.

Barlotti [9] established that mn(q) ≤ (n−1)(q+1)+1. A simple computation
establishes that when PG(2, q) contains a (k, n)-arc whose size meets this bound,
replicating the elements of the arc yields equality in the asymptotic bound of
Fűredi [55] discussed earlier. Unfortunately, the determination of mn(q) is a very
difficult problem in finite geometry that remains far from settled [57,58]. Except
when n = q + 1, equality in Barlotti’s bound can be achieved only when n is
a divisor of q [9], and is achieved in two trivial cases: when n = 1 (by a single
element), and when n = q by all elements not lying on a fixed block. When q
is a second or higher power of a prime, nontrivial arcs meeting Barlotti’s bound
always exist when q is a power of 2 and n is a divisor of q [45]. However, in a
1997 breakthrough it has been shown that they never exist when q is a power of
an odd prime [8].

When mn(q) does not realize Barlotti’s bound, extensive research has at-
tempted to obtain lower and upper bounds, and specific exact values; as an
introduction to the literature, we suggest [57,58]. Each lower bound can lead to
a replication scheme for producing a covering, and each upper bound establishes
a limit on how well such a replication scheme can do.

The second main problem arises when r is not one more than a prime power.
Then the advisability of beginning with a plane of order less than r is open to
question. Colbourn [35] observed that certain related combinatorial configurati-
ons can lead to better results. Consider, for example, the case when r = 7 and
v = 39. There is no plane of order 6, and hence the plane PG(2, 5) can be used.
Then block size 9 is obtained. However, there is a covering on 39 elements with
replication number 7 and block size 7 [79], and hence in this case replication of
elements in planes does not appear to lead to the best solution. For this reason,
we mention a less well studied generalization of difference sets that can lead to
(slightly) smaller block sizes for certain degree constraints.

A difference cover modulo v of order q, D = {d0, . . . , dq}, has the property
that {di − dj : 0 ≤ i, j ≤ q and i �= j}, arithmetic modulo v, contains every
nonzero integer in Zv. Hence every nonzero difference arises at least once as the
difference modulo v of two elements in D. When v = q2+q+1, a difference cover
is a difference set. However, while difference sets only exist for certain values of
q, difference covers exist for every value of q. Of course, the price is that the
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number of elements v is less than q2 + q+1 in general. Now adding each integer
i to the elements of D in turn, we produce v blocks forming a covering with
block size q+1 and replication number q+1. Wiedemann [79] gave a difference
cover modulo 39 of order 6, which provides the illustration given above. He
also presented a table of the smallest order difference cover modulo v for each
value of v ≤ 133. Unfortunately, these computational results are not at present
accompanied by a useful theory. For certain small replication numbers such as
7 (a difference cover modulo 39) and 11 (a difference cover modulo 95 [79]), it
appears that difference covers can improve upon the use of planes. Difference
covers arise in an apparently unrelated application, the design of quorums for
ensuring mutual exclusion [38].

We have focussed on the design of bus networks with diameter one. However,
transversal designs arise also in the design of bus networks of larger diameter;
see [13], for example.

3 Channel Graphs and Interconnection Networks

This section examines interconnection strategies for computer networks and the
input-output channel graphs that they contain.

The generic interconnection problem is to establish communication paths
between input nodes VI and output nodes VO; we allow the case that the input
nodes and output nodes are the same. Switch nodes VS may be used; these simply
relay a message from one communications channel to another. Our task is to
connect the nodes in V = VI ∪ VO ∪ VS using point-to-point links. The network
must be connecting, in that there must be a communication path from each input
node to each output node. The distance from an input node to an output node
is the number of links in the shortest communication path connecting them.
The diameter or depth is the maximum distance from an input to an output. To
ensure small delay in communication, we require that the diameter be small.

When all input-output paths have length equal to the diameter, the switch
nodes (if any) can be partitioned into stages, by placing all nodes at distance
i from an input in the ith stage. Networks admitting such a partitioning are
multistage interconnection networks. A multistage interconnection network with
a single input node and a single output node is a channel graph. In the analysis
of interconnection networks, the network designer is concerned with the overall
network design. However, each input-output pair is concerned with the portion
of the network containing the paths from the specified input to the specified
output, i.e. the input-output channel graph.

In some applications, we require that the n input nodes can simultaneously
communicate with the n output nodes, given a specified mapping of inputs to
outputs. This requires disjoint communication paths, which share no common
link or intermediate node. A good example of this situation arises in the design
of shifting networks.

A barrel shifter is a network whose nodes are {0,1, . . . ,n − 1}, the integers
modulo n. Given a shift distance s, 1 ≤ s < n, every node must transfer a value
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to the node whose label is s larger; more precisely, for each 0 ≤ i < n, node i
must establish a connection to node i + s (reduced modulo n as needed), and
all n communication paths are to be disjoint. Kilian, Kipnis and Leiserson [61]
developed a barrel shifter which has diameter one; when implemented in VLSI,
the shift is accomplished in a single clock cycle.

We now consider an even stronger connection property of networks. An n-
superconcentrator is a network with n inputs and n outputs in which disjoint
communication paths can be established from the inputs to the outputs in any
of the n! possible orderings. We restrict superconcentrators to have only links,
and no larger buses. A superconcentrator of depth one requires all n2 connections
(i.e. each input connected to each output); hence superconcentrators of depth
greater than one are of interest. Nevertheless, superconcentrators are typically
constructed using special types of depth-one networks in which every set of inputs
is directly connected to a relatively large set of outputs (see, for example, [29]).
More formally, a network (VI ∪ VO, E) with VI ∩ VO = ∅ is a (n, α, β)-expander
if every set of α inputs is directly connected to at least β output nodes.

The motivation for strong expansion capability is to avoid congestion or
blocking. To quantify the disruption due to such blocking, examine the channel
graphs for each input-output pair. We assume that the probability qi of occu-
pancy of each edge in a channel graph is known. The blocking probability of a
channel graph is defined as the probability that every channel of that graph
contains at least one occupied (blocked) edge. A channel graph with k stages
is superior to another channel graph with k stages if the blocking probability
of the former never exceeds that of the latter, independent of the occupancies
for the Ei. There is no guarantee that constructing an interconnection network
in which channel graphs are superior leads to an interconnection network with
high expected throughput. Nevertheless, if the channel graphs have high blocking
probability, this ensures poor throughput. Hence the design of superior channel
graphs arises as a necessary step in interconnection network design.

A network of diameter one is a 2-(n,K, 1) covering; if we require in addition
that each node i has a (disjoint) path to node i+ s mod n, the n pairs from the
set Ds = {{i, (i + s) mod n} : 0 ≤ i < n} must appear in n distinct blocks. At
first, this seems to be a complicated requirement, but a widely studied class of
designs always has the desired property; we introduce them here. A set system
(V,B) with V = {0, 1, . . . , n − 1} is cyclic if, whenever {b1, . . . , bk} ∈ B, {b1 +
1, . . . , bk + 1} ∈ B (arithmetic modulo n is used). The orbit O(B) of a block B
is the set {B + s (mod n) : 0 ≤ s < n}; it is full when |O(B)| = n. When all
orbits are full, the set system is full-cyclic. It is easy to see that the pairs of Ds

appear in at least n distinct blocks of a full-cyclic covering.
Any full-cyclic covering can then be used to design a barrel shifter. Each

node finds the first orbit in which {0, s} appears, say in block B. Node x now
writes its value to the bus B + x (mod n), and reads its value from the bus
B+ x− s (mod n). In this way each node x reads the value node x− s (mod n)
wrote, and each communication path corresponds to a unique block in the orbit.
Kilian, Kipnis and Leiserson [61] observed that to minimize the total number of
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buses and the number of buses incident at a node, the covering chosen is a cyclic
projective plane (i.e. a projective plane which is cyclic).

The actual operation of a barrel shifter based on a cyclic projective plane is
remarkably simple. To see this, consider the structure of cyclic projective planes.
Since there are only n blocks, any two blocks B1, B2 satisfy B1 ≡ B2 + s (mod
n) for some 0 ≤ s < n. Consider a single block B = {b1, . . . , bk}. Now for
each element d, 1 ≤ d < n, {0, d} appears in exactly one block. Hence B must
contain exactly two elements bi, bj for which bj − bi ≡ d (mod n). Every d,
1 ≤ d < n, is the difference of two elements of B; such a set B is a difference set
for {0, 1, . . . , n− 1}.

Using the difference set representation of the cyclic projective plane, the
operation of a barrel shifter is straightforward. To shift a distance of s, each
node finds the two elements bi, bj in the difference set with bj − bi ≡ s (mod n).
Node x then writes onto bus x+ bi, and reads from bus x+ bj .

When no cyclic projective plane on n elements exists, this very simple control
logic can be retained nonetheless: This scheme requires only a set which covers
all differences from 1 to n−1. Hence we can use a difference cover, in which each
d, 1 ≤ d < n, is the difference of at least one pair of elements. Kilian, Kipnis
and Leiserson [61] observed that they produce optimal barrel shifters of depth
one. They also use difference covers to design ‘permutation architectures’, which
realize permutations other than just cyclic shifts.

Let us turn to superconcentrators. Any depth-one network with VI ∩ VO = ∅
can be equivalently written as a set system (VI ,B), where B = {{vi : {vi, vo} ∈
E} : vo ∈ VO}. In this setting, an (n, α, β)-expander is a set system with n
elements and n blocks, so that every set of α elements intersects at least β of
the blocks. Intuitively, β is largest when the blocks intersect each other as little
as possible. At the same time, however, for β to be large, each element must
appear in a large number of blocks. To maximize the expansion, we choose to
balance the block sizes, and balance the sizes of block intersections. Hence we
consider symmetric designs.

Alon [1] proves that one class of symmetric designs, obtained from the points
and hyperplanes of the projective geometries PG(d, q), provides good expansion
properties: In the design from PG(d, q) on n elements, every set of α elements
intersects β ≥ (αn)/(α + q − 1) blocks. Hence for all α = o(n), α = o(β);
such a network is termed highly expanding. Moreover, Alon remarked that these
expanders have essentially the smallest number of links of any network with
equivalent expansion properties. Using projective geometries for expanders, Alon
[1] established the existence of n-superconcentrators of depth three with O(n4/3)
links; see [1] for further uses of the expanders and superconcentrators, and [56]
for a similar use of symmetric designs.

In the same way that designs lead to desirable expansion properties, they
also arise in the design of superior channel graphs. Chung [28,30] used incidence
graphs of block designs to determine connections between the second and third
stage of a four-stage channel graph. She established that, among all channel
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graphs with the same numbers of nodes in each stage and the same numbers of
interstage links, channel graphs arising from block designs are superior.

The design of interconnection networks employs design-theoretic tools in a
number of ways. The use of designs to cover all pairs of nodes is prevalent in
diameter one networks; on the other hand, the balanced intersection of blocks
is shown to lead to high expansion factors, and hence to highly connecting net-
works.

4 Ring Grooming in SONET Networks

In this section, we outline an application of combinatorial designs to wavelength
assignment in SONET networks [27,71]. A synchronous optical network (SO-
NET) ring on n sites is an optical interconnection device. The sites are arranged
circularly. A clockwise or right ring connects the ith site to the (i+ 1)st, and a
counterclockwise or left ring connects the ith site to the (i− 1)st. This provides
two directions in which traffic can be delivered between any two sites.

Each optical connection can carry multiple signals on different wavelengths.
However, the number of wavelengths is limited, and the bandwidth on each
wavelength is also limited. Typically, one goal is to minimize the number of
wavelengths used. An equally important goal is to ensure that each wavelength
has sufficient bandwidth for the traffic it is to carry.

Now let us examine a combinatorial problem. Let n be a positive integer. Let
Zn denote the set {0, . . . , n−1}; when arithmetic is done on elements of Zn, it is
carried out modulo n. Let Pn be the set {(i, j) : i, j ∈ Zn, i �= j}. Partition the
sets of Pn into two sets, L and R. Then associate with each pair P = (i, j) ∈ Pn
the set S(P ) = {i, i+1, . . . , j−1} if P ∈ R, or the set S(P ) = {j+1, . . . , i−1, i}
if P ∈ L.

Partition Pn into s classes, C1, . . . , Cs. Compute the multiset union Mi =⋃
P∈R∩Ci S(P ) and the multiset union Ni =

⋃
P∈L∩Ci S(P ). Let g be an integer.

If, for every 1 ≤ i ≤ s, the multisets Mi and Ni do not contain any symbol of
Zn more than g times, then C1, . . . , Cs is an (s, g)-assignment for the partition
L,R of Pn.

Since we are at liberty to choose the partition of Pn into L and R, we define
an (n, s, g)-assignment to be the partition together with the (s, g)-assignment
for that partition. We shall be concerned with those (n, s, g)-assignments that
minimize s for particular values of n and g. Among these assignments, we prefer
certain ones realizing a minimality condition, described next.

Consider a particular (n, s, g)-assignment. Let Vi = {x, y : (x, y) ∈ Ci}. The
drop cost of the assignment is defined to be

∑s
i=1 |Vi|. For specific choices of n and

g, what is the smallest value of s that we can achieve? For (n, s, g)-assignments,
what is the smallest drop cost that we can achieve? We address these two que-
stions, and describe an approach that uses techniques from combinatorial design
theory and graph decompositions to obtain results on the existence of such as-
signments.
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Let us examine how the basic SONET application is modeled in this combi-
natorial formulation. The sites of the SONET ring are the elements in Zn. Then
Pn simply indicates the pairs of sources and destinations for communication.
The choice of left or right ring on which traffic is to be routed is indicated by
the partition into L and R. Then for P ∈ Pn, the set S(P ) is precisely the origi-
nating site together with all of the intermediate sites through which the traffic
flows for the pair P . The number of wavelengths used is s, and the partition into
classes C1, . . . , Cs specifies the chosen wavelengths.

Suppose that the pairs P1, . . . , Pt have all been assigned to the same direction
and the same wavelength. Suppose further that some site h ∈ Zn has the property
that h ∈ ⋂ti=1 S(Pi). Then all traffic involving these source–destination pairs
must be routed through site h. If the traffic requirement for these t pairs exceeds
the bandwidth, then site h would be unable to handle the traffic. In the absence
of specific information about the traffic requirements, we suppose that no pair
has a traffic requirement exceeding 1

g times the bandwidth. Then the condition
on Mi and Ni ensures that sufficient bandwidth is available on each wavelength
in each direction.

In a communication, the source and destination sites typically convert bet-
ween the electrical and optical domains, while intermediate sites are all-optical
forwarding devices. To start or terminate a connection is more expensive. Wa-
velength add-drop multiplex (WADM) permits a wavelength to bypass a node
without the costly termination when no traffic on the wavelength originates or
terminates at the node. Hence costs of a SONET ring configuration using WADM
can often be lowered by reducing the number of different source and destination
sites on each wavelength. The drop cost of the assignment defined earlier gives
the number of SONET ADMs employed, and our interest is to minimize this
number.

We have outlined an optical communications environment in which traffic
from a particular source to a particular destination remains on a single wave-
length. For arbitrary (s, g)-assignments, we cannot always partition each wave-
length into g channels so that that each source–destination pair remains on a
single channel. Nevertheless, the implementation is substantially simplified when
we can do so. If an (s, g)-assignment can be partitioned into channels in this way,
then it arises from an (sg, 1)-assignment by forming s unions of g classes each.
This special type of assignment is a grooming. We shall typically require that
the assignments produced are, in fact, groomings.

The case when g = 1 arises when each communication requires the entire
bandwidth available on a wavelength. Two pairs P and P ′ can nonetheless share
the bandwidth if they are on opposite (left and right) rings, or if they are on
the same ring and S(P ) ∩ S(P ′) = ∅. Our task is then to partition the set
Pn into s wavelengths and two directions, so that within each we find each
site at most once. It is then necessary that any such partition of the pairs Pn
also partition the multiset M =

⋃
P∈Pn S(P ) into s classes and two directions,

each containing every symbol in Zn at most once. Now S(P ) depends upon the
direction chosen for P , but let us suppose for the moment that S(P ) contains
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at most n/2 elements. This can be guaranteed if we choose the shorter direction
around the ring. ThenM, by an easy counting argument, has (n3−n)/4 elements
when n is odd, and n3/4 when n is even. Since each wavelength accounts for
at most 2n of the entries in M, we require that s ≥ �n2−1

8 � wavelengths be
available when n is odd, and s ≥ �n2

8 � when n is even. See, for example, [17,71].
Wan [78] describes a very useful set of “primitive rings” which provide the

wavelength assignment. We review his method briefly. First suppose that n = 2m
is even. Define the rings Qnij = {(i, j), (j, i+m), (i+m, j+m), (j+m, i)}; when
these rings are routed clockwise and i < j < i+m, the pairs of each ring can be
placed on a single wavelength. Next define the rings Ri = {(i, i+m), (i+m, i)}.

We place the pairs in the rings Qnij in R when 0 ≤ i < j < m. Then, for
0 ≤ i < �n/4�, we place the ring Ri in R. All other pairs are placed in L.
Indeed, when Qnij is placed in R, we suppose that Qnji is placed in L. The rings
Qnij and Qnji involve the same sites and can be placed on the same wavelengths
in opposite directions.

It is easily verified that such a set of primitive rings minimizes the number
of wavelengths (indeed, every wavelength is used at every single site). When
n = 2m+ 1 is odd, a simple variant can be used. Begin with the primitive rings
described for the even order n−1. We introduce a new symbol ∞ between n−1
and 0. Rings Qn−1

ij are placed as before. However, the rings Ri are removed, and
each is replaced by two rings, Tni = {(∞, i), (i, i + m), (i + m,∞)} in R and
Tni+m = {(∞, i+m), (i+m, i), (i,∞)} in L.

Using this solution for g = 1, one way to produce an assignment with g > 1 is
to combine up to g primitive rings, while minimizing number of wavelengths and
drop costs. A method for forming an assignment by taking unions of primitive
rings is a grooming of primitive rings. The most natural case to treat is when
g is a power of two as a result of the bandwidth hierarchy available in SONET
rings.

Wan [78] solves the cases when g = 2 and g = 4, and develops some general
techniques. We review his method briefly. First, let n = 2m+ 1 be odd. Form a
graph LKm, a complete graph with a loop on each vertex. Associate with edge
{i, j}, i < j, the primitive ring Qn−1

ij , and with each loop {i} the primitive ring
Tni . Now choose a subgraph of LKm having q edges and p vertices of nonzero de-
gree. If we place the primitive rings corresponding to these edges in the clockwise
direction on the same wavelength, the bandwidth suffices exactly when g ≥ q.
Indeed, this simply restates the requirement that every site be involved as a
sender or intermediate site in at most g primitive rings on the same wavelength
and same direction. What about the drop cost? Each edge {i, j} with i < j
corresponds to a primitive ring involving four sites, while each loop corresponds
to a primitive ring involving three. When a vertex appears in more than one
edge, a savings results. When no loops are chosen, the cost for this wavelength
(or subgraph) is easily calculated to be 2p; when at least one loop is chosen, it
is 2p+ 1.

When n is even, the situation is fundamentally the same, but some details
differ. We examine this next. While for the case of odd n, the primitive rings
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fall naturally into pairs, the primitive rings Ri do not ‘naturally’ pair when n is
even. Indeed, if we select a graph in the decomposition whose number of nonloop
edges plus half the number of loops does not exceed eight, then we can make
a valid assignment to wavelengths as follows. On the clockwise ring, we place
a primitive ring of size four, placing its reversal on the counterclockwise ring.
However, for primitive rings of size two, we place half on the clockwise ring
and half on the counterclockwise ring. Hence in the even case we treat loops
differently than when the ring size is odd. In this case, the cost of a subgraph is
always simply twice the number of vertices of nonzero degree in the subgraph.

Our task in both cases has been reduced to a graph decomposition problem.
Partition the edges of LKm into subgraphs, each containing at most g edges
(counting loops as edges when the ring size is odd, and as half-edges when the
ring size is even) so that the number of subgraphs is minimized and so that the
total cost of all chosen subgraphs is minimized. See [36,67] for results on graph
decompositions in general and for further references.

5 Synchronous Multiple Access to Channels

The next section examines an application involving sharing an optical channel. In
that context, users act asynchronously, and hence the channel decoding involves
cyclic shifts of codewords. This section examines an analogous problem. In this
variant, however, rather than multiplexing by partitioning the channel’s capacity
into discrete time slots, we employ multiplexing based on available frequencies.
This avoids some of the issues that arise in synchronization, but introduces some
additional complexities.

Each user is to be able to send one ofm different messages in a channel, or can
remain silent. The channel is capable of carrying any subset of v different pulses
or tones simultaneously, and can be equipped with intensity detection devices
that determine not only the presence of a particular tone, but also the intensity
with which this tone was employed. The latter is usually measured in multiples
of some basic nonzero intensity, and accurately distinguishes large variations in
intensity. However, small variations are not considered to be significant, in order
to allow for noise.

Each message for each user is mapped to a codeword, which indicates a sel-
ection of k of the v available tones (i.e. the scheme is multi-tone). When the
transmitter is silent, no signal is sent. When active, the transmitter sends the
combination of k tones corresponding to the desired message. Typically, few
transmitters are active. As with optical orthogonal codes, a receiver must be able
to detect the presence of a message from a particular transmitter. For this rea-
son, interference resulting from the simultaneous transmission of two (or more)
codewords is to be kept to a minimum. When, for example, every transmitter
is assigned only one message, we require that codewords for two different users
share at most one tone. If all users are assigned one message only, and there is
no intensity detection, then the task of the receiver is precisely that of solving a
nonadaptive group testing problem (see Section 7). Intensity detection enables
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us to determine (with some degree of accuracy) the number of users who have
transmitted a particular tone. Hence the problem is the variant of nonadaptive
group testing in which tests report not just the presence of a defective, but also
the number of defectives (see [49, Chapter 5]). Codes for this type of “spread
spectrum” signalling system are described in [3,4,52,53].

The m-ary problem is described in some detail in [88,89]. Transmitters have
a collection of m different messages and can choose any one to send or remain
silent. The intended application here is to signalling systems in which, despite
the large number of users, traffic from each user is bursty (i.e. high volume but
short duration). The design of the system optimizes the handling of traffic when
a single user is active, but permits multiple access by a small number of users. We
retain the requirement that codewords assigned to different users share at most
one tone. We enforce in addition a requirement that two codewords associated
with different messages used by the same transmitter share no tone at all. This
“orthogonality” requirement permits the most accurate decoding when a single
user is active.

To accommodate multiple users, again it is necessary to be able to determine
which combination of messages is present in the channel. For this reason, it is
generally considered to be a poorer signalling design if one tone is used much
more often than another. A secondary, but still important, criterion is therefore
that all available tones appear in approximately the same number of assigned
codewords.

When every transmitter has a unique codeword, a simple design theoretic
problem arises. Associate with each of the v tones an element, and with each
codeword a block which is a subset of k elements. Blocks then have the property
that they intersect in at most one element, and hence no pair occurs in more
than one block. The result is a packing of index one, block size k, and order v.
Maximizing the number of transmitters requires simply the choice of a maximum
packing.

However, even this basic signalling problem poses some difficulties. When
multiple transmitters are active concurrently, the received signal is the union
of the transmitted signals. With intensity detection, the received signal is the
multiset union. In the former situation, our task is to recover from the union the
constituent sets; as noted, this is a nonadaptive group testing problem. It is not
known whether, by assuming the availability of multiset unions rather than of
set unions, better packings can be found. Codes can be found for which multiset
unions permit proper reception while set unions do not; however, in the case
k = 3, the largest number of codewords can be realized by a code for which set
unions suffice [34].

The multi-tone systems lead to difficult problems in design theory as well.
We concentrate on the case when blocks are triples. A code to be used in a
signalling system is necessarily a packing by triples. Suppose that the packing to
be used is on v elements and has b triples. If every user is to be assigned m of the
triples, we require that the m triples assigned form a partial parallel class (i.e.
any two triples in the class are disjoint). Then m ≤ �v/3�, and the maximum
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number of users that can be supported cannot exceed �b/m�. A suitable code
for s users consists of a packing on v elements with ms triples, partitioned into
s partial parallel classes of size m. Among such packings, those in which every
two elements appear in approximately the same number of triples are preferred.

In the case m = �v/3�, these packings have been extensively studied. For
example, when v ≡ 3 (mod 6), the solutions are Kirkman triple systems (i.e.
resolvable Steiner triple systems) [89]. Indeed, the “frame” obtained by deleting
a single element in a Kirkman triple system provides a solution when v ≡ 2
(mod 6). When v ≡ 0 (mod 6), nearly Kirkman triple systems provide solutions,
and when v ≡ 1 (mod 6), Hanani triple systems provide the codes; see [40] for
more details about these types of triple systems.

Colbourn and Zhao [41] completed the solution when v ≡ 4, 5 (mod 6), so
that the determination of codes when the number of messages is maximum is
complete. In the intended application, although it is plausible that the number of
messages coincides with the maximum permitted, this is unlikely. The primary
application is in systems employing a digital to analog conversion, so that a
chunk of 0 bits in an incoming datastream is converted to a message in the
form of the k tones selected. Typically, then, we find that m = 2�, so that m is a
power of two. Zhao [88] observed that, beginning with a packing partitioned into
maximum partial parallel classes, simple heuristics usually suffice to partition
the same packing into more and shorter partial parallel classes. Despite this
evidence that partitioning is more difficult when m is large, and the use of such
partitions in forming codes for smaller m, the current state of affairs in our
knowledge of triple systems is quite incomplete. To begin with, the existence of
solutions for large values of m does not always ensure the existence of solutions
for smaller values of m. The Kirkman triple system of order 9, for instance,
admits a partition with 4 classes of size 3, but does not admit a partition with
6 classes of size 2. More importantly, no method with a performance guarantee
appears to be available at present which permits us to massage a packing with
large partial parallel classes into one that has smaller but more partial parallel
classes. Indeed, the existence question given m, s, and v asking for a packing by
triples on v elements and ms blocks which has a partition into s partial parallel
classes of v blocks has been solved only for certain restricted cases [41,88,89].
Among these are included the cases for all small values of v when m is a power
of two, which form the principal cases employed in the application.

6 Optical Orthogonal Codes

A fiber optic channel must have the ability for multiple users to share the channel
without interference. In order to facilitate this, optical orthogonal codes were
developed by Salehi [70]. Viewing these codes as sets of integers modulo n leads
to interesting design theoretic questions.

The study of optical orthogonal codes was first motivated by an applica-
tion in a fiber optic code-division multiple access channel. Many users wish to
transmit information over a common wide-band optical channel. The objective
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is to design a system that allows the users to share the common channel. Other
approaches have included frequency division, time division, collision detection
or some type of network synchronization. Each required frequent conversions
between the optical domain and the electrical domain. However, employing a
code-division multiple access system with optical orthogonal codes reduces the
complexity of the system, enabling implementation with available technology
and with potentially higher transmission efficiency [31].

An (n,w, λa, λc) optical orthogonal code (OOC), C, is a family of (0, 1)- se-
quences of length n and weight w satisfying the following two properties (all
subscripts are reduced modulo n):

1.
∑

0≤t≤n−1 xtxt+i ≤ λa for any x = (x0, x1, . . . , xn−1) and any integer i �≡
0 mod n (the auto-correlation property);

2.
∑

0≤t≤n−1 xtyt+i ≤ λc for any x = (x0, . . . , xn−1), y = (y0, . . . , yn−1), and
any integer i �≡ 0 mod n (the cross-correlation property).

When λa = λc = λ the code is an (n,w, λ) OOC. Research has concentrated
on this case. To simplify the discussion of the model, let C be an (n,w, 1) OOC
with m codewords. The communications system can handle up to m simulta-
neous transmitters. Each transmitter is assigned one codeword from C, so that
transmitter Ti is assigned codeword {s1, s2, . . . , sw} = ci ∈ C (sj indicates the
position of the jth 1 in the (0,1) sequence). At the transmitter, every informa-
tion bit of a signal is encoded into a frame of n optical chips: If the information
bit is 1, then in the corresponding frame (consisting of n optical chips), photon
pulses are sent at exactly the s1th, s2th, . . . , swth chips. In the other n − w
chips, no photon pulses are sent. If, however, the information bit is 0, then no
photon pulses are sent in the corresponding frame (still consisting of n chips).
For example, if transmitter Ti wishes to send the message 101, this gets encoded
as the sequence of 3 frames of length 3n where photon pulses are sent at times
s1, s2, . . . , sw, 2n+ s1, 2n+ s2, . . . , 2n+ sw.

All m users are allowed to transmit at any time; no network synchronization
is required. At the receiving end, decoders separate the transmitted signals. The
decoder consists of a bank of m tapped delay-lines, one for each codeword (so
say Di is the decoder for transmitter Ti). These delay taps on decoder Di are a
(possibly null) cyclic shift modulo n of those on Ti.

Each tapped delay-line can effectively calculate the correlation of the received
waveform with its signature sequence. By the properties of OOCs, the correlation
between different signature sequences is low. The delay-line output is high only
when the intended transmitter’s information bit is a 1. In particular, the output
is w when decoder Di receives the information bit 1 from transmitter Ti and
they are synchronized correctly. The output is s for some s ≤ m when Di is
not synchronized with Ti and Ti is sending a 1 or when Ti is sending a 0. Thus
the receiver can effectively determine when the corresponding transmitter is
transmitting an information bit of 1. “Bit stuffing” inserts a ‘1’ in a prescribed
manner after a specified number of consecutive ‘0’s are transmitted, to ensure
that the receiver can determine when long strings of 0’s are sent.
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OOCs are (0,1) sequences and are intended for environments that have no
negative components. Most other correlation sequences are (+1,−1) sequences
intended for systems having both positive and negative components [31].

Research has also been done on using optical orthogonal codes for multimedia
transmission in fiber-optic LANs [64] and in multirate fiber-optic CDMA systems
[63]. The mathematical theory is quite similar to that described here.

A convenient way of viewing OOCs is from a set-theoretic perspective. An
(n,w, λa, λc) optical orthogonal code C can be considered as a family of w-sets
of integers modulo n, in which each w-set corresponds to a codeword and the
numbers in each w-set specify the nonzero bits of the codeword. The correlation
properties can be rephrased in this set-theoretic framework. As an example, C =
{1100100000000, 1010000100000} is a (13,3,1) code with two codewords. In set
theoretic notation, C = {{0, 1, 4}, {0, 2, 7}} mod 13. The code is equivalent to a
(13, 3, 1) difference family in Z13 (which gives a Steiner triple system of order 13).
Considering the set-theoretic interpretation of OOCs, it is to be expected that
many of the constructions for OOCs are design theoretic in nature. This section
outlines some constructions for OOCs that involve designs. To be consistent with
design theoretic notation, we write v = n and k = w, to speak of (v, k, λ) OOCs.

The main connection is to difference packings. Let B = {B1, B2, . . . , Bt},
where Bi = {bi1, bi2, . . . bik}, bij ∈ Zv, 1 ≤ i ≤ t and 1 ≤ j ≤ k. The differences
in B are D = {bij − bis : 1 ≤ i ≤ t, 1 ≤ j, s ≤ k, j �= s}. The pair (Zv,B)
is a cyclic difference packing or CP(v, k, λ) if the cardinality of D is exactly
λk(k − 1)t and 0 �∈ D. It can be easily verified that a (v, k, λ) cyclic difference
packing gives a (v, k, λ) optical orthogonal code. A CP(v, k, 1) is termed g-regular
if the difference leave (Zv \ D) along with 0 forms an additive subgroup of Zv

having order g. When λ = 1 a cyclic difference packing satisfies the bound
t ≤ �(v − 1)/(k(k − 1))�, and is optimal if t = �(v − 1)/(k(k − 1))�.

A similar bound pertains to OOCs. Let Φ(v, k, λ) denote the maximum num-
ber of codewords in a (v, k, λ) OOC. Analogous to the Johnson bound from
coding theory (see [62]), we have Φ(v, k, λ) ≤ ((v − 1)(v − 2) · · · (v − λ))/(k(k −
1)(k − 2) · · · (k − λ)) [31].

When λ = 1 this reduces to Φ(v, k, 1) ≤ (v − 1)/(k(k − 1)). When |C| =
�(v − 1)/(k(k − 1))� the code is an optimal OOC. Moreover, the existence of an
optimal (v, k, 1) OOC is equivalent to the existence of an optimal (v, k, 1) cyclic
difference packing [87].

Hence results on (optimal) cyclic difference packings directly relate to results
on (optimal) OOCs. When k = 3 and λ = 1, optimal OOCs arise from cyclic
Steiner triple systems. In fact, when v ≡ 1, 3 (mod 6) they coincide. Chung,
Salehi and Wei [31] solved all cases when v �≡ 2 (mod 6): Φ(v, 3, 1) = � (v−1)

6 � if
v �≡ 2 (mod 6).

The proof is by a direct construction of a (v, 3, 1) cyclic difference packing
and is very reminiscent of the construction of cyclic triple systems from Skolem
sequences (see [40]). In a similar vein, Yin [87] summarized results concerning
optimal (v, k, 1) cyclic difference packings, and hence gives many optimal OOCs.
Most of these have k = 4, but there are some results for other k ≤ 11.
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Another class of optimal OOCs comes from projective geometry. Chung,
Salehi and Wei [31] used PG(d, q) to construct a (v, k, 1) OOC where v = (qd+1−
1)/(q− 1) and k = q+1. Let α be a primitive element of GF(qd+1) and say that
logβ = e if β = αe. Now, in the vector space V (d+ 1, q) the nonzero vectors on
a line 0 through the origin are 0 = {αi, αi+v, αi+2v, . . . , αi+(q−2)v} where again
v = (qd+1 − 1)/(q − 1). For any point p ∈ PG(d, q), let log p denote the log of
any vector on the line corresponding to p in V (d + 1, q) modulo v. Hence each
line in the projective geometry corresponds to a subset of the integers modulo
v.

Let a cyclic shift of a line L in PG(d, q) be the set of points

{p : log p = 1 + log p′ (mod v) for some point p′ ∈ L}.

The cyclic shift of a line is also a line in PG(d, q) so this creates a number of
orbits of lines. If the number of lines in an orbit is v, then the orbit is termed
full; otherwise it is a short orbit.

To construct an (v, k, 1) OOC from the projective geometry, take one re-
presentative line from each full orbit and map each of these lines to the set
of integers modulo v under the action of the log. These sets satisfy the auto-
correlation and cross-correlation restrictions. The OOCs formed in this manner
are optimal. Indeed, suppose that q is an odd prime power, v = (qd+1−1)/(q−1)
and k = q + 1. Then Φ(v, k, 1) = � (v−1)

k(k−1)�.
This construction can be extended to λ > 1 by using s-dimensional subspaces

instead of 1-dimensional subspaces (lines).
A construction by Chen, Ge and Zhu [26] gives (6v, 4, 1) optimal OOCs for

infinitely many odd values of v. They construct these OOCs directly from skew
starters. A starter in the cyclic group Zv (v odd) is a set of unordered pairs
S = {{xi, yi} : 1 ≤ i ≤ (v−1)/2} which satisfies the two properties (1){xi : 1 ≤
i ≤ (v − 1)/2} ∪ {yi 1 ≤ i ≤ (v − 1)/2} = Zv\{0} and (2) {±(xi − yi) : 1 ≤
i ≤ (v − 1)/2} = Zv\{0}. The starter is a skew starter if in addition it satisfies
the property (3) {±(xi + yi) : 1 ≤ i ≤ (v − 1)/2} = Zv\{0}. Skew starters have
been useful in the construction of Room squares, Hamiltonian path balanced
tournament designs and other combinatorial designs. See [47] for a survey.

Assume that gcd(v, 6) = 1 and that S = {{xi, yi} : 1 ≤ i ≤ (v − 1)/2}
is a skew starter in Zv. In Zv × Z6 (which is isomorphic to Z6v), let ci =
{(xi, 0), (yi, 0), (xi + yi, 1), (0, 4)} for 1 ≤ i ≤ (v − 1)/2. They show that the
set C = {c1, c2, . . . , c(v−1)/2} forms an (6v, 4, 1) optimal OOC. Using results on
the existence of skew starters they establish that there exists an optimal (6v, 4, 1)
OOC in Z6v for all v such that gcd(v, 6) = 1.

7 Superimposed Codes

This section examines a collection of applications to the design of codes for
simultaneous communication, and to experimental design of pooling strategies.
Du and Hwang [49] provide a much more detailed treatment.
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A population P of b items contains a number d of defective items, and the
remaining b − d items are good. Items can be pooled together for testing: for a
subset X ⊆ P, the group test reports “yes” if X contains one or more defective
elements, and reports “no” otherwise. The objective is to determine, using a
number of group tests, precisely which items are defective. When group tests are
all undertaken in parallel, the problem is nonadaptive; otherwise it is adaptive.
Then results from one or more tests are available while constructing further
pools to be tested. Among adaptive testing methods, some operate in a limited
number of stages or rounds.

Group testing was first studied in screening large populations for disease
[48], and with the advent of large-scale HIV screening, it has grown in impor-
tance. It has also arisen in satellite communications [11,83]. In this application,
a large number of ground stations which rarely communicate share a satellite
link. Rather than polling the ground stations individually, pools of the ground
stations are formed as part of the system design. When the satellite enters a
phase of accepting requests for reservations of time slots, it polls each pool and
from the positive results on the pools it determines which ground stations wish
to transmit. The satellite may have many positive responses within one pool,
but detects only that there is at least one response. Hence, while cosmetically
similar to the optical communication situation, this problem encounters unions
rather than sums of colliding signals.

Let P be a set of b items, and let X be a collection of subsets of P correspon-
ding to the group tests performed. Then (P,X ) is a solution to the nonadaptive
group testing problem if and only if, for any possible sets D1 and D2 of defective
items, {X : D1∩X �= ∅, X ∈ X} = {X : D2∩X �= ∅, X ∈ X} only if D1 = D2.

The dual of a solution (P,X ) is a pair (V,B), where the v group tests of
X are in one-to-one correspondence with the points of V , and the b items are
in correspondence with the blocks of B (for each item, the corresponding block
contains the elements corresponding to the group tests containing the item).
Typically (V,B) is referred to as a solution to the group testing problem; the
goal is to maximize the number of blocks (items tested) as a function of the
number of points (group tests performed).

Often it is known with high probability that the number of defectives d does
not exceed some threshold value p. In the hypergeometric problem, the number of
defectives is assumed never to exceed p, and hence it is necessary that (V,B) has
the union of any two distinct sets, each containing at most p blocks, themselves
distinct. In the strict problem, it is necessary to identify the set of defective items
correctly when d ≤ p and to report when d > p. In the latter case, the specific
set of defective items need not be determined, however.

Now consider a solution (V,B) to the nonadaptive group testing problem with
d defectives. Form a |V | × |B| incidence matrix. This matrix has the property
that the unions of two sets of at most d columns are distinct. The matrix is
then d-separable [49], and the corresponding set system is d-union free [51,54].
The columns of a d-separable matrix form a superimposed code [50,60] which
permits up to d simultaneously transmitted codewords to be unambiguously
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decoded. The decoding technique appears somewhat involved, because we could
in principle be required to examine all unions of up to d columns. Hence a
related family of matrices (or codes, or set systems) arises. If the incidence
matrix contains no collection of d columns whose union covers a column not in
the collection, then M is a d-disjunct matrix. If a disjunct matrix is employed,
there is a simple decoding mechanism, observing that all codewords covered by
the received union are ‘positive’. Equivalently, we can alter the condition on the
set system to require that it is d-cover free, i.e. that no union of d or fewer blocks
contains another. Evidently, a d-cover free family is also d-union free.

Probabilistic bounds on the maximum numbers of blocks in cover free and
union free families are available [49]; see [50,69,75] for bounds for cover free
families. See [43] for progress in the union free case. Erdős, Frankl, and Fűredi
[51] established that among cover free families with constant block size, the
maximum is realized by a Steiner t-design S(0, 20 − 1,m); indeed Balding and
Torney [7] recommend the use of an S(3,5,65) in a genetic application. For union
free families, Frankl and Fűredi [54] noted that Steiner triple systems give the
largest 2-union free families when the block size is three; by permitting block
size at most three, Vakil and Parnes [77] established a somewhat larger exact
bound using group divisible designs with block size three.

In the error correction version of group testing, some group tests are permit-
ted to report “false positives”; an a priori bound q on the number of such false
positives is assumed. Balding and Torney [6] observed that (V,B) is a solution
to the strict group testing problem with threshold p and error correction for q
false positives if and only if, for every union of p or fewer blocks, every other
block contains at least q+1 points not in this union. Any packing (V,B) of t-sets
into k-sets having k ≥ p(t − 1) + q + 1 is a solution to the strict group testing
problem with threshold p and error correction for q false positives. A Steiner
system S(t, 2t− 1, v) is a solution to the strict group testing problem with p = 2
and q = 0 that has the maximum number of blocks of any solution [6].

Finally, we consider the use of combinatorial designs in two-stage group
testing. Here the objective in a first stage of pools is not to identify all de-
fectives precisely, but rather to identify a small subset of the items which is
guaranteed to contain all defective items. Frankl and Fűredi call a family of sets
d-weakly union free if, whenever two disjoint sets of blocks are chosen, each con-
taining d or fewer blocks, their unions are distinct. A 2-weakly union free family
with block size three provides pools for a group testing method for d = 2, in
which a set of at most three potential defectives are identified [25]. Moreover,
while union free families have no more blocks than a Steiner triple system has,
weakly union free families can have twice as many blocks [54]. Chee, Colbourn,
and Ling [25] established that certain twofold triple systems realize the bound.
Not any twofold triple system forms a weakly union free family; four forbidden
configurations of four blocks each must be avoided. Again, while the bound of
Frankl and Fűredi [54] suggests that designs can realize the maximum, the par-
ticular designs needed require additional structural properties [25]. Applications
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of designs in general in two-stage group testing appear to be just being explored;
see [10] for useful observations.

Further applications of group testing arise in genomics [6,7,23], and in the
construction of frameproof codes, which are designed to avoid coalitions of users
forging the signature of a user not in the coalition [73,74].

8 Concluding Remarks

A general theme emerges from the applications described here. Restricting or
balancing sizes of sets, numbers of subsets of various sizes that they contain,
and intersection sizes among the subsets, often leads to ‘equitable’ allocation of
resources to users or limits their interference. When this occurs, families of com-
binatorial designs arise naturally. This connection between applications and the
theory of combinatorial designs can be seen to provide both useful techniques in
the applications domain, and new and challenging problems in the combinatorial
one.
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Abstract. In the late 80’s Blum, Luby, Rubinfeld, Kannan et al. pionee-
red the theory of self–testing as an alternative way of dealing with the
problem of software reliability. Over the last decade this theory played
a crucial role in the construction of probabilistically checkable proofs
and the derivation of hardness of approximation results. Applications
in areas like computer vision, machine learning, and self–correcting pro-
grams were also established.
In the self–testing problem one is interested in determining (maybe pro-
babilistically) whether a function to which one has oracle access satisfies
a given property. We consider the problem of testing algebraic functions
and survey over a decade of research in the area. Special emphasis is
given to illustrate the scenario where the problem takes place and to the
main techniques used in the analysis of tests. A novel aspect of this work
is the separation it advocates between the mathematical and algorithmic
issues that arise in the theory of self–testing.

1 Introduction

The issue of program (software) reliability is probably just as old as the theory of
program design itself. People have spent and continue to spend considerable time
on finding bugs in programs. But, the conception of a really satisfying theory
for handling this problem remains a hard and elusive goal. Besides professional
programmers, users would also like to dispose of tools which could enable them to
efficiently address this task. Since they are usually not experts, these tools should
ideally be less complicated than the ones used in the programs themselves. The
fact that programs are becoming more and more involved obviously presents an
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additional difficulty. Nonetheless, several approaches have been considered and
are used in practice. Each of them have different pros and cons. None is totally
satisfactory.

The method of program verification proceeds through mathematical claims
and proofs involving the behavior of a program. In principle this method could
perfectly achieve the desired task once the program has been proven to behave
correctly on all possible inputs. Another advantage of this approach is that the
verification takes place only once, before the program is ever executed. Unfortun-
ately, establishing such proofs turns out to be extremely difficult, and in practice
it has only been achieved for a few quite simple programs. Also, requiring that
programmers express their ideas in mathematically verifiable programs is pro-
bably not a realistic expectation. Moreover, there is no protection against errors
caused by hardware problems.

Traditional program testing selects a few (sometimes random) inputs, and
verifies the program’s correctness on these instances. The drawbacks of this
approach are fairly obvious. First, there is a priori no reason that the correctness
on the chosen instances would imply correctness on instances which were not
tested. Second, testing the correctness on the chosen instances usually involves
another program which is believed to execute perfectly its task. Clearly, there is
some circularity in this reasoning: relying on the correctness of another program
is using a tool which is just as powerful as the task that was set to be achieved.
Finally, hardware based errors might not be detected until it is too late.

In the late eighties a significantly novel approach, the theory of program
checking and self–testing/correcting, was pioneered by the work of Blum [Blu88],
Blum and Kannan [BK89] and Blum, Luby, and Rubinfeld [BLR90]. This theory
is meant to address different aspects of the basic problem of program correctness
via formal methods by verifying carefully chosen mathematical relationships bet-
ween the outputs of the program on randomly selected inputs. Specifically, consi-
der the situation where a program P is supposed to compute some function f . A
checker for f verifies whether the program P computes f on a particular input x;
a self–tester for f verifies whether the program P is correct on most inputs; and
a self–corrector for f uses a program P , which is correct on most inputs, to
compute f correctly everywhere. All these tasks are supposed to be achieved
algorithmically by probabilistic procedures, and the stated requirements should
be obtained with high probability. Checkers and self–testers/correctors can only
access the program as a black box, and should do something different and simpler
than to actually compute the function f .

More than a decade after the birth of this new approach, one can state with
relatively high assurance that it has met considerable success both in the theore-
tical level and in practice. The existence of efficient self–testers was established
in the early years of the theory for a variety of mostly algebraic problems, inclu-
ding linear functions and polynomials. These results which were first obtained
in the model of exact computations were later partly generalized to more and
more complicated (and realistic) models of computations with errors. Self–testers
were heavily used in structural complexity, paving the way for the fundamen-

31Exact and Approximate Testing/Correcting of Algebraic Functions



tal results characterizing complexity classes via interactive and probabilistically
checkable proofs. These results also had remarkable and surprising consequences
— they played a crucial role in the derivation of strong non–approximability
results for NP–hard optimization problems. In recent years, the theory of self–
testing has evolved into what is called today property testing, where one has to
establish via a few random checks whether an object possesses some given pro-
perty. Among the many examples one can mention numerous graph properties
such as bipartiteness or colorability; monotonicity of functions, or properties of
formal languages.

On the practical side, self–testers/correctors were constructed for example for
a library of programs computing standard functions in linear algebra [BLR90].
The viability of the approach was also illustrated in the study by Blum and
Wassermann [BW97] of the division bug of the first Pentium processors. They
showed that this problem could have been detected and corrected by the self–
testing/correcting techniques already available at that time. Also, the self–tester
of Ergün [Erg95] for the Discrete Fourier Transform is currently used in the soft-
ware package FFTW for computing reliably fast Fourier transformations [FFT].

In this survey we review the most important results and techniques that
arise in self–testing/correcting algebraic functions, but we do not address the
subject of checking since the existence of a self–tester/corrector directly implies
the existence of a checker. This work also contains some new results about self–
correcting, but its main originality lies in the systematic separation it advocates
between the purely mathematical and the algorithmic/computational aspects
that arise in the theory of self–testing. Also, we do not include any specific
computational restriction in our definitions of self–testers/correctors. Instead, we
think it is better to give precise statements about the algorithmic performance
of the self–testers/correctors constructed. The advantage of this approach is that
it allows to independently address different aspects of self–testers/correctors.

This work will be divided into two main parts: the first one deals with exact,
and the second with approximate computations. In both models, our basic de-
finition will be for testing function families. In the exact model we first prove
a generic theorem for constructing self–testers. This method requires that the
family to be tested be characterized by a (property) test possessing two specific
properties: continuity and robustness. These properties ensure that the distance
of a program from the target function family is close to the probability that
the program is rejected by the test, which in turn can be well approximated by
standard sampling techniques. After illustrating the method on the benchmark
problem of linearity, we address the questions of self–correcting linear functions,
and a way to handle the so-called generator bottleneck problem which is of-
ten encountered when testing whether a program computes a specific function.
Afterwards, we study self–testers for multiplication and polynomials.

The basic treatment of the approximate model will be analogous. The ge-
neral notion of a computational error term will enable us to carry this out in
several models of approximate computing, such as computations with absolute
error, with error dependent on the input size, and finally with relative error.
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We will emphasize the new concepts and techniques we employ to deal with the
increasing difficulties due to the changes in the model. In particular, we will
have to address a new issue that arises in approximate testing: stability. This
property ensures that a program approximately satisfying a test everywhere is
close to a function which exactly satisfies the test everywhere. We formalize here
the notion of an approximate self–corrector. In our discussion of approximate
self–testers we again address the linearity testing problem in (almost) full detail,
whereas for polynomials we mostly simply state the known results. On the other
hand, we address in some detail the issue of how to evaluate rapidly the test
errors in the case of input size dependent errors. In the case of relative error
we discuss why the standard linearity test, which works marvelously well in all
previously mentioned scenarios, has to be replaced by a different one.

In the last section of this work we briefly deal with two subjects closely related
to self–testing: probabilistically checkable proofs and property testing. Probabi-
listically checkable proofs heavily use specific self–testing techniques to verify
with as few queries as possible whether a function satisfies some pre-specified
properties. Property testing applies the testing paradigm to the verification of
properties of combinatorial objects like graphs, languages, etc. We conclude this
survey by describing the relation between self–testing and property testing and
mentioning some recent developments concerning this latter framework.

2 Exact Self-Testing

2.1 Introduction to the Model

Throughout this section, let D and R be two sets such that D is finite, and let C
be a family of functions from D to R. In the testing problem one is interested
in determining, maybe probabilistically, how “close” an oracle function f : D →
R is from an underlying family of functions of interest F ⊆ C. The function
class F represents a property which one desires f to have. In order to formalize
the notion of “closeness,” the concept of distance is introduced. Informally, the
distance between f and F is the smallest fraction of values taken by f that need
to be changed in order to obtain a function in F . For a formal definition, let
Pra∈DA [Ea] denote the probability that the event Ea occurs when a is chosen
at random according to the distribution D over A (typically, D is omitted when
it is the uniform distribution).

Definition 1 (Distance). Let P, f ∈ C be two functions. The distance between
P and f is

Dist(P, f) = Prx∈D [P (x) �= f(x)] .

If F ⊆ C, then the distance of P from F is

Dist(P,F) = Inf
f∈F

Dist(P, f).

A self–tester for a function class F ⊆ C is a probabilistic oracle program T that
can call as a subroutine another program P ∈ C, i.e., can pass to P an input x
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and is returned in one step P (x). The goal of T is to ascertain whether P is
either close or far away from F . This notion was first formalized in [BLR90].

Definition 2 (Self–tester). Let F ⊆ C, and let 0 ≤ η ≤ η′ < 1. An (η, η′)–
self–tester for F on C is a probabilistic oracle Turing machine T such that for
every P ∈ C and for every confidence parameter 0 < γ < 1:

– if Dist(P,F) ≤ η, then Pr
[
TP (γ) = GOOD

] ≥ 1− γ;
– if Dist(P,F) > η′, then Pr

[
TP (γ) = BAD

] ≥ 1− γ,

where the probabilities are taken over the coin tosses of T .

Self-Tester T

Program P Randomness
�������

���✐ ✁✁✕✁✁☛
✲ GOOD/BAD

✲
0 η η′ 1 Dist(P,F)

GOOD BADgrey zone

Fig. 1. Definition of an (η, η′)–self–tester.

One of the motivations for building self–testers is to make it possible to
gain evidence that a program correctly computes a function f on a collection
of instances without trying to prove that the program is correct on all possible
inputs. However, this raises the question of how to determine that the self–
tester is correct. One way around this issue is to ask for the self–tester to be
simpler than any correct program for f . Unfortunately simplicity is an aesthetic
notion difficult to quantify. Thus, Blum suggested forcing the self–tester to be
different from any program computing f in a quantifiable way. This leads to
the following definition [Rub90]: A self–tester T is quantifiably different with
respect to F , when for all programs P the incremental time taken by TP is
smaller than the fastest known program for computing a function in F .1 Still, this
requires the design of equally good self–testers for both efficient and inefficient
programs purportedly computing the same function f . Moreover, self–testers are
useful in contexts other than program verification, e.g., in the construction of
probabilistically checkable proofs where one is more concerned with the query
complexity and randomness usage rather than the efficiency of the self–testers.
1 Ideally, one would prefer that the incremental time be smaller than any correct
program for computing functions in F . But, this is too strong a requirement since
for many problems of interest no non–trivial lower bound on a correct program’s
running time is known.
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Thus, we simply advocate precisely stating the incremental running time and the
operations carried out by the self–testers in order to let the user judge whether
the self–tester is useful.

Traditionally, the self–testing literature identifies a test with a self–tester.
We do not advocate this practice. We prefer to think of a test as a purely ma-
thematical object and keep it separate from its computational implementation,
as proposed in [Kiw96]. This motivates the following:

Definition 3 (Exact test). An exact test (T , C,D) is a set of applications T
from C to the set {GOOD,BAD} together with a distribution D over T . The exact
test characterizes the family of functions

char(T , C,D) = {f ∈ C : Prt∈DT [t(f) = GOOD] = 1}.

The rejection probability of a function P ∈ C by the exact test is defined as

Rej(P, T ) = Prt∈DT [t(P ) = BAD] .

A probabilistic oracle Turing machine M realizes the exact test T on C if for all
P ∈ C,

Pr
[
MP returns BAD

]
= Rej(P, T ),

where the probability on the left hand side is taken over the coin tosses of the
machine M .

For the sake of clarity, we specify an exact test via the following mathematically
equivalent very high level algorithm:

Exact Test(P ∈ C, T ,D)
1. Choose an element t ∈ T according to D.
2. Reject if t(P ) = BAD (otherwise accept).

This notation highlights how to realize an exact test: First, randomly sample
from T according to D by using only coin tosses and then compute t(P ).

In order not to unnecessarily clutter the notation, when referring to an exact
test (T , C,D) we henceforth omit D and assume that it is the uniform distri-
bution over T . Also, if no reference to a particular distribution is given, by
a randomly chosen element we mean an element chosen uniformly at random.
In addition, when talking about several randomly chosen elements, unless said
otherwise, we mean that they are randomly and independently chosen. It is a sim-
ple exercise to extend the framework presented here to the case of non–uniform
distributions over T . Note however, that if an exact test T on C is finite, then
in the uniform distribution case it characterizes the family of functions f ∈ C
such that t(f) = GOOD for every t ∈ T . We also omit C if it is clear from context.
Finally, it is to be understood that a test accepts when it does not reject.

Computing the distance of a function from a family F is usually a hard task.
On the other hand, the rejection probability of a function by an exact test T
can be easily approximated by standard sampling techniques. Therefore, if an
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exact test characterizing some function family is such that for every function the
rejection probability is close to the distance, then by approximating the rejection
probability one can estimate the distance. This allows to probabilistically deter-
mine whether the oracle function is close or far away from the function class F
of interest. In other words, one obtains a self–tester for F . The two important
properties of an exact test which ensure that this approach succeeds are:

Definition 4 (Continuity & robustness). Let T be an exact test on C cha-
racterizing F . Let 0 ≤ η, δ < 1 be constants. Then T is (η, δ)–continuous if for
all P ∈ C,

Dist(P,F) ≤ η =⇒ Rej(P, T ) ≤ δ,

and it is (η, δ)–robust if for all P ∈ C,

Rej(P, T ) ≤ δ =⇒ Dist(P,F) ≤ η.

Thus, proving continuity of an exact test implies upper bounding the rejection
probability of the exact test in terms of the relevant distance. On the contrary,
to prove robustness one needs to bound the relevant distance in terms of the
rejection probability of the exact test. In fact, we advocate explicitly stating
these bounds as long as the clarity of the writeup is not compromised.

The importance of continuity and robustness was very early recognized in
the self–testing literature. Proving continuity is usually very easy, often people
do not even bother stating it explicitly. The term itself was first used by Ma-
gniez [Mag00a]. Robustness on the other hand is quite delicate to establish. The
term itself was coined and formally defined by Rubinfeld and Sudan in [RS92b]
and studied in [Rub94]. Typically, exact tests that are both continuous and ro-
bust give rise to self–testers. We now precisely state this claim. The construction
of most of the known self–testers are based on it.

Theorem 1 (Generic self–tester). Let F ⊆ C be a function family and let T
be an exact test on C that is realized by a probabilistic Turing machine M . Let
0 ≤ δ < δ′ < 1 and 0 ≤ η ≤ η′ ≤ 1. If T characterizes F ,

– is (η, δ)–continuous, and
– (η′, δ′)–robust,

then there exists an (η, η′)–self–tester T for F on C. Moreover, T performs,
for every confidence parameter 0 < γ < 1, O(ln(1/γ) δ+δ′

(δ−δ′)2 ) iterations of M ,
counter increments, comparisons, and binary shifts.

Proof. Let δ∗ = (δ + δ′)/2. The self–tester T repeats N -times the computation
of M with program P as oracle. After N repetitions, T computes the fraction
err of runs which gave the answer BAD. If err > δ∗, then T returns BAD, and
GOOD otherwise. To make the computation of err simple, N is chosen a power
of 2. Moreover, N is chosen large enough so that Rej(P, T ) ≤ δ (respectively
Rej(P, T ) > δ′) implies err ≤ δ∗ (respectively err > δ∗) with probability at
least 1− γ. Standard Chernoff bound arguments (see e.g. [AS92a, Appendix A])
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show that it is sufficient to choose N so that N = O(ln(1/γ)/ δ+δ′
(δ−δ′)2 ). The

work performed by the self–tester consists of at most N iterations of M , counter
increments, comparisons, and binary shifts.

We now show that T has the claimed properties. First, assume Dist(P,F) ≤ η.
The continuity of the exact test implies that Rej(P, T ) ≤ δ. Therefore, with
probability at least 1 − γ the machine TP (γ) computes err ≤ δ∗ and returns
GOOD. Suppose now that Dist(P,F) > η′. Since the exact test is (η′, δ′)–robust,
Rej(P, T ) > δ′. Therefore, with probability at least 1 − γ the machine TP (γ)
computes err > δ∗ and returns BAD.

A typical way of specifying an exact test is through a functional equation.
Indeed, let Φ : C × N → R be a functional where N ⊆ ⋃|D|k=1 D

k. The set N is
called the neighborhood set and each of its members is typically referred to as
a neighborhood. The functional Φ induces the exact test T on C by defining for
every (x1, . . . , xk) ∈ N the mapping tx1,... ,xk : C → {GOOD, BAD} as

tx1,... ,xk(P ) =
{
GOOD, if Φ(P, x1, . . . , xk) = 0,
BAD, otherwise,

and letting
T = {tx1,... ,xk : (x1, . . . , xk) ∈ N}.

The Exact Test(P ) thus becomes:

Functional Equation Test(P,Φ)
1. Randomly choose (x1, . . . , xk) ∈ N .
2. Reject if Φ(P, x1, . . . , xk) = BAD.

The family of functions characterized by the induced exact test consists of those
functions f ∈ C satisfying the following functional equation:

∀(x1, . . . , xk) ∈ N , Φ(f, x1, . . . , xk) = 0.

There might be different functionals characterizing the same collection of func-
tions, and not necessarily all of them give rise to equally appealing exact tests.
Indeed, one usually desires that the largest number of values of f that one needs
to know in order to compute Φ(f, . . . ), no matter what f is, be small. If the lar-
gest such number is K, the exact test is called K–local. For example, the exact
test induced by the functional Φ(f, x, y) = f(x + y)− f(x)− f(y) is 3–local.

Through Theorem 1, functional equations that give rise to exact tests that
are both continuous and robust lead to the construction of self–testers.

For the sake of concreteness, we now introduce one of the most famous
self–testing problems, one that has become the benchmark throughout the self–
testing literature for trying out new techniques, disproving conjectures, etc. —
the so called linearity testing problem. In it, one is interested in verifying whether
a function P taking values from one finite abelian group G into another such
group G′ is a group homomorphism. In other words, whether

∀g, g′ ∈ G, P (g + g′)− P (g)− P (g′) = 0.
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This functional equation gives rise to the following functional equation test:

Linearity Test(P )
1. Randomly choose x, y ∈ G.
2. Reject if P (x + y)− P (x)− P (y) �= 0.

The above described exact test was introduced in [BLR90] and is also known as
the BLR test. We will now illustrate the concepts introduced so far as well as
discuss several important issues that arise in connection to testing by focusing
our attention in the study of the Linearity Test.

2.2 Linearity Self-Testing

Let C denote the collection of functions from G to G′, and let L be the subset
of those functions that are homomorphisms. By Theorem 1, in order to come
up with a self–tester for L on C we need only that the Linearity Test is both
continuous and robust. As mentioned before, the continuity of an exact test is a
property which is rather easy to establish. This is also the case for the Linea-
rity Test as shown by the following result from which the (η, 3η)–continuity
immediately follows.

Theorem 2. Let G and G′ be two finite abelian groups and let P, g : G → G′

be such that g is a homomorphism. Then

Prx,y∈G [P (x + y)− P (x)− P (y) �= 0] ≤ 3Prx∈G [g(x) �= P (x)] .

Proof. Observe that P (x+y)−P (x)−P (y) �= 0 implies that g(x+y) �= P (x+y)
or g(x) �= P (x) or g(y) �= P (y) and that x + y is uniformly distributed in G for
x, y uniformly and independently chosen in G. To conclude, apply the union
bound.

There is nothing very special about the Linearity Test for the above argument
to work. Indeed, suppose that Φ(f, . . . ) was a functional that gave rise to a K–
local functional equation test. Then, the Functional Equation Test associated
with Φ would be (η,Kη)–continuous provided each evaluation of f was performed
on an element chosen uniformly from a fixed subset of f ’s domain.

We now turn our attention to the harder task of proving robustness. In doing
so we illustrate the most successful argument known for establishing this pro-
perty — the so called majority function argument [BLR90,Cop89]. All proofs
of robustness based on the majority function argument start by defining a fun-
ction g whose value at x takes the most commonly occurring value among the
members of a multiset Sx whose elements depend on x and P , i.e.,

g(x) = Majs∈Sx (s) .

(Here, as well as throughout this paper, Majs∈S (s) denotes the most frequent
among the elements of the multiset S, ties broken arbitrarily.) Moreover, there
are three clearly identified stages in this type of proof argument. First, one shows
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that an overwhelming number of the elements of each Sx agree with the most
commonly occurring value in the set, i.e., g(x). Second, it is shown that g is
close to P . Finally, it is shown that g has the property of interest (in the case of
Theorem 3, that g is an homomorphism). The majority argument as well as its
three main stages are illustrated by the following result taken from [BLR90].

Theorem 3. Let G and G′ be two finite abelian groups and let P : G → G′ be
an application such that for some constant η < 1/6,

Prx,y∈G [P (x + y)− P (x)− P (y) �= 0] ≤ η.

Then, there exists a homomorphism g : G→ G′ such that

Prx∈G [g(x) �= P (x)] ≤ 2η.

Proof. We define the function g(x) = Majy∈G (P (x + y)− P (y)) . First, we show
that with overwhelming probability P (c + y)− P (y) agrees with g(c), i.e.,

Pry∈G [g(c) = P (c + y)− P (y)] ≥ 1− 2η. (1)

By hypothesis, for randomly chosen x and y in G, we have that P (c + x + y)−
P (c+x)−P (y) �= 0 with probability at most η. Under the same conditions, the
probability that P (c+x+ y)−P (c+ y)−P (x) �= 0 is also upper bounded by η.
Therefore,

Prx,y∈G [P (c + x)− P (x) = P (c + y)− P (y)] ≥ 1− 2η.

Note that
∑

z∈G′(Pry∈G [P (c + y)− P (y) = z])2 equals the left hand side term
of the previous inequality. By definition of g(c) we know that for every z ∈ G′

Pry∈G [P (c + y)− P (y) = z] ≤ Pry∈G [g(c) = P (c + y)− P (y)] .

Since
∑

z∈G′ Pry∈G [P (c + y)− P (y) = z] = 1, we obtain (1).
Suppose now, for the sake of contradiction, that the distance between P

and g was greater than 2η. By (1), for every x the probability that g(x) =
P (x + y)− P (y) is at least 1/2 when y is randomly chosen in G. Thus,

Prx,y∈G [P (x + y)− P (x)− P (y) �= 0] > η,

which contradicts our hypothesis.
Finally, we prove that g is indeed a homomorphism. Fix a, b ∈ G. App-

lying (1) three times we get that, with probability at least 1 − 6η when y is
randomly chosen in G, the following three events hold

g(a) = P (a + y)− P (y),
g(b) = P (a + b + y)− P (a + y),

g(a + b) = P (a + b + y)− P (y).

Therefore,
Pry∈G [g(a + b) = g(a) + g(b)] > 1− 6η > 0.

Since the event g(a+ b) = g(a)+g(b) is independent of y, we get that g(a+ b) =
g(a) + g(b) must hold.
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Note that the proof of the previous result shows more than what its statement
claims. In fact, the proof is constructive and it not only shows that an homo-
morphism g with the claimed properties exist, but that one such homomorphism
is

g(x) = Majy∈G (P (x + y)− P (y)) .

Also, observe that a direct consequence of Theorem 3 is that the Linearity Test
is (2η, η)–robust provided η < 1/6, or simply (6η, η)–robust (for every η ≥ 0) if
one is not so much concerned with the constants. We will use the latter statement
since, rather than derive the best possible constants, in this work we strive to
present ideas as clearly as possible. A similar convention is adopted throughout
this survey for all the tests we discuss.

Corollary 1. Let G and G′ be two abelian groups, let C be the family of all
functions from G to G′, and let L ⊆ C be the set of homomorphisms. Then, for
every η > 0, there is an (η, 19η)–self–tester for L on C which uses for every
confidence parameter 0 < γ < 1, O(ln(1/γ)/η) calls to the oracle program,
additions comparisons, counter increments, and binary shifts.

Proof. The Linearity Test characterizes L since it is induced by the functional
equation

∀x, y ∈ G, P (x + y)− P (x)− P (y) = 0.

Realizing the Linearity Test just means randomly choosing x and y in G
and verifying whether P (x + y) − P (x) − P (y) = 0. By Theorem 2, the test
is (η, 3η)–continuous and by Theorem 3 it is also (6η′, η′)–robust. Letting η′ =
(3 + 1/6)η = 19η/6 and applying Theorem 1, the existence of the claimed self–
tester is established.

2.3 Self-Correcting

We saw that for some function classes F , a self–tester can be used to ascertain
whether a program P correctly computes a function in F . As we shall see later
on, self–testing techniques can often be used to verify (probabilistically) whether
a program P computes a specific function g ∈ F on some significant fraction
of its domain. Sometimes in these cases, the program P itself can be used to
compute g correctly with very large probability everywhere in its domain. This
leads to the following:

Definition 5 (Self–corrector). Let F ⊆ C be a function family and let η ≥ 0.
An η–self–corrector for F on C is a probabilistic oracle Turing machine T such
that for every P ∈ C, if Dist(P, g) ≤ η for some g ∈ F , then for every x ∈ D
and for every confidence parameter 0 < γ < 1, the output TP (x, γ) is g(x) with
probability at least 1− γ.

Note that by definition, in order to possess an η-self–corrector, a family F has
to satisfy that for each function P ∈ C, there exists at most one function g ∈ F
such that Dist(P, g) ≤ η.
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Below we give an example of a self–corrector for the class of homomorphisms
from one finite abelian group into another. In doing so we illustrate how the
majority function argument discussed in the previous section naturally gives
rise, when applicable, to self–correctors.

Theorem 4. Let G and G′ be two abelian groups, let C be the family of all
functions from G to G′, and let L ⊆ C be the set of homomorphisms. Then,
for every 0 ≤ η < 1/4 there is an η–self–corrector for L on C which uses for
every confidence parameter 0 < γ < 1, O(ln(1/γ)/(1 − 4η)2) calls to the oracle
program, additions, comparisons, counter increments, and binary shifts.

Proof. For some fixed P ∈ C, let g be the function defined in x ∈ G by g(x) =
Majy∈G (P (x + y)− P (y)).

If Dist(P,L) ≤ η for some 0 ≤ η < 1/4, then there exists only one function
l ∈ L such that Dist(P, l) ≤ η. This is a direct consequence of the fact that for
all linear functions l, l′ ∈ L, since the elements x ∈ G such that l(x) = l′(x) form
a subgroup H of G, either H = G or |H|/|G| ≤ 1/2. Therefore, either l = l′ or
Dist(l, l′) ≥ 1/2.

The closeness of P to l implies that P (x + y)− P (y) = l(x) for at least half
the elements y in G. Thus, by the definition of g, we get that g = l. Moreover,
Chernoff bounds tell us that for every x ∈ G, the quantity g(x) can be correctly
determined with probability greater than 1−γ by choosing N = O(ln(1/γ)/(1−
4η)2) points yi ∈ G and then computing Maji=1,... ,N (P (x + yi)− P (yi)).

Note that the function g(x) = Majy∈G (P (x + y)− P (y)) played a key role both
in the construction of a self–tester and of a self–corrector for the function class of
homomorphisms. This is a distinctive feature of the majority function argument.
Indeed, recall that this argument is constructive. Specifically, it proceeds by
defining a function g whose value at x takes the most commonly occurring value
among the members of a set Sx whose elements depend on x and P . When
successful, this argument suggests that a self–corrector for the function class of
interest is one that on input γ and x, for an appropriately chosen N = N(γ),
randomly chooses g1, . . . , gN in Sx and returns Maji=1,... ,N (gi).

2.4 Generator Test

An extreme case of self–testing is to ascertain whether a program P computes
a fixed function f . This task is usually undertaken in two stages. First, self–
testing techniques are used in order to determine whether P computes, in a
large fraction of its inputs, a function fP in some specific function class F . For
example, when f is a group homomorphism, one checks whether P is close to a
group homomorphism. In the second stage, one ascertains whether fP is indeed
equal to f . To do so it suffices to check that fP and f agree in a collection of
inputs equality over which implies agreement everywhere. The process through
which this goal is achieved is called generator test. This is somewhat complicated
by the fact that one cannot evaluate fP directly but only P which is merely

41Exact and Approximate Testing/Correcting of Algebraic Functions



close and not equal to fP . Self–testing takes care of the first stage while self–
correcting is useful in the second stage. We shall illustrate the technique with
our benchmark linearity testing problem. First, we state a result implicit in the
proof of Theorem 3.

Corollary 2. Let G and G′ be two finite abelian groups, and (ei)1≤i≤d be a set
of generators of G. Let f : G→ G′ be a homomorphism and P : G→ G′ be such
that for some constant η < 1/6,

Prx,y∈G [P (x + y)− P (x)− P (y) �= 0] ≤ η.

Suppose also that g(ei) = f(ei) for i = 1, . . . , d, where by definition g(x) =
Majy∈G (P (x + y)− P (y)). Then, g = f and

Prx∈G [f(x) �= P (x)] ≤ 2η.

Proof. Implicit in the proof of Theorem 3 is the fact that g is an homomorphism
and that Prx∈G [g(x) �= P (x)] ≤ 2η. Since two homomorphisms f, g : G → G′

agree everywhere if and only if they agree on a set of generators of G, the desired
conclusion follows.

The preceding result tells us that the following procedure leads to a continuous
and robust exact test for the linear function f .

Specific Linear Function Test(P, f)
– Linearity Test(P )

1. Randomly choose x, y ∈ G.
2. Reject if P (x + y)− P (x)− P (y) �= 0.

– Generator Test(P )
1. For i = 1, . . . , d, reject if P (x + ei)− P (x)− f(ei) �= 0.

The second part of this procedure consists of verifying that the closest linear
function to P coincides with f on a set of generators for the group domain. Thus,
it illustrates an instance of the generator test. The generator test is done on the
corrected program which is computed by the self–correcting process. Indeed,
instead of comparing f(ei) and P (ei) the comparison is done with respect to
P (x + ei) − P (x) for a randomly chosen x. This is necessary since P although
close to an homomorphism f ′ �= f might agree with f over all generators — but,
in this case P (x + ei) − P (x) will most likely agree with f ′(ei) for a randomly
chosen x. Finally, observe how the Linearity Test simplifies the task of verifying
whether P is close to the homomorphism f . Indeed, when P is known to compute
on a large fraction of the inputs an homomorphism g, it is sufficient to check
that g equals f on a set of generators whose size can be very small (constant)
compared to the size of the whole domain.

Corollary 3. Using the notation of Corollary 2, the Specific Linear Func-
tion Test characterizes f , is (η, (3 + d)η)–continuous, and (6η, η)–robust.

Nonetheless, when the number of generators d is large (for example grows with
the size of the group), the number of calls to the program in the Generator
Test will be large. This situation is called the generator bottleneck.
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2.5 Generator Bottleneck

In some cases, it is possible to get around the generator bottleneck using an
inductive test. This is essentially another property test which eliminates the
need of testing the self–corrected function on all the generators. We illustrate this
point for the case of the Discrete Fourier Transform (DFT). The method and the
results in this subsection are due to Ergün [Erg95]. For a more detailed discussion
on the possibilities to circumvent the generator bottleneck by an inductive test
see [ESK00].

Let p be a prime number and fix some x = (x0, . . . , xn) ∈ Z
n+1
p , where xi �=

xj for i �= j. Then the linear function DFTx : Z
n+1
p → Z

n+1
p maps the coefficient

representation a = (a0, . . . , an) ∈ Z
n+1
p of a degree n polynomial Q(X) = a0 +

a1X+. . .+anX
n into its point-value representation (Q(x0), . . . , Q(xn)) ∈ Z

n+1
p .

The group Z
n+1
p has n + 1 generators which can be chosen for example as e0 =

(1, 0, . . . 0), . . . , en = (0, . . . , 0, 1). Applying the Generator Test in order to
verify whether a linear function g is equal to DFTx would require checking
whether g(ei) = DFTx(ei) for i = 0, . . . , n, and therefore the number of calls
to the program would grow linearly with the degree of the polynomial. The key
observation that helps to overcome this problem is that the generators e0, . . . , en
can be obtained from each other by a simple linear operation and that the same
is true for the values of DFTx on e0, . . . , en. We now explain in detail how
to take advantage of this fact. First, we need to introduce some notation. For
a = (a0, . . . , an) ∈ Z

n+1
p let the rotation to the right vector be ROR(a) =

(an, a0, . . . , an−1) and let x · a = (x0a0, . . . , xnan). Note that ei+1 = ROR(ei)
for i = 0, . . . , n− 1, that DFTx maps e0 to (1, 1, . . . , 1), and most importantly,
that DFTx sends ROR(a) to x · DFTx(a) for all a = (a0, . . . , an) ∈ Z

n+1
p with

an = 0. Therefore, to verify whether a linear function g is equal to DFTx it
suffices to check whether g maps e0 to (1, 1, . . . , 1) and that g(ROR(a)) = x·g(a)
for all a with an = 0. The robustness of this testing procedure is guaranteed by
the following:

Theorem 5. Let x ∈ Z
n+1
p and let P : Z

n+1
p → Z

n+1
p be an application such

that for some constant η < 1/6,

Pra,b∈Z
n+1
p

[P (a + b)− P (a)− P (b) �= 0] ≤ η,

Prc∈Z
n+1
p :cn=0 [g(ROR(c)) �= x · g(c)] < 1/2,

where g(a) = Majb∈Z
n+1
p

(P (a + b)− P (b)) for all a ∈ Z
n+1
p and g(1, 0, . . . , 0) =

(1, . . . , 1). Then, g = DFTx and

Pra∈Z
n+1
p

[DFTx(a) �= P (a)] ≤ 2η.

Proof. Theorem 3 and the comment following its proof guarantee that g is linear
and that P is close to g. The linearity of g implies that for every a, b ∈ Z

n+1
p ,

we have g(ROR(a + b)) = g(ROR(a)) + g(ROR(b)). By linearity we also have
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x · (a+ b) = x ·a+x · b for every a, b ∈ Z
n+1
p . Thus, the second probability bound

in the hypotheses of the theorem implies that for all a with an = 0,

Prc∈Z
n+1
p ,cn=0 [g(ROR(a)) = g(ROR(c)) + g(ROR(a− c)) = x · g(a)] > 0.

Therefore, g(ROR(a)) = x · g(a) always holds. To conclude the proof observe
that the latter identity and the fact that g(1, 0, . . . , 0) = (1, . . . , 1) imply that
g = DFTx.

The previous result suggests the following exact test in order to ascertain whether
a program computes DFTx.

DFTx Test(P )
1. Randomly choose a, b ∈ Z

n+1
p .

2. Reject if P (a + b)− P (a)− P (b) �= 0.
3. Reject if P ((1, 0, . . . , 0) + a)− P (a)− (1, . . . , 1) �= 0.
4. Randomly choose c ∈ Z

n+1
p such that cn = 0.

5. Reject if P (ROR(c) + a)− P (a)− x · (P (c + b)− P (b)) �= 0.

It follows that,

Corollary 4. The DFTx Test is such that it characterizes DFTx, is (η, 6η)–
continuous, and (6η, η)–robust.

2.6 Beyond Self-Testing Linearity

So far we have discussed the testing problem for collections of linear functions.
This was done for ease of exposition. The arguments and concepts we have
described are also useful in testing non–linear functions. We now illustrate this
fact with two examples.

Multiplication over Zn: The Linearity Test and the Generator Test can
be combined to yield various self–testers. One such example allows to ascertain
whether a program computes the multiplication function mult over Zn, i.e., the
function that associates to (x, y) ∈ Zn × Zn the value xy (arithmetic over Zn).
The exact test that achieves this goal is realized by the following procedure
which is due to Blum, Luby, and Rubinfeld [BLR90]:

Multiplication Test(P )
1. Randomly choose x, y, z ∈ Zn.
2. Reject if P (x, y + z)− P (x, y)− P (x, z) �= 0.
3. Reject if P (x, y + 1)− P (x, y)− x �= 0.

Corollary 5. The Multiplication Test is such that it characterizes mult, is
(η, 4η)–continuous, and (6η, η)–robust.
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Proof. For a fixed x ∈ Zn, let lx : Zn → Zn be the linear function defined by
lx(y) = xy. Let dx be the distance Dist(P (x, ·), lx) and let ex be the rejection
probability of the test for randomly chosen y, z ∈ Zn. By Corollary 3, we know
that ex/4 ≤ dx ≤ 6ex for all x. Observe now that Ex∈Zn

[dx] = Dist(P,mult)
and that Ex∈Zn

[ex] is the probability that the test rejects P . The desired result
follows.

Polynomials: Let F be a field and let f : F → F be a function. We adopt the
standard convention of denoting the forward difference operator by ∇t. Hence,
by definition, ∇tf(x) = f(x + t) − f(x) for x, t ∈ F. If we let ∇d

t denote the
operator corresponding to d applications of ∇t and for t ∈ F

d denote by ∇t the
operator corresponding to the applications of ∇t1 , . . . ,∇td , then it is easy to
check that:

1. ∇t is linear,
2. ∇t1 and ∇t2 commute,
3. ∇t1,t2 = ∇t1+t2 −∇t1 −∇t2 , and

4. ∇d
t =

d∑

k=0

(−1)d−k
(
d

k

)
∇kt.

The usefulness of the difference operator in testing was recognized by Rubinfeld
and Sudan [RS92b]. They used it to give a more efficient self–corrector for poly-
nomials over finite fields than the one proposed by Lipton [Lip91]. Its utility is
mostly based on two facts: ∇tf(x) can be computed efficiently, and it gives rise
to the following well known characterization of polynomials:

Theorem 6. Let p be a prime number, let f : Zp → Zp be a function, and let
d < p− 1. Then f is a degree d polynomial over Zp if and only if ∇d+1

t f(x) = 0
for all x, t ∈ Zp.

The preceding theorem gives a functional equation characterization of degree d
polynomials. Hence, it gives rise to the following functional equation test:

Degree d Polynomial Test(P )
1. Randomly pick x, t ∈ Zp.
2. Reject if ∇d+1

t P (x) �= 0.

The above described exact test was proposed and analyzed in [RS92b]. Let us
now discuss shortly its properties. For the sake of simplicity, consider the follo-
wing particular case where d = 1:

Affine Test(P )
1. Randomly pick x, t ∈ Zp.
2. Reject if P (x+2t)−2P (x+ t)+P (x) �= 0.

Instead of choosing t as above it is tempting to pick two values t1 and t2 also
in Zp and check whether P (x+ t1 + t2)−P (x+ t1)−P (x+ t2) +P (x) �= 0. This
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is not an acceptable verification procedure in the self–testing context since it
is essentially equivalent to affine interpolation (polynomial interpolation in the
general case). Hence, it is not really computationally simpler than computing
the functions of the class one wishes to test. On the contrary, the Degree d
Polynomial Test is computationally more efficient than computing a degree d
polynomial. Moreover, it requires less evaluations of the program P . This justifies
the use of the ∇d+1

t operator in testing degree d polynomials.
Since the Degree d Polynomial Test is (d+2)–local, the standard approach

for proving continuity of such tests yield that it is (η, (d+ 2)η)–continuous. The
robustness of the test is guaranteed by the following result of Rubinfeld and
Sudan [RS92b]:

Theorem 7. Let p be a prime number, let P : Zp → Zp be a function, and let
d < p− 1. If for some η < 1/2(d + 2)2,

Prx,t∈Zp

[∇d+1
t P (x) �= 0

] ≤ η,

then there exists a degree d polynomial g : Zp → Zp such that

Prx∈Zp [g(x) �= P (x)] ≤ 2η.

Proof (Sketch). The proof is a standard application of the majority function
argument albeit algebraically somewhat involved. We only describe the main
proof steps. For i = 0, . . . , d+1, let αi = (−1)i+1

(
d+1
i

)
. Note that ∇d+1

t P (x) = 0
if and only if P (x) =

∑d+1
i=1 αiP (x+ it). This motivates the following definition:

g(x) = Majt∈Zp

(
d+1∑

i=1

αiP (x + it)

)

.

The proof proceeds in the typical three stages that application of the majo-
rity function argument gives rise to. First, one shows that with overwhelming
probability

∑d+1
i=1 αiP (x + it) agrees with g(x), in particular that

Prt∈Zp

[

g(x) =
d+1∑

i=1

αiP (x + it)

]

≥ 1− 2(d + 1)η.

Second, one establishes that the distance between g and P is at most 2η. Finally,
one proves that

Prt1,t2∈Zp

[
d+1∑

i=0

αig(x + it) = 0

]

≥ 1− 2(d + 2)2η > 0

Since the event
∑d+1

i=0 αig(x + it) = 0 is independent of t1 and t2, we get that
∑d+1

i=0 αig(x + it) = 0 must hold. The desired conclusion follows.
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3 Approximate Self-Testing

Initially it was assumed in the self–testing literature that programs performed
exact computations and that the space of valid inputs was closed under the
standard arithmetic operations, i.e., was an algebraically closed domain. Howe-
ver, early on it was recognized that these assumptions were too simplistic to
capture the real nature of many computations, in particular the computation of
real valued functions and of functions defined over finite rational domains (finite
subsets of fixed point arithmetic of the form {i/s : |i| ≤ n, i ∈ Z} for some
n, s > 0).

Self–testers/correctors for programs whose input values are from finite ratio-
nal domains were first considered by Lipton [Lip91] and further developed by
Rubinfeld and Sudan [RS92b]. In [Lip91] a self–corrector for multivariate po-
lynomials over a finite rational domain is given. In the same scenario [RS92b]
describes more efficient versions of this result as well as a self–tester for uni-
variate polynomials. The study of self–testing in the context of inexact com-
putations was started by Gemmell et al. [GLR+91] who provided approximate
self–testers/correctors for linear functions, logarithmic functions, and floating
point exponentiation. Nevertheless, their work was limited to the context of alge-
braically closed domains. Program checking in the approximate setting was first
considered by Ar et al. [ABCG93] who provided, among others, approximate
checkers for some trigonometric functions and matrix operations. Considering
both aspects simultaneously led to the development of approximate self–testers
over finite rational domains by Ergün, Kumar, and Rubinfeld [EKR96]. Among
other things, they showed how to perform approximate self–testing with abso-
lute error for linear functions, polynomials, and for functions satisfying addition
theorems.

We now begin a formal discussion of the theory of approximate testing. Our
exposition follows the presentation in [Mag00a] which has the advantage of en-
compassing all models of approximations studied in the self–testing literature.

Throughout this section, let D be a finite set and let R be a metric space.
The distance in R will be denoted by d(·, ·), When R is also a normed space, its
norm will be denoted by || · ||. As usual we denote by C the family of functions
from D to R.

As in the case of the exact testing problem we are again interested in de-
termining, maybe probabilistically, how “close” a program P : D → R is to an
underlying family of functions of interest F ⊆ C. But now, the elements of R
might be hard to represent (for example, when F is a family of trigonometric
functions). Thus, any reasonable program P for computing f ∈ F will necessa-
rily have to compute an approximation. In fact, P might never equal f over D
but still be, for all practical purposes, a good computational realization of a
program that computes f . Hence, the way in which we captured the notion of
“closeness” in Section 2, that is, Definition 1, is now inadequate. Thus, to ad-
dress the testing problem for R valued functions we need a different notion of
incorrect computation. In fact, we need a definition of error. This leads to the
following:

47Exact and Approximate Testing/Correcting of Algebraic Functions



Definition 6 (Computational error term). A computational error term
for C is a function ε : D × R → R

+. If P, f : D → R are two functions,
then P ε–computes f on x ∈ D if d(P (x), f(x)) ≤ ε(x, f(x)).

This definition encompasses several models of approximate computing that de-
pend on the restriction placed on the computational error term ε. Indeed, it
encompasses the

– exact computation case, where ε(x, v) = 0,
– approximate computation with absolute error, where ε(x, v) = ε0 for some

constant ε0 ∈ R
+,

– approximate computation with error relative to input size, where ε(x, v) =
ε1(x) for some function ε1 : D → R

+ depending only on x,
– approximate computation with relative error, where R is a normed space

and ε(x, v) = θ||v|| for some constant θ ∈ R
+.

Based on the definition of computational error term we can give a notion of
distance, similar to that of Definition 1, which is more appropriate for the context
of approximate computation.

Definition 7 (ε–Distance). Let P, f ∈ C, let D′ ⊆ D, and let ε be a computa-
tional error term. The ε–distance of P from f on D′ is2

Dist(P, f,D′, ε) = Prx∈D′ [P does not ε–compute f on x] .

If F ⊆ C, then the ε–distance of P from F on D′ is

Dist(P,F , D′, ε) = Inf
f∈F

Dist(P, f,D′, ε).

The new notion of distance naturally gives rise to extensions of the notions
introduced in Section 2. In what follows, we state these extensions.

Definition 8 (Approximate self–tester). Let F ⊆ C, let D′ ⊆ D, let ε
and ε′ be computational error terms and let 0 ≤ η ≤ η′ < 1 be constants. A
(D, ε, η;D′, ε′, η′)–(approximate) self–tester for F on C is a probabilistic oracle
Turing machine T such that for every P ∈ C and for every confidence parameter
0 < γ < 1:

– if Dist(P,F , D, ε) ≤ η, then Pr
[
TP (γ) = GOOD

] ≥ 1− γ;
– if Dist(P,F , D′, ε′) > η′, then Pr

[
TP (γ) = BAD

] ≥ 1− γ,

where the probabilities are taken over the coin tosses of T .

Definition 9 (Approximate test). An approximate test (A, C,D, β) is a set
of applications A from C to R

+ with a distribution D over A and a test error,
2 The need for considering the values taken by P over a subset D′ of f ’s domain is
a technical one. We discuss this issue later on. In the meantime, the reader might
prefer to simply assume D′ = D.
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i.e., a function β : A× C → R
+. The approximate test characterizes the family

of functions

char(A, C,D) = {f ∈ C : Prt∈DA [t(f) = 0] = 1}.
The rejection probability of a function P ∈ C by the approximate test is defined
as

Rej(P,A, β) = Prt∈DA [t(P ) > β(t, P )] .

A probabilistic oracle Turing machine M realizes the approximate test if for all
P ∈ C,

Pr
[
MP returns BAD

]
= Rej(P,A, β),

where the probability on the left hand side is taken over the internal coin tosses
of the machine M .

As in the case of exact testing, we specify approximate tests through the following
high level description:

Approximate Test(P ∈ C,A,D, β)
1. Choose an element t ∈ A according to D.
2. Reject if t(P ) > β(t, P ).

Note that one needs to compute the test error for realizing the approximate
test. Also, exact tests are a particular case of approximate tests where the test
error is 0 everywhere, GOOD is identified with 0 and BAD with 1.

In order not to unnecessarily clutter the notation, we again omit C, D, and β
whenever clear from context and restrict our discussion to the case where D is
the uniform distribution.

The robustness and continuity properties of exact tests are now generalized
as follows:

Definition 10 (Continuity & robustness). Let ε be a computational error
term for C, let D′ ⊆ D, and let (A, β) be an approximate test on C which
characterizes the family F . Also, let 0 ≤ η, δ < 1 be constants. Then, (A, β) is
(η, δ)–continuous on D′ with respect to ε if for all P ∈ C,

Dist(P,F , D′, ε) ≤ η =⇒ Rej(P,A, β) ≤ δ,

and it is (η, δ)–robust on D′ with respect to ε if for all P ∈ C,

Rej(P,A, β) ≤ δ =⇒ Dist(P,F , D′, ε) ≤ η.

The continuity and the robustness of an approximate test give rise to the con-
struction of approximate self–testers through the following:

Theorem 8 (Approximate generic self–tester). Let 0 ≤ δ < δ′ < 1 and
0 ≤ η ≤ η′ < 1 be constants, C be a family of functions from a finite set D to a
metric space R, ε and ε′ be computational error terms for C, and D′ ⊆ D. Also,
let (A, β) be an approximate test on C that is realized by the probabilistic Turing
machine M . If (A, β) characterizes the family F ,
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– is (η, δ)–continuous on D with respect to ε, and
– (η′, δ′)–robust on D′ with respect to ε′,

then there exists a (D, ε, η;D′, ε′, η′)–self–tester for F on C which performs for
every confidence parameter 0 < γ < 1, O(ln(1/γ) δ+δ′

(δ−δ′)2 ) iterations of M , coun-
ter increments, comparisons, and binary shifts.

Proof. Similar to the proof of Theorem 1.

As in the case of exact self–testing, realizable approximate tests are often
constructed through functional equations. Specifically, for D′ ⊆ D, let Φ : C ×
N → R be a functional where N ⊆ ⋃|D′|k=1(D′)k is a collection of neighborhoods.
The functional Φ and a function β′ : N → R

+ induce an approximate test
(A, β) by defining for all (x1, . . . , xk) ∈ N the mapping tx1,... ,xk(f) : F → R

+

as tx1,... ,xk(f) = |Φ(f, x1, . . . , xk)|, making β(tx1,... ,xk , f) = β′(x1, . . . xk), and
letting

A = {tx1,... ,xk : (x1, . . . , xk) ∈ N}.
By definition,

char(A) = {f ∈ C : ∀(x1, . . . , xk) ∈ N , Φ(P, x1, . . . , xk) = 0}.
If Φ and β′ are efficiently computable, then a Turing machine M realizes the
induced approximate test by choosing (x1, . . . xk) ∈ N and comparing the value
|Φ(f, x1, . . . , xk)| to β′(x1, . . . xk). When (A, β) is continuous and robust with
respect to some computational error term, Theorem 8 can be applied to derive
a corresponding approximate self–tester. The complexity of the self–tester will
ultimately depend on the complexity of computing Φ and β′.

The approximate testing problem is technically more challenging and invol-
ved than the exact testing problem. We shall try to smoothly introduce the new
aspects that one encounters in the approximate testing scenario. Thus, the di-
scussion that follows is divided into three parts: the case of absolute error, the
case of error relative to the input size, and finally the case of relative error.
The discussion becomes progressively more involved. We shall try to stress the
common arguments used in the different cases, but will discuss each one in a
separate section.

Before proceeding, it is worth pointing out two common aspects of all known
analyses of approximate tests. Specifically, in their proofs of robustness. First,
they are considerably more involved than in the case of exact testing. Second,
there are two clearly identifiable stages in such proofs. In each stage, it is shown
that the approximate test exhibits one of the properties captured by the following
two notions:

Definition 11 (Approximate robustness). Let ε be a computational error
term for C and D′ ⊆ D. Let (A, β) and (A′, β′) be approximate tests on C,
both characterizing the family F . Let 0 ≤ η, δ < 1 be constants. Then, (A, β) is
(η, δ)–approximately robust for (A′, β′) on D′ with respect to ε if for all P ∈ C,

Rej(P,A, β) ≤ δ =⇒ ∃g ∈ C, Dist(P, g,D′, ε) ≤ η, Rej(g,A′, β′) = 0.
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Definition 12 (Stability). Let ε be a computational error term for C and D′ ⊆
D. Let (A, β) be an approximate test on C which characterizes the family F .
Then, A is stable on D′ with respect to ε if for all g ∈ C,

Rej(g,A, β) = 0 =⇒ Dist(g,F , D′, ε) = 0.

Note that stability is nothing else than (0, 0)–robustness. A direct consequence
of these definitions is that if (A, β) is approximately robust for (A′, β′) with
respect to ε and (A′, β′) is stable with respect to ε′, then (A, β) is also robust
with respect to ε+ε′.

We henceforth restrict our discussion to real valued functions whose domain
is Dn = {i ∈ Z : |i| ≤ n} for some n > 0. Our results can be directly extended
to finite rational domains. We conclude this section by stating some general facts
that play a key role in the design and analysis of all approximate tests.

3.1 Basic Tools

Here we state two simple lemmas which will be repeatedly applied in the forth-
coming sections.
Definition 13 (Median). For f : X → R denote by Medx∈X (f(x)) the median
of the values taken by f when x varies in X, i.e.,

Medx∈X (f(x)) = Inf{a ∈ R : Prx∈X [f(x) > a] ≤ 1/2}.
Lemma 1 (Median principle). Let D,D′ be two finite sets. Let ε ≥ 0 and
F : D ×D′ → R. Then,

Prx∈D [|Medy∈D′ (F (x, y)) | > ε] ≤ 2Pr(x,y)∈D×D′ [|F (x, y)| > ε] .

Proof. Observe that

Prx∈D [|Medy∈D′ (F (x, y)) | > ε] ≤ Prx∈D [Pry∈D′ [|F (x, y)| > ε] > 1/2] ,

and apply Markov’s inequality.

Lemma 2 (Halving principle). Let Ω and S denote finite sets such that S ⊆
Ω, and let ψ be a boolean function defined over Ω. Then,

Prx∈S [ψ(x)] ≤ |Ω|
|S| Prx∈Ω [ψ(x)] .

Proof.

Prx∈Ω [ψ(x)] ≥ Prx∈Ω [ψ(x)|x ∈ S] Prx∈Ω [x ∈ S] =
|S|
|Ω|Prx∈Ω [ψ(x)] .

If Ω is twice the size of S, then Prx∈Ω [ψ(x)] is at least one half of Prx∈S [ψ(x)].
This motivates the choice of name for Lemma 2.

We will soon see the importance that the median function has in the context
of approximate self–testing. This was recognized by Ergün, Kumar, and Rubin-
feld in [EKR96] where the median principle was also introduced. The fact that
the Halving principle can substantially simplify the standard proof arguments
one encounters in the approximate testing scenario was observed in [KMS99].
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4 Testing with Absolute Error

Throughout this section we follow the notation introduced in the previous one.
Moreover, we restrict our discussion to the case of absolute error, i.e., to the
case where ε(x, v) is some non–negative real constant ε. Again, for the purpose
of illustration we consider the linearity testing problem over a rational domain D,
say D = D8n for concreteness. Hence, taking D′ = D4n, the functional equation

∀x, y ∈ D4n, P (x + y)− P (x)− P (y) = 0,

gives rise to the following approximate absolute error test:

Absolute error Linearity Test(P, ε)
1. Randomly choose x, y ∈ D4n.
2. Reject if |P (x + y)− P (x)− P (y)| > ε.

The preceding approximate test was proposed and analyzed by Ergün, Kumar,
and Rubinfeld [EKR96]. We illustrate the crucial issues related to testing under
absolute error by fully analyzing this approximate test. Our discussion is based
on [EKR96] and simplifications proposed in [KMS99].

4.1 Continuity

As in the case of exact testing, continuity is a property which is usually much
easier to establish than robustness. Although proofs of continuity in the appro-
ximate case follow the same argument than in the exact case, there is a subtlety
involved. It concerns the use of the Halving principle as shown by the following
result from which (η, 6η)–continuity of the Absolute error Linearity Test
immediately follows.

Lemma 3. Let ε ≥ 0. Let P, l be real valued functions over D8n such that l is
linear. Then,

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > 3ε] ≤ 6Prx∈D8n [|P (x)− l(x)| > ε] .

Proof. Simply observe that |P (x+y)−P (x)−P (y)| > 3ε implies |P (x+y)−l(x+
y)| > ε or |P (x) − l(x)| > ε or |P (y) − l(y)| > ε. By the Halving principle, the
probability that each of these three events occur when x and y are independently
and uniformly chosen in D4n is at most 2Prx∈D8n [|P (x)− l(x)| > ε]. Thus, the
union bound yields the desired conclusion.

4.2 Approximate Robustness

We now describe how robustness is typically established. Our discussion is based
on [EKR96]. The majority argument will again be useful, but it needs to be
modified. To see why, recall that the argument begins by defining a function g
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whose value at x takes the most commonly occurring value among the members
of a multiset Sx whose elements depend on x and P , i.e.,

g(x) = Majs∈Sx (s) .

Each value in Sx is seen as an estimation of the correct value of P on x. But
now, P is not restricted to taking a finite number of values. There might not
be any clear majority, or even worse, all but one pair of values in every set Sx
might be distinct while very different from all other values in the set — the
latter of these values might even be very similar among themselves. Thus, the
Maj (·) is not a good estimator in the context of testing programs that only
approximately compute the desired value. A more robust estimator is needed.
This explains why Med (·) is used instead of Maj (·) . This gives rise to what
we shall call the median function argument. The robustness proofs based on it
will also exhibit three stages. The first two are similar to those encountered in
the majority function argument. Indeed, first one shows that an overwhelming
number of the elements of Sx are good approximations of g(x) = Meds∈Sx (s),
then one shows that g is close to P . The major difference is in the third stage
— it falls short of establishing that g has the property one is interested in. For
the sake of concreteness, we now illustrate what happens in the case of linearity
testing.

Theorem 9. Let ε ≥ 0 and 0 ≤ η < 1/96 be constants and let P : D8n → R be
an application such that

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > ε] ≤ η.

Then, there exists a function g : D2n → R such that

Prx∈Dn [|g(x)− P (x)| > ε] ≤ 16η,

and for all a, b ∈ Dn,

|g(a + b)− g(a)− g(b)| ≤ 6ε.

Proof. Let Px,y = P (x + y) − P (x) − P (y). Define the function g : D2n → R

by g(x) = Medy∈D2n (P (x + y)− P (y)) . First, we show that with overwhelming
probability P (x + y) − P (y) is a good approximation to g(x), specifically, that
for all c ∈ D2n and I ⊆ D2n such that |I| = |Dn|,

Pry∈I [|g(c)− (P (c + y)− P (y))| > 2ε] < 32η. (2)

The Median principle implies that

Pry∈I [|g(c)− (P (c + y)− P (y))| > 2ε] ≤ 2Pry∈I,z∈D2n [|Pc+y,z − Pc+z,y| > 2ε] .

Observe that if y and z are randomly chosen in I and D2n respectively, then the
union bound yields

Pry,z [|Pc+y,z − Pc+z,y| > 2ε] ≤ Pry,z [|Pc+z,y| > ε] + Pry,z [|Pc+y,z| > ε] .
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To obtain (2), note that the Halving principle implies that the latter sum is at
most

2
|D4n|2

|Dn||D2n|Prx,y∈D4n [|Px,y| > ε] .

To see that g is close to P , observe that the Halving principle implies that

Prx∈Dn [|g(x)− P (x)| > ε] ≤ 4Prx∈D4n [|g(x)− P (x)| > ε] .

By definition of g we get that g(x)−P (x) = Medy∈D2n (Px,y). Hence, the Median
principle and the Halving principle yield

Prx∈Dn [|g(x)− P (x)| > ε] ≤ 8Prx∈D4n,y∈D2n [|Px,y| > ε]

≤ 8
|D4n|
|D2n|Prx,y∈D4n [|Px,y| > ε] .

Elementary calculations and the hypothesis imply that the last expression is
upper bounded by 16η.

Finally, let a, b ∈ Dn. Three applications of (2) imply that for some y ∈ Dn

|g(a)− (P (a + y)− P (y))| ≤ 2ε,
|g(b)− (P (a + b + y)− P (a + y))| ≤ 2ε,
|g(a + b)− (P (a + b + y)− P (y))| ≤ 2ε.

It follows that |g(a + b)− g(a)− g(b)| ≤ 6ε.

The previous result falls short of what one desires. Indeed, it does not show that
a low rejection probability for the Absolute error Linearity Test guarantees
closeness to linearity. Instead, it establishes that if

|P (x + y)− P (x)− P (y)| > ε

holds for most x’s and y’s in a large domain, then P must be close to a function g
which is approximately linear, i.e., for all a’s and b’s in a small domain,

|g(a + b)− g(a)− g(b)| ≤ 6ε.

A conclusion stating that g(a + b) = g(a) + g(b) would have been preferable.
This will follow by showing that g is close to a linear function, thus implying the
closeness of P to a linear function. By Definition 12, these results whereby it is
shown that a function that approximately satisfies a functional equation ever-
ywhere must be close to a function that exactly satisfies the functional equation,
are called stability proofs. Also, by Definition 11, results as those we have shown
so far (i.e., whereby it is proved that a function that approximately satisfies
a functional equation for most inputs must be close to a function that appro-
ximately satisfies the functional equation everywhere) are called approximate
robustness proofs. As mentioned earlier, approximate robustness and stability
imply robustness. In the following section we discuss a technique for proving
stability results.
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4.3 Stability

The main result of this section, i.e., the statement concerning stability of the
Absolute error Linearity Test is from [EKR96]. However, the proof presen-
ted here is from [KMS99] and is based on an argument due to Skopf [Sko83].
The proof technique is also useful for obtaining stability results in the context of
approximate testing over finite rational domains. It relies on two ideas developed
in the context of stability theory. The first consists in associating to a function g
approximately satisfying a functional equation a function h approximately satis-
fying the same functional equation but over an algebraically closed domain, e.g.,
a group. The function h is carefully chosen so that h agrees with g over a given
subset of g’s domain. In other words, h will be an extension of g. Thus, showing
that h can be well approximated by a function with a given property is sufficient
to establish that the function g can also be well approximated by a function with
the same property. This task is easier to address due to the fact that h’s domain
has a richer algebraic structure. In fact, there is a whole community that for
over half a century has been dedicated to the study of these type of problems.
Indeed, in 1941, Hyers [Hye41] addressed one such problem for functions whose
domain have a semi–group structure. The work of Hyers was motivated by a
question posed by Ulam. Coincidentally, Ulam’s question concerned linear func-
tions. Specifically, Ulam asked whether a function f that satisfies the functional
equation f(x + y) = f(x) + f(y) only approximately could always be approxi-
mated by a linear function. Hyers showed that f could be approximated within
a constant error term by a linear function when the equality was correct also
within a constant term. To be precise, Hyers proved the following:

Theorem 10 (Hyers). Let E1 be a normed semi–group, let E2 be a Banach
space, and let h : E1 → E2 be a mapping such that for all x, y ∈ E1,

||h(x + y)− h(x)− h(y)|| ≤ ε.

Then, the function l : E1 → E2 defined by l(x) = limm→∞ h(2mx)/2m is a well
defined linear mapping such that for all x ∈ E1,

||h(x)− T (x)|| ≤ 2ε.

Remark 1. We have stated Theorem 10 in its full generality in order to highlight
the properties required of the domain and range of the functions we deal with.
Also for this purpose, as long as we discuss stability issues, we keep the exposition
at this level of generality. Nevertheless, we will apply Theorem 10 only in cases
where E1 = Z and E2 = R.

Many other Ulam type questions have been posed and satisfactorily answered.
For surveys of such results see [HR92,For95]. But, these results cannot directly
be applied in the context of approximate testing. To explain this, recall that we
are concerned with functions g such that |g(x+y)−g(x)−g(y)| ≤ ε only for x’s
and y’s in Dn — which is not a semi–group. To address this issue and exploit
results like those of Hyers one associates to g a function h that extends it over
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a larger domain which is typically a group. Moreover, the extension is done in
such a way that one can apply a Hyers’s type theorem.

Although the approach described in the previous paragraph is a rather na-
tural one, it requires more work than necessary, at least for our purposes. In-
deed, when deriving a stability type result for the approximate testing problem
over Dn one considers the extension h of g given by h(x) = g(rx) + qxg(n),
where qx ∈ Z and rx ∈ Dn are the unique numbers such that x = qxn + rx
and |qxn| < |x| if x ∈ Z \ {0}, and q0 = r0 = 0. (See Fig. 2.) Thus, the limit
of h(2mx)/2m when m goes to ∞ is xg(n)/n. Hence, there is no need to prove
that l(x) = limm→∞ h(2mx)/2m is well defined and determines a linear map-
ping. Thus, when Hyers’s theorem is applied to a function like h the only new
thing we get is that l is close to h. As shown in the next lemma, to obtain this
same conclusion a weaker hypothesis than that of Theorem 10 suffices. This fact
significantly simplifies the proof of the stability results needed in the context of
approximate testing.

n−n 2n−2n 3n−3n

✘✘✘
✘✘✘

✘✘✘
✘✘✘

✘✘✘
✘✘✘

✘✘✘
✘✘✘

✘✘

y= g(n)
n

x

✘✘✘
✘✿
✲

n
g(n)✻

Fig. 2. Extension of g.

Lemma 4. Let E1 be a normed semi–group and E2 be a Banach space. Let ε ≥ 0
and let h : E1 → E2 be such that for all x ∈ E1,

||h(2x)− 2h(x)|| ≤ ε.

Then, the function T : E1 → E2 defined by T (x) = limm→∞ h(2mx)/2m is a
well defined mapping such that for all x ∈ E1,

||h(x)− T (x)|| ≤ ε.

Proof. We follow the argument used by Hyers [Hye41] to prove Lemma 4. First,
we show by induction on m, that

∥
∥
∥
∥
h(2mx)

2m
− h(x)

∥
∥
∥
∥ ≤ ε

m∑

t=1

2−t. (3)
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The case m = 1 holds due to the hypothesis. Assume the claim is true for m. To
prove the claim for (m + 1), note that

∥
∥
∥
∥
h(2m+1x)

2m+1 − h(x)
∥
∥
∥
∥ ≤

∥
∥
∥
∥
h(2x)

2
− h(x)

∥
∥
∥
∥+

1
2

∥
∥
∥
∥
h(2m · 2x)

2m
− h(2x)

∥
∥
∥
∥

≤ ε

2
+

ε

2

m∑

t=1

2−t

= ε

m+1∑

t=1

2−t.

Fix x = 2ky in (3). Then, the sequence (h(2ky)/2k)k satisfies a Cauchy criterion
for every y. Therefore, T is well defined. Letting m→∞ in (3) one obtains the
desired conclusion.

Thus, to establish the stability type result we are seeking for the linearity testing
problem one needs to show that an appropriate extension h : Z → R of a function
g : D2n → R such that |g(x+ y)− g(x)− g(y)| ≤ ε for all x, y ∈ Dn satisfies the
hypothesis of Lemma 4. The following lemma achieves this goal.

Lemma 5. Let ε ≥ 0 and let g : D2n → R be such that for all x, y ∈ Dn,

|g(x + y)− g(x)− g(y)| ≤ ε.

Then, the function h : Z → R such that h(x) = g(rx) + qxg(n) satisfies that for
all x ∈ Z,

|h(2x)− 2h(x)| ≤ 2ε.

Proof. Let x, y ∈ Z. By definition of h and since r2x = 2rx − n(q2x − 2qx),

|h(2x)− 2h(x)| = |g(2rx − n(q2x − 2qx))− 2g(rx) + (q2x − 2qx)g(n)|.

We will show that the right hand side of this equality is upper bounded by 2ε.
Note that q2x−2qx ∈ {−1, 0, 1}. We consider three cases depending on the value
that this latter quantity takes.

Case 1: Assume q2x − 2qx = 0. Then, since rx ∈ Dn, the hypothesis implies
that |h(2x)− 2h(x)| = |g(2rx)− 2g(rx)| ≤ ε.

Case 2: Assume now that q2x − 2qx = 1. Hence, r2x = 2rx − n and

|h(2x)− 2h(x)| = |g(2rx − n)− 2g(rx) + g(n)|
≤ |g(2rx)− 2g(rx)|+ |g(2rx − n) + g(n)− g(2rx)|
≤ 2ε,

where the first inequality is due to the triangle inequality and the second ine-
quality follows from the hypothesis since rx, r2x = 2rx − n, n ∈ Dn.
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Case 3: Assume q2x−2qx = −1. Hence, r2x = 2rx+n which is at most n. Thus,
rx cannot be positive. This implies that rx + n ∈ Dn and

|h(2x)− 2h(x)| = |g(2rx + n)− 2g(rx)− g(n)|
≤ |g(2rx + n)− g(rx + n)− g(rx)|+ |g(rx + n)− g(rx)− g(n)|
≤ 2ε,

where the first inequality is due to the triangle inequality and the second one
follows from the hypothesis since rx + n, rx, n ∈ Dn.

An immediate consequence of the two previous results is the following:

Theorem 11. Let g : D2n → R be a function such that for all x, y ∈ Dn,

|g(x + y)− g(x)− g(y)| ≤ ε.

Then, the linear function l : D2n → R defined by l(n) = g(n) satisfies, for all
x ∈ Dn,

|g(x)− l(x)| ≤ 2ε.

4.4 Robustness

The results presented in the two previous sections yield the following:

Theorem 12. Let ε ≥ 0 and 0 ≤ η < 1/96 be constants, and let P : D8n → R

be an application such that

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > ε] ≤ η.

Then, there exists a linear function l : Dn → R such that

Prx∈Dn [|l(x)− P (x)| > 13ε] ≤ 16η.

Proof. Direct consequence of Theorem 9 and Theorem 11.

This last result gives us the analog of Theorem 3 that we need in order to
establish the robustness of the Absolute error Linearity Test.

4.5 Self-Testing with Absolute Error

We now put together all the different pieces of the analyses of previous sections
and establish the existence of an approximate self–tester for linearity.

Corollary 6. Let C be the set of real valued functions over D8n and let L ⊆ C
be the set of linear functions. Let η > 0 and ε ≥ 0 be two constants. Then,
there exists a (D8n, ε, η;Dn, 39ε, 577η)–self–tester for L on C which uses for
every confidence parameter 0 < γ < 1, O(ln(1/γ)/η) calls to the oracle program,
additions, comparisons, counter increments, and binary shifts.
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Proof. Consider the approximate test induced by the functional Φ(P, x, y) =
P (x + y) − P (x) − P (y) where x and y are in D4n and where the test error is
3ε. This approximate test clearly characterizes the family of linear functions, in
fact, it gives rise to the Absolute error Linearity Test. Hence, by Lemma 3,
it is (η, 6η)–continuous on D8n with respect to the computational error term
ε. Moreover, by Theorem 12, it is also (96η′, η′)–robust on Dn with respect to
the computational error term 13(3ε). Therefore, Theorem 8 implies the desired
result by fixing η′ = (6 + 1/96)η = 577η/96.

4.6 Self-Correcting with Absolute Error

An obvious generalization of Definition 5 for any computational error term is:

Definition 14 (Approximate self–corrector). Let F ⊆ C be a function fa-
mily from D to R and D′ ⊆ D. Let 0 ≤ η < 1 and let ε, ε′ be computatio-
nal error terms for C. An (η,D, ε,D′, ε′)–(approximate) self–corrector for F
on C is a probabilistic oracle Turing machine T such that for every P ∈ C,
if Dist(P, f,D, ε) ≤ η for some f ∈ F , then for every x ∈ D′ and for every
confidence parameter 0 < γ < 1,

Pr
[|TP (x, γ)− f(x)| < ε′

]
> 1− γ,

where the probability is taken over the internal coin tosses of T .

Of course, the above definition would be vacuous if we could not exhibit an
example that satisfies it. We believe that in the same way that the majority
argument gave rise to self–correctors, the median argument gives rise to appro-
ximate self–correctors. Below, we exhibit some supporting evidence for this claim
by analyzing the problem of approximate self–correction of, the benchmark, class
of linear functions.

Theorem 13. Let C be the family of all real valued functions over D2n and
let L ⊆ C be the set of linear functions. Then, for every 0 ≤ η < 1/4 and
ε ≥ 0, there is an (η,D2n, ε,Dn, 2ε)–self–corrector for L on C which uses for
every confidence parameter 0 < γ < 1, O(ln(1/γ)/(1 − 4η)2) calls to the oracle
program, additions, comparisons, and counter increments.

Proof. For some fixed P ∈ C assume l : D2n → R is a linear function such that
Dist(P, l,D2n, ε) ≤ η. Let N be a positive integer whose value will be determined
later. Let T be the probabilistic Turing machine that on input x ∈ Dn, a constant
0 < γ < 1, and oracle access to P , randomly chooses y1, . . . , yN ∈ Dn and then
outputs Medi=1,... ,N (P (x + yi)− P (yi)). Note that,

Pr
[|TP (x, γ)− l(x)| > 2ε

]

= Pry1,... ,yN∈Dn [|Medi=1,... ,N (P (x + yi)− P (yi))− l(x)| > 2ε]
≤ Pry1,... ,yN∈Dn [Medi=1,... ,N (|P (yi)− l(yi)|) > ε]

+ Pry1,... ,yN∈Dn [Medi=1,... ,N (|P (x + yi)− l(x + yi)|) > ε]
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≤ Pry1,... ,yN∈Dn

[
|{yi : |P (yi)− l(yi)| > ε}| ≥ N

2

]

+ Pry1,... ,yN∈Dn

[
|{yi : |P (x + yi)− l(x + yi)| > ε}| ≥ N

2

]
.

The Halving principle implies that both Pry∈Dn [|P (x + y)− l(x + y)| > ε]
and Pry∈Dn [|P (y)− l(y)| > ε] are at most 2Dist(P, l,D2n, ε). Hence, a standard
Chernoff bound yields the desired result when N = Ω(ln(1/γ)(1− 4η)2).

4.7 Self-Testing a Specific Function with Absolute Error

One might expect that self–testing whether a program computes a specific linear
function over Dn ⊆ Z would be achieved by replacing in the Specific Linear
Function Test the Linearity Test by the Absolute error Linearity Test,
equalities by approximate equalities, and a generator of Z (i.e., −1 or 1) by any
non–zero x ∈ Dn. We shall see that one has to be more careful in the choice of
the latter element. In particular one has to perform the following:

Absolute error Specific Linear Function Test(P, ε)
– Absolute error Linearity Test(P, ε)

1. Randomly choose x, y ∈ D4n.
2. Reject if |P (x + y)− P (x)− P (y)| > ε.

– Generator Test(P )
1. Randomly choose x ∈ Dn.
2. Reject if |P (x + n)− P (x)− f(n)| > ε.

We now explain why in the second stage of the previous test the comparison
between f and the self–corrected value of P is performed at n. First, recall that
when the probability η of rejection by the Absolute error Linearity Test is
low we have a guarantee that P is close to a linear function. A careful inspection
of the proof of Theorem 12 elicits that when l is the real valued linear function
defined over Dn that at n takes the value Medy∈D2n (P (n + y)− P (y)),

Prx∈Dn [|l(x)− P (x)| > 13ε] ≤ 16η.

This justifies the comparison that is performed, in the second part of the above
described approximate test, between f(n) and the estimation P (x + n) − P (n)
of l(n)’s value. Lemma 3 and the following result yield the (η, 22η)–continuity
of the Absolute error Specific Linear Function Test (when the test error
is 5ε) on D8n with respect to the computational error term ε.

Lemma 6. Let ε ≥ 0. Let P, f be real valued functions over D8n such that f is
linear. Then,

Prx∈Dn [|P (x + n)− P (x)− f(n)| > 2ε] ≤ 16Prx∈D8n [|P (x)− f(x)| > ε] .
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Proof. The linearity of f , the union bound, and the Halving principle imply that

Prx∈Dn [|P (x + n)− P (x)− f(n)| > 2ε]
≤ Prx∈Dn [|P (x + n)− f(x + n)| > ε] + Prx∈Dn [|P (x)− f(x)| > ε]
≤ 16Prx∈D8n [|P (x)− f(x)| > ε] .

The following result implies the (49η, η)–robustness of the Absolute error
Specific Linear Function Test (when the test error is ε) on Dn with respect
to the computational error term 16ε.

Lemma 7. Let ε ≥ 0 and 0 ≤ η < 1/96 be constants and let P, f : D8n → R

be mappings such that f is linear and the probability that the Absolute error
Specific Linear Function Test rejects is at most η. Then,

Prx∈Dn [|f(x)− P (x)| > 16ε] ≤ 49η.

Proof. Let l : Dn → R be such that l(n) = Medy∈D2n (P (n + y)− P (y)) and
linear. Implicit in the proof of Theorem 12 is that Prx∈Dn [|l(x)− P (x)| > 13ε] ≤
16η and that (see (2))

Pry∈Dn [|g(n)− (P (n + y)− P (y))| > 2ε] < 32η.

Thus, Prx∈Dn [|f(x)− P (x)| > 16ε] is at most

Prx∈Dn [|l(x)− P (x)| > 13ε] + Prx∈Dn

[ |x|
n
|P (x + n)− P (n)− l(n)| > 2ε

]

+Prx∈Dn

[ |x|
n
|f(n)− P (x + n) + P (n)| > ε

]
.

Since |x|/n ≤ 1, the observation made at the beginning of this proof shows that
the first and second term of the previous summation are bounded by 16η and
32η respectively. By the hypothesis and since |x|/n ≤ 1, the last term of the
summation is bounded by η.

Corollary 7. Let C be the collection of all real valued functions over D8n and let
f ∈ C be linear. Then, there exists a (D8n, ε, η;Dn, 80ε, 2113η)–self–tester for f
on C which uses for every confidence parameter 0 < γ < 1, O(ln(1/γ)/η) calls
to the oracle program, additions, comparisons, counter increments, and binary
shifts.

4.8 Beyond Self-Testing Approximate Linearity

So far we have discussed the approximate testing problem only for linear func-
tions. The arguments we have used are also useful in testing non–linear functions.
Nevertheless, a couple of new issues arise. To describe them we consider the pro-
blem of approximate testing whether a real valued function behaves like a degree
d polynomial.
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The characterization of degree d polynomials of Theorem 6, i.e., ∇d+1
t f(x) =

0 for all x, t ∈ Zp, still holds when Zp is replaced by Z. Hence, our discus-
sion concerning approximate tests for class functions defined through functional
equations suggest performing the following approximate test:

Absolute error Degree d Polynomial Test(P, ε)
1. Randomly choose x ∈ Dm and t ∈ Dn.
2. Reject if |∇d+1

t P (x)| > ε.

The above described approximate test was proposed and analyzed by Ergün,
Kumar and Rubinfeld in [EKR96]. Since the approximate test with test error
2d+1ε is (d+2)–local it is easily seen to be (η, 2(d+2)η)–continuous with respect
to the computational error term ε, specifically:

Lemma 8. Let ε ≥ 0. Let P , Q be real valued functions over D2(2d+3)n such
that Q is a polynomial of degree d. Then,

Prx∈D(2d+3)n,t∈Dn
[|∇d+1

t P (x)| > 2d+1ε
] ≤

2(d + 2)Prx∈D2(2d+3)n [|P (x)−Q(x)| > ε] .

Proof. Simply observe that since Q is a degree d polynomial, ∇d+1
t Q(x) = 0

for all x ∈ D(2d+3)n and t ∈ Dn. Moreover, ∇d+1
t =

∑d+1
k=0(−1)d+1−k(d+1

k

)∇kt,∑d+1
k=0

(
d+1
k

)
= 2d+1, and |∇d+1

t P (x)| > 2d+1ε imply that |P (x+it)−Q(x+it)| >
ε for some i ∈ {0, . . . , d+ 1}. By the Halving principle, the probability that any
of the latter events occur when x ∈ D(2d+3)n and t ∈ Dn are randomly chosen
is at most 2Prx∈D2(2d+3)n [|P (x)−Q(x)| > ε].

The approximate robustness of the Absolute error Degree d Polynomial
Test is a consequence of the following:

Lemma 9. Let ε ≥ 0 and 0 ≤ η < 1/(16(d+ 1)(d+ 2)2) be constants, and let P
be a real valued function defined over D2(2d+3)n such that

Prx∈D(2d+3)n,t∈Dn
[|∇d+1

t P (x)| > ε
] ≤ η.

Then, there exists a function g : D′n ⊆ D(d+2)n → R such that

Prx∈D′n [|g(x)− P (x)| > ε] ≤ 2
|D(2d+3)n|
|D′n|

η,

and for all x, t ∈ Dn,

|∇d+1
t g(x)| ≤ 4(2d+1 − 1)2ε.

Proof (Sketch). The proof is based on the median argument and follows the
proof idea of Theorem 9. The choice of g is the same as in Theorem 7 but now
Maj (·) is replaced by Med (·) and Zp by Dn, i.e.,

g(x) = Medt∈Dn

(
d+1∑

i=1

(−1)i+1
(
d + 1

i

)
P (x + it)

)

.
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As usual, approximate robustness leaves us with the need of a stability type result
in order to establish robustness, in this case of the Absolute error Degree d
Polynomial Test. We now undertake this endeavor.

For t ∈ Z
d denote by ∇t the operator corresponding to the applications of

∇t1 , . . . ,∇td . To avoid getting bogged down in technicalities and focus on the
new issues that arise in approximate testing of non–linear function, we henceforth
state the results for general d and restrict the proofs to the d = 1 case, i.e., the
case of testing affine functions.

Lemma 10. Let ε ≥ 0. Let f : D(d+1)n → R be such for all t ∈ (Dn)d+1,

|∇tf(0)| ≤ ε,

Then, there exists a polynomial hd : Dn → R of degree at most d such that for
all x ∈ Dn,

|f(x)− hd(x)| ≤ 2d
(

d∏

i=1

(2i− 1)

)

ε ≤ 22dd!ε.

Proof (Sketch). We consider only the case of affine functions, i.e., d = 1. Let
G(t) = ∇tf(0) = f(t)− f(0). Then, for all t1, t2 ∈ Dn,

|G(t1 + t2)−G(t1)−G(t2)| = |∇t1,t2f(0)| ≤ ε.

Therefore, Theorem 11 implies that there exists a real valued linear function H
over Dn such that |G(t)−H(t)| ≤ 2ε for all t ∈ Dn. Extending H linearly to all
of Z, defining f ′ over Dn by f ′(x) = f(x)−H(x), and observing that H(0) = 0
since H is linear, we get that for all t ∈ Dn,

|∇tf
′(0)| = |G(t)−H(t)| ≤ 2ε.

To conclude, let h(x) = f(0) + H(x) for all x ∈ Dn, and observe that h is an
affine function such that |f(x)− h(x)| = |∇xf

′(0)| ≤ 2ε.

Remark 2. For the case of general d, the proof of Lemma 10 has to be modified.
First, G is defined for every t ∈ Z

d where it makes sense as G(t) = ∇tf(0).
Instead of Theorem 11, one needs a stability type result asserting the existence
of a multi–linear function H on d variables which is close to G. Instead of a
linear extension of H one relies on a multi–linear extension of H to Z

d. The rest
of the proof follows the same argument and exploits the fact that if H ′(x) =
H(x, . . . , x), then ∇tH

′(0) = d!H(t) for all t ∈ Z
d.

We are not yet done proving the stability result we seek. Indeed, the con-
clusion of Lemma 9 is that |∇d+1

t g(x)| is bounded when x, t ∈ Dn. In contrast,
the hypothesis of Lemma 10 requires a bound on |∇tg(0)| when t ∈ (Dn)d+1.
The following result links both bounds. But, the linkage is achieved at a cost.
Indeed, although our assumption will be that |∇d+1

t g(x)| is bounded for a very
large range of values of x, t ∈ Z, our conclusion will be that |∇tg(0)| is bounded
for a coarse range of values of t ∈ Z

d+1.
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Lemma 11. Let ε ≥ 0, µd+1 = lcm{1, . . . , d + 1}, m = µd+1(d + 1)n, and g be
a real valued function over D(d+2)m. Let f : D(d+1)n → R be such that f(x) =
g(µd+1 · x). If for all x, t ∈ Dm,

|∇d+1
t g(x)| ≤ ε

2d+1 ,

then for all t ∈ (Dn)d+1,
|∇tf(0)| ≤ ε.

Proof (Sketch). We consider only the case of affine functions, i.e., d = 1. Observe
that

∇t1,t2f(0) = ∇2
0f(0)−∇2

−t1f(t1)−∇2
−t2/2f(t2) +∇2

−t1−t2/2f(t1 + t2)

= ∇2
0g(0)−∇2

−2t1g(t1)−∇2
−t2g(t2) +∇2

−2t1−t2g(t1 + t2).

By hypothesis, each of the four terms in the last summation is upper bounded
(in absolute value) by ε/4. The desired conclusion follows by triangle inequality.

Putting together Lemma 9, Lemma 10, and Lemma 11 one obtains the following
result from which the (2O(d log d)η, η)–robustness with respect to the computatio-
nal error term 2O(d log d)ε of the Absolute error Degree d Polynomial Test
with test error ε immediately follows:

Theorem 14. Let ε ≥ 0, η ≥ 0, µd+1 = lcm{1, . . . , d + 1}, m = µd+1(d +
1)n, and let kDn = {kx ∈ Z : x ∈ Dn} for any positive integer k. Let P :
D2(2d+3)m → R be such that

Prx∈D(2d+3)m,t∈Dm
[|∇d+1

t P (x)| > ε
] ≤ η.

Then, there exists a polynomial hd : µd+1Dn → R of degree at most d such that

Prx∈µd+1Dn

[|P (x)− hd(x)| > 32d+1d!ε
] ≤ 4(d + 2)2µd+1η.

Corollary 8. Let ε ≥ 0 and η > 0 be constants, µd+1 = lcm{1, . . . , d + 1}, and
m = µd+1(d + 1)n. Let C be the set of real valued functions over D2(2d+3)m,
and let Pd ⊆ C be the set of degree d polynomials. Then, there exists a
(D2(2d+3)m, ε, η;µd+1Dn, 2O(d log d)ε, 2O(d log d)η)–self–tester for Pd on C which
uses for every confidence parameter 0 < γ < 1, O(ln(1/γ)/η) calls to the oracle
program, additions, comparisons, counter increments, and binary shifts.

Proof (Sketch). Similar to the proof of Corollary 6 but now based on Lemma 8
and Theorem 14.

Note how the probability bounds in the statement of Theorem 14 depend ex-
ponentially in d. It is not clear that there has to be a dependency in d at all.
A similar result without any dependency on d would be interesting. Even a
polynomial in d dependency would be progress.
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5 Testing with Error Depending on Input

In the preceding section we built self–testers for different function classes and
domains for the case of absolute error. These self–testers exhibit the following
characteristic: when the computational error term is a small constant they reject
good programs, e.g, those in which the error in the computation of P (x) grows
with the size of x. If on the contrary, the computational error term is a large
constant, they might pass programs that make incorrectly large errors in the
computation of P (x) for small values of x. In the next section we address the
problem of self–testing when the computational error term can be proportional to
the function value to be computed. In this section, we consider the intermediate
case where the computational error terms are measured relative to some pre-
specified function of the input x to the program P being tested. In particular,
they do not depend on the function f purportedly being computed. The results
presented here appeared in [KMS99].

In order to achieve the above stated goal, we generalize the arguments discus-
sed in the preceding sections. We begin by pointing out that a careful inspection
of the proofs of Theorem 9 and Theorem 11 yield that they still hold as long as
the test error satisfies a collection of properties captured by the following:

Definition 15 (Valid error terms of degree p ∈ R). These are nonnegative
functions β : Z × Z → R

+ which are, in each of their coordinates, even and
nondecreasing for nonnegative integers, and such that β(2s, 2t) ≤ 2pβ(s, t) for
all integers s, t.

Examples of valid error terms of degree p are β(s, t) = |s|p + |t|p and β(s, t) =
Max{c, |s|p, |t|p} for some nonnegative real constant c. Whenever it is clear from
context, we abuse notation and interpret a degree p error β(·, ·) as the function
of one variable, denoted β(z), that evaluates to β(z, z) at z. Also, for 0 ≤ p < 1,
we set Cp = (1 + 2p)/(2 − 2p) and henceforth throughout this section use this
notation.

When it is clear from the context, speaking about valid error terms β will both
refer to test errors and computational error terms of the form ε(x, v) = β(x).

5.1 Stability

By our choice of definition for test error depending on input size, with some
effort but no new ideas, one can generalize the proof arguments of Lemma 4 and
Lemma 5 and derive the following analog of Theorem 11:

Theorem 15. Let β(·, ·) be a valid error term of degree p where 0 ≤ p < 1. Let
g : D2n → R be such that for all x, y ∈ Dn,

|g(x + y)− g(x)− g(y)| ≤ β(x, y).

Then, the linear mapping T : Z → R defined by T (n) = g(n) is such that for all
x ∈ Dn,

|g(x)− T (x)| ≤ Cpβ(x).
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This last theorem is the stability type result we need to establish robustness
once we prove the approximate robustness of the analog of the Absolute error
Linearity Test where instead of comparing |P (x+ y)−P (x)−P (y)| to a fixed
constant ε the comparison is made against β(x, y).

5.2 Approximate Robustness

We again rely on the median argument, but there is a crucial twist that needs
to be introduced in order to address the cases of non–constant test errors we are
concerned with. To explain the new twist, recall that in the median argument one
begins by defining a function g whose value at x is the median of a multiset Sx
whose elements depend on x and P , i.e.,

g(x) = Meds∈Sx (s) .

Each value s in Sx is seen as an estimation of the correct value that P takes on x.
We would like g(x) to be a very good estimation of the correct value taken by P
on x. But now, how good an estimation is depends on the size of x. The smaller
the size of x, the more accurate we want the estimation to be. This forces a new
definition for g(x), specially when x is small. The following result illustrates this
point for the case of linearity testing with valid error terms.

Theorem 16. For 0 ≤ δ ≤ 1 and a valid error term β(·, ·) of degree 0 ≤ p < 1
define β̃(z) = β(Max{n√δ, |z|}). Let P : D8n → R be a mapping such that

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > β(x, y)] ≤ δ/384.

Then, there exists a function g : D2n → R such that

Prx∈Dn
[
|g(x)− P (x)| > β̃(x)

]
≤ δ/6,

and for all a, b ∈ Dn,

|g(a + b)− g(a)− g(b)| ≤ 16 Max{β̃(a), β̃(b)}.

Proof (Sketch). The key point is the choice of g, i.e., for x ∈ Dn define

g(x) =






Medy∈D|x| (P (x + y)− P (y)) , if |x| ≥ n
√
δ,

Medy∈Dn√δ (P (x + y)− P (y)) , otherwise.

Then, following the proof argument of Theorem 9, one obtains the desired con-
clusion (although not without effort).

Note how in the above definition of g, the median is taken over sets of different
sizes. We henceforth refer to this variation of the median argument as the variable
size median argument.
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5.3 Robustness

The main goal of the two previous sections was to help establish the following:

Theorem 17. Let 0 ≤ δ ≤ 1 and β(·, ·) be a valid error term of degree 0 ≤ p <
1. If P : D8n → R is such that

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > β(x, y)] ≤ δ/384,

then there exists a linear function T : Z → R such that

Prx∈Dn [|P (x)− T (x)| > 17Cpβ(x)] ≤ 7
√
δ/6.

Proof. Let β̃(z) = β(Max{n√δ, |z|}) and β′(x, y) = 16 Max{β̃(x), β̃(y)}. Since
β′(·, ·) is a valid error term of degree p, Theorem 15 and Theorem 16 imply that,

– there is a function g : D2n → R such that when x ∈ Dn is randomly chosen,
|g(x)− P (x)| > β̃(x) with probability at most δ/6, and

– there is a linear map T : Z → R such that |g(x)− T (x)| ≤ 16Cpβ̃(x) for all
x ∈ Dn.

Since 1 ≤ Cp, if |P (x) − T (x)| > 17Cpβ̃(x), then |g(x) − P (x)| > β̃(x) when

x ∈ Dn. Hence, Prx∈Dn
[
|g(x)− P (x)| > 17Cpβ̃(x)

]
is at most δ/6 ≤ √

δ/6. To

conclude the proof observe that β̃(x) = β(x) with probability at least 1 − √
δ

when x is randomly chosen in Dn.

The previous result is the analog of Theorem 12 one needs to construct an
approximate self–tester for linear functions provided the valid error term β(·, ·)
is easily computable. Indeed, given oracle access to the program P and a valid
error term β(·, ·), one can perform the following procedure:

1. Randomly choose x, y ∈ D4n.
2. Reject if |P (x+y)−P (x)−P (y)| > β(x, y).

We are now faced with a crucial difference between testing in the absolute er-
ror case and the case where the test errors depend on the size of the inputs.
The point is that the above defined approximate test can be implemented pro-
vided one has a way of computing efficiently the valid error term, i.e., β(·, ·).
Moreover, we would certainly like that computing the valid error term is simp-
ler than computing whatever function P purportedly computes. In the case of
linearity testing this is not always the case if the valid error term is a non–
linear function, say β(x, y) =

√|x| +
√|y|. It is interesting to note that in

most of the testing literature it is implicitly assumed that the test error is effi-
ciently computable (always 0 in the case of exact testing and a fixed constant
hardwired into the testing programs in the case of testing with absolute er-
ror). Fortunately, a good approximation of the test error suffices for self–testing.
More precisely, provided the valid error term β(·, ·) is such that for some po-
sitive constants λ and λ′ there is a function ϕ(·, ·) that is (λ, λ′)–equivalent to
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β(·, ·), i.e., λϕ(s, t) ≥ β(s, t) ≥ λ′ϕ(s, t) for all integers s, t. In addition, one
desires that evaluating ϕ is asymptotically faster than executing the program
being tested, say it only requires additions, comparisons, counter increments,
and binary shifts. Surprisingly, this is feasible. For example, let k and k′ be posi-
tive integers and let lg(n) denote the length of an integer n in binary. (Note that
lg(n) = �log2(|n| + 1)� or equivalently lg(0) = 0 and lg(n) = �log2(|n|)� + 1 if
n �= 0.) Then, β(s, t) = 2k

′
(|s|1/2k + |t|1/2k) or β(s, t) = 2k

′
Max{|s|1/2k , |t|1/2k}

are valid error terms of degree 1/2k which are (1, 1/2)–equivalent to ϕ(s, t) =
2k
′
(2
lg(s)/2k�+2
lg(t)/2k�) and ϕ(s, t) = 2k

′+Max{
lg(s)/2k�,
lg(t)/2k�} respectively.
The computation of these latter functions requires only counter increments and
shifting bits.

We have finally arrived at a point where we can propose an approximate test
for linearity in the case of valid error terms β(·, ·) of degree 0 ≤ p < 1 for which
there exists an equivalent function ϕ(·, ·), i.e.,

Input Size Relative error Linearity Test(P,ϕ)
1. Randomly choose x, y ∈ D4n.
2. Reject if |P (x + y)− P (x)− P (y)| > ϕ(x, y).

5.4 Continuity

As usual, establishing continuity, in this case of the Input Size Relative error
Linearity Test is simple. We had not done so before simply because we had no
candidate test to analyze. Below we establish the (η, 6η)–continuity with respect
to the computational error term β of the mentioned approximate test with test
error β/4, but to succeed we need and additional condition on the valid error
term. We say that a valid error term β(·, ·) is c–testable, where c is a constant, if
β(s)+β(t)+β(s+t) ≤ cβ(s, t) for all s and t. For example, for k and k′ integers,
k positive, β(s, t) = 2k

′
(|s|1/2k + |t|1/2k) and β(s, t) = 2k

′
Max{|s|1/2k , |t|1/2k}

are 4–testable valid error terms.

Lemma 12. Let β(·, ·) be a 4–testable valid error term. Let P, l be real valued
functions over D8n such that l is linear. Then,

Prx,y∈D4n [|P (x + y)− P (x)− P (y)| > β(x, y)] ≤

6Prx∈D8n

[
|P (x)− l(x)| > β(x)

4

]
.

Proof. Let β′ = β/4. By the Halving principle,

Prx∈D4n [|P (x)− l(x)| > β′(x)] ≤ 2Prz∈D8n [|P (z)− l(z)| > β′(z)] ,
Pry∈D4n [|P (y)− l(y)| > β′(y)] ≤ 2Prz∈D8n [|P (z)− l(z)| > β′(z)] ,

Prx,y∈D4n [|P (x + y)− l(x + y)| > β′(x + y)] ≤ 2Prz∈D8n [|P (z)− l(z)| > β′(z)] .

Hence, since β′(s) + β′(t) + β′(s + t) ≤ β(s, t), the union bound implies the
desired result.
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5.5 Self-Testing with Error Relative to Input Size

We now piece together the results and concepts introduced in previous sections
and establish the existence of realizable approximate self–testers for the case
when the computational error term is allowed to depend on the size of the input.
We stress that the existence of computationally efficient self–testers of this type
is not a priori obvious since the test error might not be efficiently computable.

Theorem 18. Let 0 < η ≤ 1 and β(·, ·) be a 4–testable valid error term of
degree 0 < p < 1 such that ϕ(·, ·) is (λ, λ′)–equivalent to β(·, ·). Then, there
is a (D8n, β/(4λ), η/384;Dn, 17Cpβ/λ′, 7

√
η/6)–self–tester for the class of real

valued linear functions over D8n. Moreover, the self–tester uses for every confi-
dence parameter 0 < γ < 1, O(ln(1/γ)/η) calls to the oracle program, additions
comparisons, counter increments, and binary shifts.

Proof. First, assume that β(·, ·) is efficiently computable and consider the ap-
proximate test induced by the functional Φ(P, x, y) = P (x + y) − P (x) − P (y)
where x and y are in D4n and the test error is β(·, ·). This approximate test
clearly characterizes the family of linear functions. In fact, it gives rise to the
Input Size Relative error Linearity Test(P, β). Hence, by Lemma 12, it
is (η, 6η)–continuous on D8n with respect to the computational error term β/4.
Moreover, by Theorem 17, it is also (7

√
δ/6, δ/384)–robust on Dn with respect to

the computational error term 17Cpβ. Therefore, Theorem 8 implies the desired
result by fixing 6η < δ/384.

To conclude the proof, we need to remove the assumption that the valid
error term β(·, ·) is efficiently computable. To do so, consider the self–tester that
performs sufficiently many independent rounds of the Input Size Relative
error Linearity Test(P,ϕ). An analysis almost identical to the one described
above applied to the new self–tester yields the desired result.

Remark 3. The
√
η dependency in the previous theorem, which is inherited from

Theorem 17 is not the type of probability bound one usually sees in the context of
exact and absolute error self–testing. Nevertheless, as the example below shows,
this dependency seems to be unavoidable in the case of testing with errors that
depend on the size of the input.

Let n be a positive integer, 0 < p < 1, 0 < δ < 1/4, θ, c > 0, β(x, y) =
θ Max{|x|p, |y|p}, and consider the function P : Z → R such that (see Fig. 3)

P (x) =






−θ(n
√
δ)p, if −n

√
δ ≤ x < 0,

θ(n
√
δ)p, if 0 < x ≤ n

√
δ,

0, otherwise.

Observe that if |x| or |y| is greater than n
√
δ then |P (x+y)−P (x)−P (y)| ≤

2β(x, y). Hence, if n′ ≥ n, with probability at most δ it holds that |P (x + y)−
P (x)− P (y)| > 2β(x, y) when x and y are randomly chosen in Dn′ .

One can show that for every linear function T , when x ∈ Dn is randomly cho-
sen, |P (x)−T (x)| > cβ(x) with probability greater than

√
δ/(2(Max{1, 2c})1/p).
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Fig. 3. The function P .

Similar results as those stated above for linear functions hold for the class of
polynomials. Their derivation is based on the arguments discussed in the pre-
vious as well as this section. Unfortunately, these arguments give rise to techni-
cally complicated proofs (for details see [KMS99]). Simplifications are certainly
desirable.

6 Testing with Relative Error

In this section we consider the testing problem in the case where the allowed
computational test error is proportional to the (absolute value of) the correct
output one wishes to compute, i.e., the so called case of relative error. Again, we
have oracle access to a program P purportedly computing a function belonging
to a class of functions F . The specific function f which P purportedly computes
is unknown if there is more than one element in F . The accuracy we wish P to
compute f on x depends on the unknown value of f(x). Thus, it is not a priori
clear than one can self–test in the context of relative error. The discussion we
now undertake will establish the plausibility of this task.

The forthcoming presentation is based on [Mag00a]. It shows how to build
a self–tester for the class of linear functions in the case of relative error. The
construction proceeds in two stages. First, one builds a linearity self–tester for
the linear error case, i.e., the case where the test error is a linear function of the
(absolute vale of) the input. This self–tester is then modified so as to successfully
handle the case of relative error. The linear and relative error case, although
related, exhibit a crucial difference. In the former case, since the error is just a
known constant times the (absolute value of) the input, one knows (and thus
can compute) the test error. In the latter case, one can not directly evaluate the
test error since the function purportedly being computed by the oracle program
is unknown and the test error depends on this value.

Note that in the context of linearity testing over rational domains, relative
errors are functions that map x to θ|x| where θ is some unknown positive con-
stant. Even if θ was known, Theorem 17 would not be applicable since it does
not hold when p = 1. To see this, consider the real valued function over Z de-
fined by f(x) = θx log2(1 + |x|) for some θ > 0. In [RS92a], it is shown that
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|f(x+y)−f(x)−f(y)| ≤ 2θ Max{|x|, |y|} for all x, y ∈ Z. Clearly, no linear fun-
ction is close to f . Hence, in the case of linear error, the Input Size Relative
error Linearity Test is not a good self–tester for linearity. In order to overcome
this situation it is natural to either use a different test error or modify the test.
Based on the former option, in previous sections, approximate self–testers were
derived from exact self–testers. In contrast, to derive approximate self–testers in
the case of linear error the latter path is taken.

When x is large, say |x| ≥ n/2, a linear error term is essentially an absolute
error term. When x is small, say |x| < n/2, we would like to efficiently amplify
the linear error term to an absolute one. This can be done by multiplying x
by the smallest power of 2 such that the absolute value of the result is at least
n/2. This procedure can be efficiently implemented by means of binary shifts.
Formally, each x is multiplied by 2kx where

kx = Min{k ∈ N : 2k|x| ≥ n/2}.
(See Fig. 4 for an example where n/8 < x < n/4.)

0 4nnn
2

n
4

n
8

x

×2
2x

×2
4x

Fig. 4. Amplification procedure

The amplification procedures described above leads to the following new fun-
ctional equation characterization of the class of linear functions (whose domain
is D8n):

∀x, y ∈ D4n, f(2kxx + y)− 2kxf(x)− f(y) = 0.

Note how this new characterization of linear functions relies not only on the
additive properties of linear functions, but also on their homothetic properties.

6.1 Linear Error

The previous section’s functional equation characterization of linear functions
leads in the standard way to a functional equation test. Specifically, for θ ≥ 0 it
yields the following:

Linear error Linearity Test(P, θ)
1. Randomly choose x, y ∈ D4n.
2. Reject if |P (2kxx + y)− 2kxP (x)− P (y)| > θ2kx |x|.

We henceforth denote by Rej(P, θ) the rejection probability of P by the Li-
near error Linearity Test. The following claim establishes the continuity of
this approximate test.
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Lemma 13. Let θ ≥ 0 and L be the set of linear functions over Z. Then, for
every P : D8n → R,

Rej(P, θ) ≤ 6Dist(P,L, D8n, θ|x|/18).

The proof of robustness for the Linear error Linearity Test follows the
usual two step approach where both the approximate robustness and the stability
of the test are established. The first of these properties is guaranteed by the
following:

Theorem 19. Let 0 ≤ η < 1/512 and θ ≥ 0. Let P : D8n → R be such that

Prx,y∈D4n

[|P (2kxx + y)− 2kxP (x)− P (y)| > θ2kx |x|] ≤ η.

Then, the function g : D2n → R defined by

g(x) =
1

2kx
Medy∈D2n:xy≥0

(
P (2kxx + y)− P (y)

)
,

is such that
Prx∈Dn [|P (x)− g(x)| > θ|x|] ≤ 32η.

Moreover, g(x) = g(2kxx)/2kx for all x ∈ D2n, |g(n) + g(−n)| ≤ 16θn, and for
all x and y in {n/2, . . . , n} (respectively {−n/2, . . . ,−n})

|g(x + y)− g(x)− g(y)| ≤ 24θn.

Proof (Sketch). The proof follows the median function argument. The main dif-
ference is that we now have to cope with amplification terms. The closeness
of g to P follows from the definition of g, the median principle, and the bound
on rejection probability of the approximate test. The homethetic property of g
under the amplification procedure follows directly from g’s definition. It only
remains to prove the approximate additivity of g in x and y (that is g(x + y)
is close to g(x) + g(y)) when the amplification terms of x, y and x + y are all
the same. More precisely, when both x and y belong to either {n/2, . . . , n} or
{−n/2, . . . ,−n} and when {x, y} = {−n, n}. This partly justifies the restriction
on the set of elements of D2n over which the median is taken (when xy ≥ 0 one
knows that the absolute values of 2kxx, y, and 2kxx + y are all at least n/2).
Therefore, they have no amplification factors associated to them.

Note that the approximate additivity of g over {n/2, . . . , n} and {−n/2, . . . ,−n}
established by the previous result guarantees, due to g’s homothetic property,
its approximate additivity over small elements of g’s domain.

The stability of the Linear error Linearity Test is established by the
following:

Theorem 20. Let θ1, θ2 ≥ 0. Let g : D2n → R be such that g(x) = g(2kxx)/2kx
for all x ∈ D2n, |g(n) + g(−n)| ≤ θ1n, and for all x and y in {n/2, . . . , n}
(respectively {−n/2, . . . ,−n})

|g(x + y)− g(x)− g(y)| ≤ θ2n.
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Then, the linear function l : Dn → R defined by l(n) = g(n) satisfies, for all
x ∈ Dn,

|g(x)− l(x)| ≤ (θ1 + 5θ2)|x|.
Proof (Sketch). The idea is to prove first that g is close to some linear function l
(respectively l′) on {n/2, . . . , n} (respectively {−n/2, . . . ,−n}), but in the ab-
solute error sense. This can be achieved by an argument similar to the one used
in the proof of Theorem 15. It follows that l and l′ are necessarily close since
g(n) and g(−n) are close to each other. Then, the homothetic property of g is
used to transform absolute error bounds on the distance between g and l over
{n/2, . . . , n} and {−n/2, . . . ,−n}, into linear error bounds over all of Dn.

Theorem 19 and Theorem 20 immediately yield:

Theorem 21. Let θ ≥ 0, 0 ≤ η ≤ 1/512, P : D8n → R, and l : Dn → R be the
linear function such that

l(n) = Medy∈D2n:y≥0 (P (n + y)− P (y)) .

Then,
Rej(P, θ) ≤ η =⇒ Dist(P, l,Dn, 137θ|x|) ≤ 32η.

6.2 From Linear Error to Relative Error

We now undertake the second stage of the construction of the self–tester for the
class of linear functions in the case of relative error. Specifically, we modify the
Linear error Linearity Test so it can handle relative test errors. In order to
explain this modification, consider a program P that approximately computes
(with respect to relative errors) a linear function l. Then, one could allow a
test error proportional to l(n) in the Linear error Linearity Test. Since l
is unknown, we need to estimate its value at n. Although P is close to l the
value P (n) might be very far from l(n). Thus, P (n) is not necessarily a good
estimation of l(n). We encountered a similar situation when self–testing a specific
function. We addressed it via self–correction. The same approach succeeds here.
This leads to the Relative error Linearity Test described below. To state it
we first need to define (over Z) the real valued function ext(P,G) by:

ext(P,G)(x) =






P (x), if x ∈ Dn,
ext(P,G)(x− n) + G, if x > n,
ext(P,G)(x + n)−G, if x < −n.

Then, the modified Linear error Linearity Test becomes the

Relative error Linearity Test(P, θ)
1. Randomly choose y ∈ {0, . . . , n}.
2. Compute Gy = P (n− y) + P (y).
3. Compute θ̃ = θ|Gy|/n.
4. Call Linear error Linearity Test(ext(P,Gy), θ̃).
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We henceforth denote by Rejr(P, θ) the rejection probability of P by the
Relative error Linearity Test and let Distr(·, ·, ·, θ) denote Dist(·, ·, ·, ε) when
the computational error term ε is ε(x, v) = θ|v|. The following results establish
both the continuity and the robustness of the Relative error Linearity Test.

Lemma 14. Let 0 ≤ θ ≤ 18, L be the set of linear functions over Z, and
P : Dn → R. Then,

Rejr(P, θ) ≤ 10Distr(P,L, Dn, θ/72).

Proof. Let l : Dn → R be a linear function such that Distr(P, l,Dn, θ/72) =
Distr(P,L, Dn, θ/72) = η. For y ∈ {0, . . . , n} let Gy = P (n − y) + P (y), θ̃ =
θ|Gy|/n, and P̃y = ext(P,Gy). By Lemma 2, |Gy − l(n)| ≤ θ|l(n)|/36 with
probability greater than 1− 4η when y is randomly chosen in {0, . . . , n}. If this
latter inequality is satisfied, then Distr(P̃y, l, D8n, θ/36) ≤ η. Since θ/36 ≤ 1/2,
the assumed inequality also implies that |l(n)| ≤ 2|Gy|. Therefore, it follows that
Dist(P̃y, l, D8n, θ|x|/18) ≤ η. Lemma 13 implies that the rejection probability of
the Linear error Linearity Test(ext(P,Gy), θ̃) is at most 6η. It immediately
follows that Rejr(P, θ) ≤ (6 + 4)η.

Theorem 22. Let θ ≥ 0, 0 ≤ η ≤ 1/512, L be the set of linear functions over
Z, and P : Dn → R. Then,

Rejr(P, θ) ≤ η =⇒ Distr(P,L, Dn, 137θ) ≤ 32η.

Proof. Assume Rejr(P, θ) ≤ η. Then, there exists a y ∈ Dn such that for Gy =
P (n − y) + P (y) and θ̃ = θ|Gy|/n, the rejection probability of Linear error
Linearity Test(ext(P,Gy), θ̃) is at most η. Thus, by Theorem 21, the linear
function l : Dn → R defined by

l(n) = Medy∈D2n:y≥0 (P (n + y)− P (y)) ,

is such that Dist(P, l,Dn, 137θ̃|x|) ≤ 32η. Then, it must be that l(n) = Gy and
therefore

Distr(P, l,Dn, 137θ) = Dist(P, l,Dn, 137θ̃|x|) ≤ 32η.

Similar results also hold for the class of multi–linear functions (see [Mag00b] for
details).

7 Beyond Testing Algebraic Functions

Since the pioneering work of Blum et al. [BLR90] appeared the concepts and
paradigms discussed so far in this survey have been extended and studied under
different contexts. This has been done in order to widen the scope of applicability
of the concepts and results obtained in the self–testing literature. Below we
discuss some of these extensions and new scenarios.
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7.1 Testing and Probabilistically Checkable Proofs

The results of [BFLS91,AS92b,ALM+92] concerning probabilistically checkable
proofs (PCPs) enable the encoding of mathematical proofs so as to allow very
efficient probabilistic verification. The latter consists of a simple randomized test
that looks at a few bits of the proof and decides to accept or reject the proof’s
validity by performing a simple computation on those bits. Valid proofs are
always accepted. Incorrect proofs are rejected with a non–negligible probability.

PCPs are built by recursion [AS92b]. Each level of the recursion uses a di-
stinct form of error-correcting code. Correct encodings are viewed as representa-
tions of functions that satisfy a pre-specified property. Thus, a central problem in
the construction of PCPs is to probabilistically check (test) whether a function
satisfies a given property with as few queries as possible. Among the typical pro-
perties that come up in the PCP context are linearity [BGLR93,BS94,BCH+95,
Tre98], multi–linearity [BFL90,FGL+91], low–individual degree [BFLS91,AS92b,
PS94], low–total degree [ALM+92,AS97], and membership in the so called “long
code” [H

o
as96,H

o
as97,Tre98]. Testing that a given function satisfies one of these

properties is referred to as low–degree testing.
In the context of PCPs, thus in low–degree testing, the main concern is

to minimize the number of oracle queries and the randomness used. It is not
essential that the verification procedure be computationally more efficient than
computing the functions of the class one wants to test. Also, continuity of the
test is not so much of an issue, typically it only matters that the test never rejects
an oracle that represents a function with the desired property. Robustness is the
real issue.

Low–degree testing takes place in an adversarial scenario where the verifi-
cation procedure is thought of as a verifier that has access to an oracle written
down by a prover. The prover wishes to foul the verifier into believing the oracle
is the table of a function satisfying a specific property. The verifier wants to
determine whether this is true using as few probes and random bits as possible.
To simplify his task the verifier may force the prover to add structure to the
oracle. Moreover, he may choose a scenario where performing the verification is
easier. For the sake of illustration and concreteness we shall consider below our
benchmark linearity testing problem but in the PCP context.

The discussion that follows is taken from [KR97]. Assume G and H are finite
abelian groups and P : G → H. We want to verify whether P is linear, i.e.,
P (x + y) = P (x) + P (y) for all x, y ∈ G. To simplify the verification procedure
we choose G and H so they have a rich structure. Specifically, for a prime field
Zp, we fix G = Z

n
p and H = Zp. Since Zp is a prime field, P is linear if and only

if P (x) =
∑n

i=1 αixi for some α1, . . . , αn ∈ Zp. For x ∈ Z
n
p \ {0}, denote by Lx

the line in Z
n
p passing through x and 0, i.e., Lx = {tx : t ∈ Zp}. Observe that if

Lx �= Ly, then Lx ∩ Ly = {0}. Note also that every linear function l over Z
n
p is

such that l(tx) = tl(x) for all t ∈ Zp and x ∈ Z
n
p . Hence, knowing the value of l

at any non–zero element of a line completely determines the value of l over that
line. We take advantage of this fact to facilitate the verification task. Indeed,
we ask the prover to write down, for each line L ⊆ Z

n
p , the value of P at one
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representative element of L (say the first x ∈ L\{0} according to the coordinate
wise order induced by an identification of Zp with the set {0, . . . , p− 1}). If we
ever need to query the value of P at x �= 0 we can determine it by querying
the value of P at the representative of Lx and from this value compute P (x)
as if P was linear over L. This way, we are certain that P (tx) = tP (x) for all
x ∈ Z

n
p and t ∈ Zp. Equivalently, we can assume that the oracle function P has

this property. We henceforth adopt this convention. Note in particular that this
implies that P (0) = 0. Taking all the previously introduced conventions into
account we perform the following:

Prime Field Linearity Test(P )
1. Randomly choose x, y, z ∈ Z

n
p such that x+y+z = 0.

2. Reject if P (x) + P (y) + P (z) �= 0.

Henceforth, let T denote the previous test and Z
∗
p the set Zp \ {0}. Also,

let ω denote a p–th root of unity. Observe that for φ ∈ Zp, φ = 0 if and only if(∑
t∈Zp

ωtφ
)
/|Zp| = 1. Moreover, φ �= 0 if and only if

(∑
t∈Zp

ωtφ
)
/|Zp| = 0.

Hence, for l ∈ L,

Rej(P, T ) = 1− 1
|Zp|2n

∑

x,y,z∈Z
n
p ,

x+y+z=0



 1
|Zp|

∑

t∈Zp

ωt(P (x)+P (y)+P (z))



 . (4)

Now, for two Zp valued functions f and g over Z
n
p denote by ωf the function

that evaluates to ωf(x) at x and define

χg(f) =
1

|Zp|n
∑

x∈Znp

ωf(x)−g(x).

Observe that

Dist(f, g) = 1− 1
|Zp|n

∑

x∈Znp



 1
|Zp|

∑

t∈Zp

ωt(f(x)−g(x))



 = 1− 1
|Zp|

∑

t∈Zp

χtg(tf).

(5)

Lemma 15. For all P, l : Z
n
p → Zp such that l is linear and P (tx) = tP (x) for

all x ∈ Z
n
p , t ∈ Zp,

Dist(P, l) =
|Z∗p|
|Zp| (1− χl(P )) .

Proof. Note that tP (x) = P (tx) and tl(x) = l(tx) for all t ∈ Zp and x ∈ Z
n
p .

Hence, since multiplication by t ∈ Z
∗
p induces a permutation of Z

n
p , one has that

χtl(tP ) = χl(P ) for all t ∈ Z
∗
p. The conclusion follows from (5) and noting that

χ0(·) = 1.

The following result establishes the (η, η)–robustness of the Prime Field
Linearity Test.
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Lemma 16. Let L be the set of linear functions from Z
n
p to Zp and let P : Z

n
p →

Zp be such that P (tx) = tP (x) for all x ∈ Z
n
p , t ∈ Zp. Then,

Rej(P, T ) =
|Z∗p|
|Zp|

(

1−
∑

l∈L

(
1− |Zp|

|Z∗p|
Dist(P, l)

)3
)

≥ Dist(P,L).

Proof. Note that ωP =
∑

l∈L χl(P )ωl and that t(P (x)+P (y)+P (z)) = P (tx)+
P (ty) + P (tz). Hence,

ωt(P (x)+P (y)+P (z)) =
∑

l,l′,l′′∈L
χl(P )χl′(P )χl′′(P )ωl(tx)+l′(ty)+l′′(tz).

Furthermore, z = −(x+y) so the linearity of l′′ implies that l′′(tz) = −(l′′(tx)+
l′′(ty)). Thus, (4) yields that

Rej(P, T ) =
|Z∗p|
|Zp| −

∑

l,l′,l′′∈L
χl(P )χl′(P )χl′′(P )



 1
|Zp|

∑

t∈Z∗p

χtl′′(tl)χtl′′(tl′)



 .

Moreover, when t ∈ Z
∗
p, χtl′′(tl) and χtl′′(tl′) equal 1 provided l = l′ = l′′, and

χtl′′(tl) or χtl′′(tl′) equal 0 otherwise. Hence,

Rej(P, T ) =
|Z∗p|
|Zp|

(

1−
∑

l∈L
(χl(P ))3

)

.

Since Dist(P, l) is a real number, Lemma 15 implies that so is χl(P ). Thus, since
ωP =

∑
l∈L χl(P )ωl and l(0) = 0 for every l ∈ L, we know that 1 = ωP (0) =∑

l∈L χl(P ). Therefore, there is some l ∈ L for which χl(P ) is non–negative. It
follows that,

Rej(P, T ) =
|Z∗p|
|Zp|

(

1−
∑

l∈L
(χl(P ))3

)

≥ |Z∗p|
|Zp|

(

1−Max
l∈L

χl(P )
∑

l∈L
(χl(P ))2

)

.

By Lemma 15, Maxl∈L χl(P ) = 1−(|Zp|/|Z∗p|)Dist(P,L). The desired conclusion
follows by observing that

∑
l∈L(χl(P ))2 = 1.

Clearly, the Prime Field Linearity Test never rejects a linear function. As far
as continuity goes, this is all that usually matters in the PCP context. Note how
the verification procedure is simplified both by choosing a prime field structure
in which to carry out the work and by forcing structure on the oracle function P ,
specifically imposing that P (tx) = tP (x) for all x ∈ Z

n
p and t ∈ Zp. Observe also

that the (η, η)–robustness of the test is guaranteed whatever the value of η. Other
robustness results discussed in other sections of this work do not exhibit this
characteristic. In fact, they typically mean something non–obvious only when η
is small. In the PCP context one prefers test analyses that establish that the
probability of rejection increases as the distance between the oracle function and
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the family of functions of interest grows. The majority and median arguments fail
to achieve these type of results. The technique on which the proof of Lemma 16
relies was introduced in [BCH+95] and is based on discrete Fourier analysis.
This proof technique, in contrast to the majority and median arguments, does
not construct a function which is both close to the oracle function and satisfies
the property of interest. Hence, when applying the discrete Fourier analysis
technique one does not need to assume that the rejection probability of the test
is small as is always the case when applying the majority and median argument.

7.2 Property Testing

In the context of testing algebraic functions one is mainly concerned with the
problem of determining whether some function to which one has oracle access
belongs to some specific class. In the context of property testing one focuses in
the case where one has some kind of oracle access to an object, not necessarily a
function. Informally, there is an object of which one can ask questions about. The
goal is to infer whether or not the object has a specific property. For concreteness,
lets consider the following example given by Goldreich [Gol00]: there is a book
of which one knows it contains n words and one is allowed to query what its
i-th word is — the goal is to determine whether the book is writing in a specific
language, say Spanish. As is often the case when testing algebraic functions,
if one wants to be completely certain that the book is writing in a specific
language one has to query every word. In property testing, as in self–testing,
one relaxes the certainty requirement and simply tries to determine whether
the object is close or far away from having the property of interest. The notion
of distance depends on the problem, e.g., in Goldreich’s example, a reasonable
choice would be the fraction of non–Spanish words. Thus, suppose that upon
seeing one randomly chosen word of the book one decides whether it is writing
in Spanish depending on whether the chosen word is a word in such language.
Then, a book fully written in Spanish will always be accepted and those books
that are at distance δ from being fully written in that language will be discarded
with probability δ.

In summary, in property testing one is interested in deciding whether an
object has a global property by performing random local checks. One is satisfied
if one can distinguish with sufficient confidence between those objects that are
close from those that are far from having the global property. In this sense,
property testing is a notion of approximation for the aforementioned decision
problem.

There are several motivations for the property testing paradigm. When the
oracle objects are too large to examine (e.g., the table of a boolean function on
a large number of variables) there is no other feasible alternative for deciding
whether the object exhibits a given property. Even if the object’s size is not
large it might be that deciding whether it satisfies the global property is compu-
tationally infeasible. In this latter case, property testing provides a reasonable
alternative for handling the problem. Finally, when both the oracle object is
not too large and the global property can be decided efficiently, property testing
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might still yield a much faster way of making the correct decision with a high de-
gree of confidence. Moreover, many of the property testers that have been built
also allow, at the cost of some additional computational effort, to construct a
witness showing the relevant object has the property of interest. These testers
could be used to detect instances which are far away from having the property
of interest. More expensive computational procedures can thus be run only on
instances that have a better chance of having the desired property.

Certainly, exact testing as described earlier in this work can be cast as a pro-
perty testing problem. Thus, it could be that property testing is a more general
paradigm. This is not the case, the two models are mathematically equivalent.
One can view property testing as a case of classical testing. However, there are
advantages of not doing so, and in recent years the general trend has been to
cast new results in the property testing scenario. Indeed, we could have written
this whole survey that way. The reasons for not doing so are twofold. The first
one is historical: most of the results about algebraic testing were stated in the
self–testing context. The second one is specific to this survey. By distinguishing
between self–testers, which are algorithms, and (property) tests, which are ma-
thematical objects, we hope that we did clearly point out the difference between
the computational and the purely mathematical aspects of the theory. We think
that this difference was not adequately dealt with in the previous literature. Had
we spoken about property testers and property tests, the difference could have
been easily lost for the reader because of the similarity of the terms.

Goldreich, Goldwasser, and Ron [GGR96] were the first to advocate to use
of the property testing scenario. In particular they considered the case of testing
graph properties. Here, the oracle objects are graphs over a known node set.
In [GGR96] the notion of distance between two n–vertex graphs with equal
node set is the fraction of edges on which the graphs disagree over n2. Among
the properties considered in [GGR96] were: whether the graph was k–colorable,
had a clique containing a ρ fraction of its nodes, had an (edge) cut of size at
least ρ fraction of the edges of the complete graph in the same node set, etc.
The distance between a graph property is defined in the obvious way, i.e., as the
smallest distance between the graph and any graph over the same node set that
satisfies the property. In [GR97] a notion of distance better suited to the study
of properties of bounded degree graphs was proposed. Specifically, the proposed
notion of distance between two n–vertex maximum degree d graphs with equal
node set is the fraction of edges on which the graphs disagree over dn. Among
the properties studied in [GR97] were: whether the graph was connected, k–
vertex–connected, k–edge–connected, planar, etc. Other recent developments in
testing graph properties can be found in [GR98,AFKS99,PR99,BR00,GR00].

The works of Goldreich, Goldwasser, and Ron [GGR96,GR97] were influ-
ential in shifting the focus from testing algebraic properties of functions to
testing non–algebraic properties of different type of objects. Indeed, among
other properties/objects that have received attention are: monotonicity of func-
tions [GGLR98,DGL+99], properties of formal languages [AKNS99,New00], geo-
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metric properties like clustering [ADPR00,MOP00], and specific properties of
quantum gates in quantum circuits [DMMS00].

For surveys on property testing see Goldreich [Gol98] and Ron [Ron00].
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Abstract. Szemerédi’s Regularity Lemma is an important tool in di-
screte mathematics. It says that, in some sense, all graphs can be ap-
proximated by random-looking graphs. Therefore the lemma helps in
proving theorems for arbitrary graphs whenever the corresponding re-
sult is easy for random graphs. In the last few years more and more new
results were obtained by using the Regularity Lemma, and also some
new variants and generalizations appeared. Komlós and Simonovits have
written a survey on the topic [96]. The present survey is, in a sense, a
continuation of the earlier survey. Here we describe some sample appli-
cations and generalizations. To keep the paper self-contained we decided
to repeat (sometimes in a shortened form) parts of the first survey, but
the emphasis is on new results.

Preface

The Regularity Lemma [127] is one of the most powerful tools of (extremal)
graph theory. It was invented as an auxiliary lemma in the proof of the famous
conjecture of Erdős and Turán [53] that sequences of integers of positive upper
density must always contain long arithmetic progressions. Its basic content could
be described by saying that every graph can, in some sense, be well approximated
by random graphs. Since random graphs of a given edge density are much easier
to treat than all graphs of the same edge-density, the Regularity Lemma helps us
to carry over results that are trivial for random graphs to the class of all graphs
with a given number of edges. It is particularly helpful in “fuzzy” situations, i.e.,
when the conjectured extremal graphs have no transparent structure.

Remark. Sometimes the Regularity Lemma is called Uniformity Lemma,
see e.g., [61] and [4].

Notation. In this paper we only consider simple graphs – undirected graphs
without loops and multiple edges: G = (V,E) where V = V (G) is the vertex-set
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of G and E = E(G) ⊂ (V2
)
is the edge-set of G. v(G) = |V (G)| is the number

of vertices in G (order), e(G) = |E(G)| is the number of edges in G (size).
Gn will always denote a graph with n vertices. deg(v) is the degree of vertex
v and deg(v, Y ) is the number of neighbours of v in Y . δ(G), ∆(G) and t(G)
are the minimum degree, maximum degree and average degree of G. χ(G) is the
chromatic number ofG.N(x) is the set of neighbours of the vertex x, and e(X,Y )
is the number of edges between X and Y . A bipartite graph G with color-classes
A and B and edge-set E will sometimes be written as G = (A,B,E), E ⊂ A×B.
For disjoint X,Y , we define the density

d(X,Y ) =
e(X,Y )
|X| · |Y | .

G(U) is the restriction of G to U and G−U is the restriction of G to V (G)−U .
For two disjoint subsets A,B of V (G), we write G(A,B) for the subgraph with
vertex set A ∪ B whose edges are those of G with one endpoint in A and the
other in B.

For graphs G and H, H ⊂ G means that H is a subgraph of G, but often we
will use this in the looser sense that G has a subgraph isomorphic to H (H is
embeddable into G), that is, there is a one-to-one map (injection) ϕ : V (H) →
V (G) such that {x, y} ∈ E(H) implies {ϕ(x), ϕ(y)} ∈ E(G). ‖H → G‖ denotes
the number of labelled copies of H in G. The cardinality of a set S will mostly
be denoted by |S|, but sometimes we write #S. We will be somewhat sloppy by
often disregarding rounding.

1 Introduction

1.1 The Structure of This Survey

We will start with some historical remarks, then we state the Regularity Lemma.
After that we introduce the basic notion of the Reduced Graph of a graph
corresponding to a partition of the vertex-set, and state a simple but useful
tool (Embedding Lemma). The much stronger version called Blow-up Lemma is
mentioned later. The latter has found many applications since [96] was published.
(For a short survey on the Blow-up Lemma, see [87].)

We will also touch upon some algorithmic aspects of the Regularity Lemma,
its relation to quasi-random graphs and extremal subgraphs of a random graph.
We also shortly mention a sparse version.

The results quoted here only serve as illustrations; we did not attempt to
write a comprehensive survey. An extended version is planned in the near future.

1.2 Regular Pairs

Regular pairs are highly uniform bipartite graphs, namely ones in which the
density of any reasonably sized subgraph is about the same as the overall density
of the graph.
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Definition 1 (Regularity condition). Let ε > 0. Given a graph G and two
disjoint vertex sets A ⊂ V , B ⊂ V , we say that the pair (A,B) is ε-regular if
for every X ⊂ A and Y ⊂ B satisfying

|X| > ε|A| and |Y | > ε|B|
we have

|d(X,Y )− d(A,B)| < ε.

The next one is the most important property of regular pairs.

Fact 1 (Most degrees into a large set are large) Let (A,B) be an ε-regu-
lar pair with density d. Then for any Y ⊂ B, |Y | > ε|B| we have

#{x ∈ A : deg(x, Y ) ≤ (d− ε)|Y |} ≤ ε|A|.
For other basic properties of regular pairs see [96].
We will also use another version of regularity:

Definition 2 (Super-regularity). Given a graph G and two disjoint vertex
sets A ⊂ V , B ⊂ V , we say that the pair (A,B) is (ε, δ)-super-regular if for
every X ⊂ A and Y ⊂ B satisfying

|X| > ε|A| and |Y | > ε|B|
we have

e(X,Y ) > δ|X||Y |,
and furthermore,

deg(a) > δ|B| for all a ∈ A, and deg(b) > δ|A| for all b ∈ B.

1.3 The Regularity Lemma

The Regularity Lemma says that every dense graph can be partitioned into a
small number of regular pairs and a few leftover edges. Since regular pairs behave
as random bipartite graphs in many ways, the Regularity Lemma provides us
with an approximation of a large dense graph with the union of a small number
of random-looking bipartite graphs.

Theorem 2 (Regularity Lemma, Szemerédi 1978 [127]). For every ε > 0
there exists an integer M = M(ε) with the following property: for every graph G
there is a partition of the vertex set into k classes V = V1 + V2 + . . .+ Vk such
that

– k ≤M ,
– |Vi| ≤ 
ε|V |� for every i,
– ||Vi| − |Vj || ≤ 1 for all i, j (equipartition),
– (Vi, Vj) is ε-regular in G for all but at most εk2 pairs (i, j).

The classes Vi will be called groups or clusters.
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If we delete the edges within clusters as well as edges that belong to irregular
pairs of the partition, we get a subgraph G′ ⊂ G that is more uniform, more
random-looking, and therefore more manageable. Since the number of edges
deleted is small compared to |V |2, the Regularity Lemma provides us with a
good approximation of G by the random-looking graph G′. Of course, if we have
a sequence (Gn) of graphs with e(Gn) = o(n2), the Regularity Lemma becomes
trivial: Gn are approximated by empty graphs. Thus the Regularity Lemma is
useful only for large, dense graphs.

Remark 1. A drawback of the result is that the bound obtained for M(ε) is
extremely large, namely a tower of 2’s of height proportional to ε−5. That this
is not a weakness of Szemerédi’s proof but rather an inherent feature of the
Regularity Lemma was shown by Timothy Gowers [70] (see also [9]).

The Regularity Lemma asserts in a way that every graph can be approxima-
ted by generalized random graphs.

Definition 3 ([118]). Given an r× r symmetric matrix (pij) with 0 ≤ pij ≤ 1,
and positive integers n1, . . . , nr, we define a generalized random graph Rn
(for n = n1 + · · · + nr) by partitioning n vertices into classes Vi of size ni and
then joining the vertices x ∈ Vi, y ∈ Vj with probability pij, independently for all
pairs {x, y}.
Remark 2. Often, the application of the Regularity Lemma makes things trans-
parent but the same results can be achieved without it equally easily. One would
like to know when one can replace the Regularity Lemma with “more elemen-
tary” tools and when the application of the Regularity Lemma is unavoidable.
The basic experience is that when in the conjectured extremal graphs for a
problem the densities in the regular partition are all near to 0 or 1, then the Re-
gularity Lemma can probably be eliminated. On the other hand, if these densities
are strictly bounded away from 0 and 1 then the application of the Regularity
Lemma is often unavoidable.

1.4 The Road to the Regularity Lemma

The following is a basic result in combinatorial number theory.

Theorem 3 (van der Waerden 1927 [131]). Let k and t be arbitrary positive
integers. If we color the integers with t colors, at least one color-class will contain
an arithmetic progression of k terms.

A standard compactness argument shows that the following is an equivalent
form.

Theorem 4 (van der Waerden - finite version). For any integers k and t
there exists an n such that if we color the integers {1, . . . , n} with t colors, then
at least one color-class will contain an arithmetic progression of k terms.
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This is a Ramsey type theorem in that it only claims the existence of a given
configuration in one of the color classes without getting any control over which
class it is. It turns out that the van der Waerden problem is not a true Ramsey
type question but of a density type: the only thing that matters is that at least
one of the color classes contains relatively many elements. Indeed, answering
a very deep and difficult conjecture of P. Erdős and P. Turán from 1936 [53],
Endre Szemerédi proved that positive upper density implies the existence of an
arithmetic progression of k terms.

Theorem 5 (Szemerédi 1975 [126]). For every integer k > 2 and ε > 0
there exists a threshold n0 = n0(k, ε) such that if n ≥ n0, A ⊂ {1, . . . , n} and
|A| > εn, then A contains an arithmetic progression of k terms.

Remark. For k = 3 this is a theorem of K.F. Roth [103] that dates back
to 1954, and it was already an important breakthrough when Szemerédi suc-
ceeded in proving the theorem in 1969 for k = 4 [124]. One of the interesting
questions in this field is the speed of convergence to 0 of rk(n)/n, where rk(n)
is the maximum size of a subset of [n] not containing an arithmetic progression
of length k. Szemerédi’s proof used van der Waerden’s theorem and therefore
gave no reasonable bound on the convergence rate of r4(n)/n. Roth found an
analytical proof a little later [104,105] not using van der Waerden’s theorem and
thus providing the first meaningful estimates on the convergence rate of r4(n)/n
[104].

Szemerédi’s theorem (for general k) was also proved by Fürstenberg [66] in
1977 using ergodic theoretical methods. It was not quite clear first how different
the Fürstenberg proof was from that of Szemerédi, but subsequent generalizati-
ons due to Fürstenberg and Katznelson [68] and later by Bergelson and Leibman
[7] convinced the mathematical community that Ergodic Theory is a natural tool
to attack combinatorial questions. The narrow scope of this survey does not al-
low us to explain these generalizations. We refer the reader to the book of R.L.
Graham, B. Rothschild and J. Spencer, Ramsey Theory [71], which describes
the Hales-Jewett theorem and how these theorems are related, and its chapter
“Beyond Combinatorics” gives an introduction into related subfields of topology
and ergodic theory. Another good source is the paper of Fürstenberg [67].

2 Early Applications

Among the first graph theoretical applications, the Ramsey-Turán theorem for
K4 and the (6, 3)-theorem of Ruzsa and Szemerédi were proved using (an earlier
version of) the Regularity Lemma.

2.1 The (6,3)-Problem

The (6, 3)-problem is a special hypergraph extremal problem: Brown, Erdős and
T. Sós asked for the determination of the maximum number of hyperedges an
r-uniform hypergraph can have without containing ) hyperedges the union of
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which is at most k [17,16]. One of the simplest cases they could not settle was
this (6, 3)-problem.

Theorem 6 (The (6, 3)-theorem, Ruzsa-Szemerédi 1976 [111]). If Hn is
a 3-uniform hypergraph on n vertices not containing 6 points with 3 or more
triples, then e(Hn) = o(n2).

(Since the function M(ε) grows incredibly fast, this would only give an upper
bound r3(n) = O(n/ log∗ n), much weaker than Roth’s r3(n) = O(n/ log log n),
let alone the often conjectured r3(n) = O(n/ log n). The best known upper bound
is due to Heath-Brown [80] and to Szemerédi [128] improving Heath-Brown’s
result, according to which r3(n) ≤ O(n/ log1/4−ε n).)

The (6, 3) theorem was generalized by Erdős, Frankl and Rödl as follows.
Let gr(n, v, e) denote the maximum number of r-edges an r-uniform hypergraph
may have if the union of any e edges span more than v vertices.

Theorem 7 (Erdős-Frankl-Rödl [38]). For all (fixed) r, gr(n, 3r − 3, 3) =
o(n2).

For another strengthening of the (6, 3) theorem, see [32].

2.2 Applications in Ramsey-Turán Theory

Theorem 8 (Ramsey-Turán for K4, Szemerédi 1972 [125]). If Gn con-
tains no K4 and only contains o(n) independent vertices, then e(Gn) < 1

8n
2 +

o(n2).

Remark. Since most people believed that in Theorem 8 the upper bound
n2/8 can be improved to o(n2), it was quite a surprise when in 1976 Bollobás
and Erdős [10] came up with an ingenious geometric construction which showed
that the constant 1/8 in the theorem is best possible. That is, they showed the
existence of a graph sequence (Hn) for which

K4 �⊂ Hn, α(Hn) = o(n) and e(Hn) >
n2

8
− o(n2).

Remark. A typical feature of the application of the regularity lemma can
be seen above, namely that we do not distinguish between o(n) and o(m), since
the number k of clusters is bounded (in terms of ε only) and m ∼ n/k.

Remark. The problem of determining max e(Gn) under the condition

Kp �⊂ Gn and α(Gn) = o(n)

is much easier for odd p than for even p. A theorem of Erdős and T. Sós [51]
describing the odd case was a starting point of the theory of Ramsey-Turán
problems. The next important contribution was the above-mentioned theorem
of Szemerédi (and then the counterpart due to Bollobás and Erdős). Finally the
paper of Erdős, Hajnal, T. Sós and Szemerédi [45] completely solved the problem
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for all even p by generalizing the above Szemerédi-Bollobás-Erdős theorems. It
also used the Regularity Lemma.

One reason why the Regularity Lemma can be used here is that if we know
that the reduced graph contains some graph L, (e.g., a K3), then using the o(n)-
condition we can guarantee a larger subgraph (e.g., a K4) in the original graph.
According to our philosophy, one reason why probably the use of the Regularity
Lemma is unavoidable is that the edge-density in the conjectured extremal graph
is 1/2; bounded away from 0 and 1.

There are many related Ramsey-Turán theorems; we refer the reader to [43]
and [44], or to the survey [121]. The very first Ramsey-Turán type problem can
be found in the paper [122] of Vera T. Sós.

2.3 Building Small Induced Subgraphs

While the reduced graph R of G certainly reflects many aspects of G, when
discussing induced subgraphs the definition should be changed in a natural way.
Given a partition V1, . . . , Vk of the vertex-set V of G and positive parameters
ε, d, we define the induced reduced graph as the graph whose vertices are the
clusters V1, . . . , Vk and Vi and Vj are adjacent if the pair (Vi, Vj) is ε-regular in
G with density between d and 1− d.

Below we will describe an application of the regularity lemma about the
existence of small induced subgraphs of a graph, not by assuming that the graph
has many edges but by putting some condition on the graph which makes its
structure randomlike, fuzzy.

Definition 4. A graph G = (V,E) has the property (γ, δ, σ) if for every subset
S ⊂ V with |S| > γ|V | the induced graph G(S) satisfies

(σ − δ)
(|S|

2

)
≤ e(G(S)) ≤ (σ + δ)

(|S|
2

)
.

Theorem 9 (Rödl 1986 [107]). For every positive integer k and every σ > 0
and δ > 0 such that δ < σ < 1 − δ there exists a γ and a positive integer n0
such that every graph Gn with n ≥ n0 vertices satisfying the property (γ, δ, σ)
contains all graphs with k vertices as induced subgraphs.

Rödl also points out that this theorem yields an easy proof (see [101]) of the
following generalization of a Ramsey theorem first proved in [28,42] and [106]:

Theorem 10. For every graph L there exists a graph H such that for any 2-
coloring of the edges of H, H must contain an induced monochromatic L.

The next theorem of Rödl answers a question of Erdős [8,36].

Theorem 11. For every positive integer k and positive σ and γ there exists a
δ > 0 and a positive integer n0 such that every graph Gn with at least n0 vertices
having property (γ, δ, σ) contains all graphs with k vertices as induced subgraphs.

(Erdős asked if the above theorem holds for 1
2 , δ,

1
2 and Kk.)
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The reader later may notice the analogy and the connection between this
theorem and some results of Chung, Graham andWilson on quasi-random graphs
(see Section 8).

2.4 Diameter-Critical Graphs

We shall need a notation: If H is an arbitrary graph with vertex set {x1, . . . , xk}
and a1, . . . , ak are non-negative integers, then H(a1, . . . , ak) denotes the graph
obtained from Hk by replacing xj by a set Xi of ai independent vertices, and
joining each x ∈ Xi to each x′ ∈ Xj for 1 ≤ i < j ≤ k exactly if (xi, xj) ∈ E(H).

Consider all graphs Gn of diameter 2. The minimum number of edges in such
graphs is attained by the star K(1, n − 1). There are many results on graphs
of diameter 2. An interesting subclass is the class of 2-diameter-critical graphs.
These are minimal graphs of diameter 2: deleting any edge we get a graph of
diameter greater than 2. The cycle C5 is one of the simplest 2-diameter-critical
graphs. If H is a 2-diameter-critical graph, then H(a1, . . . , ak) is also 2-diameter-
critical. So Tn,2, and more generally of K(a, b), are 2-diameter-critical. Indepen-
dently, Murty and Simon (see in [21]) formulated the following conjecture:

Conjecture 12 If Gn is a minimal graph of diameter 2, then e(G) ≤ �n2/4�.
Equality holds if and only if Gn is the complete bipartite graph K�n/2�,�n/2�.

Füredi used the Regularity Lemma to prove this.

Theorem 13 (Füredi 1992 [65]). Conjecture 12 is true for n ≥ n0.

Here is an interesting point: Füredi did not need the whole strength of the
Regularity Lemma, only a consequence of it, the (6, 3)-theorem.

3 How to Apply the Regularity Lemma

3.1 The Reduced Graph

Given an arbitrary graph G = (V,E), a partition P of the vertex-set V into
V1, . . . , Vk, and two parameters ε, d, we define the Reduced Graph (or Cluster
graph) R as follows: its vertices are the clusters V1, . . . , Vk and Vi is joined to
Vj if (Vi, Vj) is ε-regular with density more than d. Most applications of the
Regularity Lemma use Reduced Graphs, and they depend upon the fact that
many properties of R are inherited by G.

The most important property of Reduced Graphs is mentioned in the follo-
wing section.
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3.2 A Useful Lemma

Many of the proofs using the Regularity Lemma struggle through similar tech-
nical details. These details are often variants of an essential feature of the Re-
gularity Lemma: If G has a reduced graph R and if the parameter ε is small
enough, then every small subgraph H of R is also a subgraph of G. In the first
applications of the Regularity Lemma the graph H was fixed, but the greedy
algorithm outlined in the section “Building up small subgraphs” works smoo-
thly even when the order of H is proportional with that of G as long as H has
bounded degrees. (Another standard class of applications - embedding trees into
dense graphs - will be discussed later.)

The above mentioned greedy embedding method for bounded degree graphs
is so frequently used that, just to avoid repetitions of technical details, it is worth
while spelling it out in a quotable form.

For a graph R and positive integer t, let R(t) be the graph obtained from R
by replacing each vertex x ∈ V (R) by a set Vx of t independent vertices, and
joining u ∈ Vx to v ∈ Vy iff (x, y) is an edge of R. In other words, we replace the
edges of R by copies of the complete bipartite graph Kt,t.

Theorem 14 (Embedding Lemma). Given d > ε > 0, a graph R, and a
positive integer m, let us construct a graph G by replacing every vertex of R by
m vertices, and replacing the edges of R with ε-regular pairs of density at least
d. Let H be a subgraph of R(t) with h vertices and maximum degree ∆ > 0, and
let δ = d− ε and ε0 = δ∆/(2 +∆). If ε ≤ ε0 and t− 1 ≤ ε0m, then H ⊂ G. In
fact,

‖H → G‖ > (ε0m)h.

Remark. Note that v(R) didn’t play any role here.

Remark. Often we use this for R itself (that is, for t = 1): If ε ≤ δ∆(R)/(2+
∆(R)) then R ⊂ G, in fact, ‖R→ G‖ ≥ (εm)v(R).

Remark. Using the fact that large subgraphs of regular pairs are still regular
(with a different value of ε), it is easy to replace the condition H ⊂ R(ε0m) with
the assumptions

(*) every component of H is smaller than ε0m,
(**) H ⊂ R((1− ε0)m).

Most of the classical proofs using the Regularity Lemma can be simplified by
the application of the Embedding Lemma. However, this only helps presentabi-
lity; the original proof ideas – basically building up subgraphs vertex-by-vertex
– are simply summarized in the Embedding Lemma.

One can strengthen the lemma tremendously by proving a similar statement
for all bounded degree subgraphs H of the full R(m). This provides a very
powerful tool (Blow-up Lemma), and it is described in Section 4.6.

Proof of the Embedding Lemma. We prove the following more general esti-
mate.

If t− 1 ≤ (δ∆ −∆ε)m then ‖H → G‖ > [(δ∆ −∆ε)m− (t− 1)
]h

.

92 J. Komlós et al.



We embed the vertices v1, . . . , vh of H into G by picking them one-by-one. For
each vj not picked yet we keep track of an ever shrinking set Cij that vj is
confined to, and we only make a final choice for the location of vj at time j. At
time 0, C0j is the full m-set vj is a priori restricted to in the natural way. Hence
|C0j | = m for all j. The algorithm at time i ≥ 1 consists of two steps.

Step 1 - Picking vi. We pick a vertex vi ∈ Ci−1,i such that

degG(vi, Ci−1,j) > δ|Ci−1,j | for all j > i such that {vi, vj} ∈ E(H). (1)

Step 2. - Updating the Cj’s. We set, for each j > i,

Cij =
{
Ci−1,j ∩N(vi) if {vi, vj} ∈ E(H)
Ci−1,j otherwise.

For i < j, let dij = #{) ∈ [i] : {v�, vj} ∈ E(H)}.
Fact. If dij > 0 then |Cij | > δdijm. (If dij = 0 then |Cij | = m.)

Thus, for all i < j, |Cij | > δ∆m ≥ εm, and hence, when choosing the exact
location of vi, all but at most ∆εm vertices of Ci−1,i satisfy (1). Consequently,
we have at least

|Ci−1,i| −∆εm− (t− 1) > (δ∆ −∆ε)m− (t− 1)

free choices for vi, proving the claim.

Remark. We did not use the full strength of ε-regularity for the pairs (A,B)
of m-sets replacing the edges of H, only the following one-sided property:

X ⊂ A, |X| > ε|A|, Y ⊂ B, |Y | > ε|B| imply e(X,Y ) > δ|X||Y |.
We already mentioned that in a sense the Regularity Lemma says that all

graphs can be approximated by generalized random graphs. The following ob-
servation was used in the paper of Simonovits and T. Sós [118] to characterize
quasi-random graphs.

Theorem 15. Let δ > 0 be arbitrary, and let V0, V1, . . . , Vk be a regular partition
of an arbitrary graph Gn with ε = δ2 and each cluster size less than δn. Let Qn

be the random graph obtained by replacing the edges joining the classes Vi and
Vj (for all i �= j) by independently chosen random edges of probability pi,j :=
d(Vi, Vj), and let H be any graph with ) vertices. If n ≥ n0, then

‖H → Qn‖ − C�δn
� ≤ ‖H → Gn‖ ≤ ‖H → Qn‖+ C�δn

�.

almost surely, where C� is a constant depending only on ).

Most applications start with applying the Regularity Lemma for a graph
G and finding the corresponding Reduced Graph R. Then usually a classical
extremal graph theorem (like the König-Hall theorem, Dirac’s theorem, Turán’s
theorem or the Hajnal-Szemerédi theorem) is applied to the graph R. Then an
argument similar to the Embedding Lemma (or its strengthened version, the
Blow-up Lemma) is used to lift the theorem back to the graph G.
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3.3 Some Classical Extremal Graph Theorems

This is only a brief overview of the standard results from extremal graph theory
most often used in applications of the Regularity Lemma. For a detailed descrip-
tion of the field we refer the reader to [8,117,64].

The field of extremal graph theory started with the historical paper of Pál
Turán in 1941, in which he determined the minimal number of edges that gua-
rantees the existence of a p-clique in a graph. The following form is somewhat
weaker than the original theorem of Turán, but it is perhaps the most usable
form.

Theorem 16 (Turán 1941 [130]). If Gn is a graph with n vertices and

e(G) >
(
1− 1

p− 1

)
n2

2
,

then Kp ⊂ Gn.

In general, given a family L of excluded graphs, one would like to find
the maximum number of edges a graph Gn can have without containing any
subgraph L ∈ L. This maximum is denoted by ex(n,L) and the graphs attaining
the maximum are called extremal graphs. (We will use the notation ex(n,L)
for hypergraphs, too.) These problems are often called Turán type problems,
and are mostly considered for simple graphs or hypergraphs, but there are
also many results for multigraphs and digraphs of bounded edge- or arc-
multiplicity (see e.g. [13,14,15,18,114]).

Using this notation, the above form of Turán’s theorem says that

ex(n,Kp) ≤
(
1− 1

p− 1

)
n2

2
.

The following theorem of Erdős and Stone determines ex(n,Kp(t, . . . , t)) asym-
ptotically.

Theorem 17 (Erdős-Stone 1946 [52] - Weak Form). For any integers p ≥
2 and t ≥ 1,

ex(n,Kp(t, . . . , t)) =
(
1− 1

p− 1

)(
n

2

)
+ o(n2).

(For strengthened versions, see [25,26].) This is, however, much more than
just another Turán type extremal result. As Erdős and Simonovits pointed out
in [46], it implies the general asymptotic description of ex(n,L).
Theorem 18. If L is finite and min

L∈L
χ(L) = p > 1, then

ex(n,L) =
(
1− 1

p− 1

)(
n

2

)
+ o(n2).
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So this theorem plays a crucial role in extremal graph theory. (For structural
generalizations for arbitrary L see [33,34,115].)

The proof of the Embedding Lemma gives the following quantitative form
(see also Frankl-Pach [60], and [118]).

Theorem 19 (Number of copies of H). Let H be a graph with h vertices
and chromatic number p. Let β > 0 be given and write ε = (β/6)h. If a graph
Gn has

e(Gn) >
(
1− 1

p− 1
+ β

)
n2

2

then

‖H → Gn‖ >
(

εn

M(ε)

)h
.

It is interesting to contrast this with the following peculiar fact observed by
Füredi. If a graph has few copies of a sample graph (e.g., few triangles), then
they can all be covered by a few edges:

Theorem 20 (Covering copies of H). For every β > 0 and sample graph H
there is a γ = γ(β,H) > 0 such that if Gn is a graph with at most γnv(H) copies
of H, then by deleting at most βn2 edges one can make Gn H-free.

The above mentioned theorems can be proved directly without the Regularity
Lemma, e.g., using sieve-type formulas, see [97,98,48,18].

4 Building Subgraphs

4.1 Building Small Subgraphs

It is well-known that a random graph Gn with fixed edge-density p > 0 contains
any fixed graph H almost surely (as n→∞). In some sense this is trivial: we can
build up this H vertex by vertex. If we have already fixed ) vertices of H then
it is easy to find an appropriate () + 1-th vertex with the desired connections.
The Regularity Lemma (and an application of the Embedding Lemma) achieves
the same effect for dense graphs.

4.2 Packing with Small Graphs

The Alon-Yuster Conjecture

The conjecture of Noga Alon and Raphael Yuster [4] generalizes the Hajnal-
Szemerédi theorem [73] from covering with cliques to covering with copies of an
arbitrary graph H:
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Conjecture 21 (Alon-Yuster) For every graph H there is a constant K such
that

δ(Gn) ≥
(
1− 1

χ(H)

)
n

implies that Gn contains a union of vertex-disjoint copies of H covering all but
at most K vertices of Gn.

A simple example in [4] shows that K = 0 cannot always be achieved even
when v(H) divides v(G). After approximate results of Alon and Yuster [4,5], an
exact solution for large n has been given in [95].

Komlós [88] has fine-tuned these covering questions by finding a different
degree condition that is (asymptotically) necessary and sufficient. It uses the
following quantity:

Definition 5. For an r-chromatic graph H on h vertices we write σ = σ(H)
for the smallest possible color-class size in any r-coloring of H. The critical
chromatic number of H is the number

χcr(H) = (r − 1)h/(h− σ).

Theorem 22 (Tiling Turán Theorem [88]). For every graph H and ε > 0
there is a threshold n0 = n0(H, ε) such that, if n ≥ n0 and a graph Gn satisfies
the degree condition

δ(Gn) ≥
(
1− 1

χcr(H)

)
n,

then Gn contains an H-matching that covers all but at most εn vertices.

4.3 Embedding Trees

So far all embedding questions we discussed dealt with embedding bounded
degree graphs H into dense graphs Gn. General Ramsey theory tells us that
this cannot be relaxed substantially without putting strong restrictions on the
structure of the graph H. (Even for bipartite H, the largest complete bipartite
graph K�,� that a dense graph Gn can be expected to have is for ) = O(log n).)
A frequently used structural restriction on H is that it is a tree (or a forest).
Under this strong restriction even very large graphs H can be embedded into
dense graphs Gn.

The two extremal cases are whenH is a large star, and whenH is a long path.
Both cases are precisely and easily handled by classical extremal graph theory
(Turán theory or Ramsey theory). The use of the Regularity Lemma makes it
possible, in a sense, to reduce the case of general treesH to these two special cases
by splitting the tree into “long” and “wide” pieces. After an application of the
Regularity Lemma one applies, as always, some classical graph theorem, which
in most cases is the König-Hall matching theorem, or the more sophisticated
Tutte’s theorem (more precisely, the Gallai-Edmonds decomposition).
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The Erdős-Sós Conjecture for Trees

Conjecture 23 (Erdős-Sós 1963 [50]) Every graph on n vertices and more
than (k − 1)n/2 edges contains, as subgraphs, all trees with k edges.

In other words, if the number of edges in a graph G forces the existence of a
k-star, then it also guarantees the existence of every other subtree with k edges.
The theorem is known for k-paths (Erdős-Gallai 1959 [40]).

This famous conjecture spurred much activity in graph theory in the last 30
years.

Remark. The assertion is trivial if we are willing to put up with loosing a
factor of 2: If G has average degree at least 2k − 2 > 0, then it has a subgraph
G′ with δ(G′) ≥ k, and hence the greedy algorithm guarantees that G′ contains
all k-trees.

Using an ad hoc sparse version of the Regularity Lemma, Ajtai, Komlós,
Simonovits and Szemerédi solved the Erdős-Sós conjecture for large n. ([1], in
preparation.)

The Loebl Conjecture

In their paper about graph discrepancies P. Erdős, Z. Füredi, M. Loebl and V.
T. Sós [39] reduced some questions to the following conjecture of Martin Loebl:

Conjecture 24 (Loebl Conjecture) If G is a graph on n vertices, and at
least n/2 vertices have degrees at least n/2, then G contains, as subgraphs, all
trees with at most n/2 edges.

J. Komlós and V. T. Sós generalized Loebl’s conjecture for trees of any size.
It says that any graph G contains all trees with size not exceeding the medium
degree of G.

Conjecture 25 (Loebl-Komlós-Sós Conjecture) If G is a graph on n ver-
tices, and at least n/2 vertices have degrees greater than or equal to k, then G
contains, as subgraphs, all trees with k edges.

In other words, the condition in the Erdős-Sós conjecture that the average
degree be greater than k−1, would be replaced here with a similar condition on
the median degree.

This general conjecture is not easier than the Erdős-Sós conjecture. Large
instances of both problems can be attacked with similar methods.

4.4 Embedding Large Bipartite Subgraphs

The following theorem is implicit in Chvátal-Rödl-Szemerédi-Trotter 1983 [24]
(according to [2]).

Theorem 26. For any ∆,β > 0 there is a c > 0 such that if e(Gn) > βn2,
then Gn contains as subgraphs all bipartite graphs H with |V (H)| ≤ cn and
∆(H) ≤ ∆.
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4.5 Embedding Bounded Degree Spanning Subgraphs

This is probably the most interesting class of embedding problems. Here the
proofs (when they exist) are too complicated to quote here, but they follow a
general pattern. When embedding H to G (they have the same order now!), we
first prepare H by chopping it into (a constant number of) small pieces, then
prepare the host graph G by finding a regular partition of G, throw away the
usual atypical edges, and define the reduced graph R. Then typically we apply
to R the matching theorem (for bipartite H) or the Hajnal-Szemerédi theorem
(for r-partite H). At this point, we make an assignment between the small pieces
of H and the “regular r-cliques” of the partitioned R. There are two completely
different problems left. Make the connections between the r-cliques, and embed
a piece of H into an r-clique. The first one is sometimes easy, sometimes very
hard, but there is no general recipe to apply here. The second part, however,
can typically be handled by referring to the so-called Blow-up Lemma - a new
general purpose embedding tool discussed below.

The Pósa-Seymour Conjecture

Paul Seymour conjectured in 1973 that any graph G of order n and minimum
degree at least k

k+1n contains the k-th power of a Hamiltonian cycle. For k = 1,
this is just Dirac’s theorem. For k = 2, the conjecture was made by Pósa in 1962.
Note that the validity of the general conjecture would imply the notoriously hard
Hajnal-Szemerédi theorem.

For partial results, see the papers [58,54,55,57,56]. (Fan and Kierstead also
announced a proof of the Pósa conjecture if the Hamilton cycle is replaced by
Hamilton path.) We do not detail the statements in these papers, since they do
not employ the Regularity Lemma.

The Seymour conjecture was proved in [94] for every fixed k and large n.

4.6 The Blow-Up Lemma

Several recent results exist about embedding spanning graphs into dense graphs.
Some of the proofs use the following new powerful tool. It basically says that
regular pairs behave as complete bipartite graphs from the point of view of em-
bedding bounded degree subgraphs. Note that for embedding spanning subgra-
phs, one needs all degrees of the host graph to be large. That’s why using regular
pairs is not sufficient any more, we need super-regular pairs. The Blow-up Lemma
plays the same role in embedding spanning graphs H into G as the Embedding
Lemma played in embedding smaller graphs H (up to v(H) < (1− ε)v(G)).

Theorem 27 (Blow-up Lemma - Komlós-Sárközy-Szemerédi 1994
[91]).
Given a graph R of order r and positive parameters δ,∆, there exists an ε > 0
such that the following holds. Let n1, n2, . . . , nr be arbitrary positive integers and
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let us replace the vertices of R with pairwise disjoint sets V1, V2, . . . , Vr of si-
zes n1, n2, . . . , nr (blowing up). We construct two graphs on the same vertex-set
V = ∪Vi. The first graph R is obtained by replacing each edge {vi, vj} of R with
the complete bipartite graph between the corresponding vertex-sets Vi and Vj.
A sparser graph G is constructed by replacing each edge {vi, vj} with an (ε, δ)-
super-regular pair between Vi and Vj. If a graph H with ∆(H) ≤ ∆ is embeddable
into R then it is already embeddable into G.

The proof of the Blow-up Lemma starts with a probabilistic greedy algorithm,
and then uses a König-Hall argument to finish the embedding. The proof of
correctness is quite involved, and we will not present it here.

5 Applications in Ramsey Theory

5.1 The Milestone

The following theorem is central in Ramsey theory. It says that the Ramsey
number of a bounded degree graph is linear in the order of the graph. In other
words, there is a function f such that the graph-Ramsey number r(H) of any
graph H satisfies r(H) ≤ f(∆(H))v(H). This was probably the first deep ap-
plication of the Regularity Lemma, and certainly a milestone in its becoming a
standard tool.

Theorem 28 (Chvátal-Rödl-Szemerédi-Trotter 1983 [24]). For any ∆ >
0 there is a c > 0 such that if Gn is any n-graph, and H is any graph with
|V (H)| ≤ cn and ∆(H) ≤ ∆, then either H ⊂ Gn or H ⊂ Gn.

5.2 Graph-Ramsey

The following more recent theorems also apply the Regularity Lemma.

Theorem 29 (Haxell-Luczak-Tingley 1999 [79]). Let Tn be a sequence of
trees with color-class sizes an ≥ bn, and let Mn = max{2an, an + 2bn} − 1
(the trivial lower bound for the Ramsey number r(Tn)). If ∆(Tn) = o(an) then
r(Tn) = (1 + o(1))Mn.

Theorem 30 (DLuczak 1999 [99]). R(Cn, Cn, Cn) ≤ (3 + o(1))n for all even
n, and R(Cn, Cn, Cn) ≤ (4 + o(1))n for all odd n.

5.3 Random Ramsey

Given graphs H1, . . . , Hr and G, we write G → (H1, . . . , Hr) if for every r-
coloring of the edges of G there is an i such that G has a subgraph of color i
isomorphic to Hi (‘arrow notation’). The typical Ramsey question for random
graphs is then the following. What is the threshold edge probability p = p(n)
for which G(n, p)→ (H1, . . . , Hr) has a probability close to 1.
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Rödl and Ruciński [110] answered this in the symmetric case G1 = · · · = Gr.
A first step toward a general solution was taken by Kohayakawa and Kreuter
[83] who used the Regularity Lemma to find the threshold when each Gi is a
cycle.

6 New Versions of the Regularity Lemma

6.1 The Frieze-Kannan Version

Alan Frieze and Ravi Kannan [62] use a matrix decomposition that can replace
the Regularity Lemma in many instances, and creates a much smaller number
of parts. The authors describe their approximation algorithm as follows:

Given an m × n matrix A with entries between -1 and 1, say, and an error
parameter ε between 0 and 1, a matrix D is found (by a probabilistic algorithm)
which is the sum of O(1/ε2) simple rank 1 matrices so that the sum of entries of
any submatrix (among the 2m+n) of (A−D) is at most εmn in absolute value.
The algorithm takes time dependent only on ε and the allowed probability of
failure (but not on m,n).

The rank one matrices in the Frieze-Kannan decomposition correspond to
regular pairs in the Regularity Lemma, but the global error term o(mn) is much
larger than the one in Szemerédi’s theorem. That explains the reasonable sizes
(O(1/ε2) instead of tower functions).

The decomposition is applied to various standard graph algorithms such as
the Max-Cut problem, the Minimum Linear Arrangement problem, and the Ma-
ximum Acyclic Subgraph problem, as well as to get quick approximate solutions
to systems of linear equations and systems of linear inequalities (Linear Pro-
gramming feasibility).

The results are also extended from 2-dimensional matrices to r-dimensional
matrices.

6.2 A Sparse-Graph Version of the Regularity Lemma

It would be very important to find extensions of the Regularity Lemma for sparse
graphs, e.g., for graphs where we assume only that e(Gn) > cn2−α for some
positive constants c and α. Y. Kohayakawa [81] and V. Rödl [108] independently
proved a version of the Regularity Lemma in 1993 that can be regarded as a
Regularity Lemma for sparse graphs. As Kohayakawa puts it: “Our result deals
with subgraphs of pseudo-random graphs.” He (with co-authors) has also found
some interesting applications of this theorem in Ramsey theory and in Anti-
Ramsey theory, (see e.g. [75,76,77,78,84,86,83]).

To formulate the Kohayakawa-Rödl Regularity Lemma we need the following
definitions.
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Definition 6. A graph G = Gn is (P0, η)-uniform for a partition P0 of V (Gn)
if for some p ∈ [0, 1] we have

|eG(U, V )− p|U ||V || ≤ ηp|U ||V |,

whenever |U |, |V | > ηn and either P0 is trivial, U, V are disjoint, or U, V belong
to different parts of P0.

Definition 7. A partition Q = (C0, C1, . . . , Ck) of V (Gn) is (ε, k)-equitable if
|C0| < εn and |C1| = · · · = |Ck|.

Notation.

dH,G(U, V ) =
{
eH(U, V )/eG(U, V ) if eG(U, V ) > 0
0 otherwise.

Definition 8. We call a pair (U, V ) (ε,H,G)-regular if for all U ′ ⊂ U and
W ′ ⊂W with |U ′| ≥ ε|U | and |W ′| ≥ ε|W |, we have

|dH,G(U,W )− dH,G(U ′,W ′)| ≤ ε.

Theorem 31 (Kohayakawa 1993 [81]). Let ε and k0, ) > 1 be fixed. Then
there are constants η > 0 and K0 > k0 with the following properties. For any
(P0, η)-uniform graph G = Gn, where P0 = (Vi)�i is a partition of V = V (G),
if H ⊂ G is a spanning subgraph of G, then there exists an (ε,H,G)-regular,
(ε, k)-equitable partition of V refining P0, with k ≤ k0 ≤ K0.

For more information, see Kohayakawa 1997 [82].

7 Algorithmic Questions

The Regularity Lemma is used in two different ways in computer science. Firstly,
it is used to prove the existence of some special subconfigurations in given graphs
of positive edge-density. Thus by turning the lemma from an existence-theorem
into an algorithm one can transform many of the earlier existence results into
relatively efficient algorithms. The first step in this direction was made by Alon,
Duke, Leffman, Rödl and Yuster [2] (see below). Frieze and Kannan [63] offered
an alternative way for constructing a regular partition based on a simple lemma
relating non-regularity and largeness of singular values.

In the second type of use, one takes advantage of the fact that the regularity
lemma provides a random-like substructure of any dense graph. We know that
many algorithms fail on randomlike objects. Thus one can use the Regularity
Lemma to prove lower bounds in complexity theory, see e.g., W. Maass and Gy.
Turán [72]. One of these randomlike objects is the expander graph, an important
structure in Theoretical Computer Science.
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7.1 Two Applications in Computer Science

A. Hajnal, W. Maass and Gy. Turán applied the Regularity Lemma to estimate
the communicational complexity of certain graph properties [72]. We quote their
abstract:

“We prove Θ(n log n) bounds for the deterministic 2-way communication
complexity of the graph properties CONNECTIVITY, s, t-CONNECTIVITY
and BIPARTITENESS. ... The bounds imply improved lower bounds for the
VLSI complexity of these decision problems and sharp bounds for a generalized
decision tree model that is related to the notion of evasiveness.”

Another place where the Regularity Lemma is used in estimating communi-
cational complexity is an (electronic) paper of Pudlák and Sgall [102]. In fact,
they only use the (6,3)-problem, i.e., the Ruzsa-Szemerédi theorem.

7.2 An Algorithmic Version of the Regularity Lemma

The Regularity Lemma being so widely applicable, it is natural to ask if for a
given graph Gn and given ε > 0 and m one can find an ε-regular partition of
G in time polynomial in n. The answer due to Alon, Duke, Lefmann Rödl and
Yuster [2] is surprising, at least at first: Given a graph G, we can find regular
partitions in polynomially many steps, however, if we describe this partition to
someone else, he cannot verify in polynomial time that our partition is really
ε-regular: he has better produce his own regular partition. This is formulated
below:

Theorem 32. The following decision problem is co-NP complete: Given a graph
Gn with a partition V0, V1, . . . , Vk and an ε > 0. Decide if this partition is ε-
regular in the sense guaranteed by the Regularity Lemma.

Let Mat(n) denote the time needed for the multiplication of two (0, 1) ma-
trices of size n.

Theorem 33 (Constructive Regularity Lemma). For every ε > 0 and
every positive integer t > 0 there exists an integer Q = Q(ε, t) such that every
graph with n > Q vertices has an ε-regular partition into k + 1 classes for some
k < Q and such a partition can be found in O(Mat(n)) sequential time. The
algorithm can be made parallel on an EREW with polynomially many parallel
processors, and it will have O(log n) parallel running time.

7.3 Counting Subgraphs

Duke, Lefmann and Rödl [30] used a variant of the Regularity Lemma to design
an efficient approximation algorithm which, given a labelled graph G on n ver-
tices and a list of all the labelled graphs on k vertices, provides for each graph
H in the list an approximation to the number of induced copies of H in G with
small total error.
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8 Regularity and Randomness

8.1 Extremal Subgraphs of Random Graphs

Answering a question of P. Erdős, L. Babai, M. Simonovits and J. Spencer [6]
described the Turán type extremal graphs for random graphs:

Given an excluded graph L and a probability p, take a random graph
Rn of edge-probability p (where the edges are chosen independently) and
consider all its subgraphs Fn not containing L. Find the maximum of
e(Fn).

Below we formulate four theorems. The first one deals with the simplest case.
We will use the expression “almost surely” in the sense “with probability

1 − o(1) as n → ∞”. In this part a p-random graph means a random graph of
edge-probability p where the edges are chosen independently.

Theorem 34. Let p = 1/2. If Rn is a p-random graph and Fn is a K3-free
subgraph of Rn containing the maximum number of edges, and Bn is a bipar-
tite subgraph of Rn having maximum number of edges, then e(Bn) = e(Fn).
Moreover, Fn is almost surely bipartite.

Definition 9 (Critical edges). Given a k-chromatic graph L, an edge e is
critical if L− e is k − 1-chromatic.

Many theorems valid for complete graphs were generalized to arbitrary L
having critical edges (see e.g., [116]). Theorem 34 also generalizes to every 3-
chromatic L containing a critical edge e, and for every probability p > 0.

Theorem 35. Let L be a fixed 3-chromatic graph with a critical edge e (i.e.,
χ(L − e) = 2). There exists a function f(p) such that if p ∈ (0, 1) is given and
Rn ∈ G(p), and if Bn is a bipartite subgraph of Rn of maximum size and Fn is
an L-free subgraph of maximum size, then

e(Bn) ≤ e(Fn) ≤ e(Bn) + f(p)

almost surely, and almost surely we can delete f(p) edges of Fn so that the
resulting graph is already bipartite. Furthermore, there exists a p0 < 1/2 such
that if p ≥ p0, then Fn is bipartite: e(Fn) = e(Bn).

Theorem 35 immediately implies Theorem 34. The main point in Theorem
35 is that the observed phenomenon is valid not just for p = 1/2, but for slightly
smaller values of p as well.

If χ(L) = 3 but we do not assume that L has a critical edge, then we get
similar results, having slightly more complicated forms. Here we formulate only
some weaker results.
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Theorem 36. Let L be a given 3-chromatic graph. Let p ∈ (0, 1) be fixed and let
Rn be a p-random graph. Let ω(n)→ 0 as n→∞. If Bn is a bipartite subgraph
of Rn of maximum size and Fn contains only ω(n) · nv(L) copies of L and has
maximum size under this condition, then almost surely

e(Bn) ≤ e(Fn) ≤ e(Bn) + o(n2)

and we can delete o(n2) edges of Fn so that the resulting graph is already bipartite.

The above results also generalize to r-chromatic graphs L.
Some strongly related important results are hidden in the paper of Haxell,

Kohayakawa and WLuczak [77].

8.2 Quasirandomness

Quasi-random structures have been investigated by several authors, among
others, by Thomason [129], Chung, Graham, Wilson, [23]. For graphs, Simo-
novits and T. Sós [118] have shown that quasi-randomness can also be characte-
rized by using the Regularity Lemma. Fan Chung [22] generalized their results
to hypergraphs.

Let N∗G(L) and NG(L) denote the number of induced and not necessarily
induced copies of L in G, respectively. Let S(x, y) be the set of vertices joined to
both x and y in the same way. First we formulate a theorem of Chung, Graham,
and Wilson, in a shortened form.

Theorem 37 (Chung-Graham-Wilson [23]). For any graph sequence (Gn)
the following properties are equivalent:
P1(ν): for fixed ν, for all graphs Hν

N∗G(Hν) = (1 + o(1))nν2−(
ν
2).

P2(t): Let Ct denote the cycle of length t. Let t ≥ 4 be even.

e(Gn) ≥ 1
4
n2 + o(n2) and NG(Ct) ≤

(n
2

)t
+ o(nt).

P5: For each subset X ⊂ V, |X| = �n2 � we have e(X) =
( 1

16n
2 + o(n2)

)
.

P6:
∑
x,y∈V

∣∣|S(x, y)| − n
2

∣∣ = o(n3).

Graphs satisfying these properties are called quasirandom. Simonovits and
T. Sós formulated a graph property which proved to be equivalent with the above
properties.
PS : For every ε > 0 and κ there exist two integers, k(ε, κ) and n0(ε, κ) such
that for n ≥ n0, Gn has a regular partition with parameters ε and κ and k
classes U1, . . . , Uk, with κ ≤ k ≤ k(ε, κ), so that

(Ui, Uj) is ε− regular, and
∣
∣
∣
∣d(Ui, Uj)−

1
2

∣
∣
∣
∣ < ε

holds for all but at most εk2 pairs (i, j), 1 ≤ i, j ≤ k.
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It is easy to see that if (Gn) is a random graph sequence of probability 1/2,
then PS holds for (Gn), almost surely. Simonovits and T. Sós [118] proved that
PS is a quasi-random property, i.e. PS ⇐⇒ Pi for all the above properties Pi.

8.3 Hereditarily Extended Properties

Randomness is a hereditary property: large subgraphs of random graphs are
fairly randomlike. In [119] and [120] Simonovits and T. Sós proved that some
properties which are not quasi random, become quasirandom if one extends them
to hereditary properties. This “extension” means that the properties are assumed
not only for the whole graph but for all sufficiently large subgraphs. Their most
interesting results were connected with counting some small subgraphs L ⊆ Gn.

Obviously, P1(ν) of Theorem 37 says that the graph Gn contains each sub-
graph with the same frequency as a random graph.

Let ν = v(L), E = e(L). Denote by βL(p) and γL(p) the “densities” of
labelled induced and labelled not necessarily induced copies of L in a
p-random graph:

βL(p) = pE(1− p)(
ν
2)−E and γL(p) = pE . (1)

Theorem 38 (Simonovits-Sós). Let Lν be a fixed sample-graph, e(L) > 0,
p ∈ (0, 1) be fixed. Let (Gn) be a sequence of graphs. If (for every sufficiently
large n) for every induced Fh ⊆ Gn,

N(Lν ⊆ Fh) = γL(p)hν + o(nν), (2)

then (Gn) is p-quasi-random.

Observe that in (2) we used o(nν) instead of o(hν), i.e., for small values of h
we allow a relatively much larger error-term. As soon as h = o(n), this condition
is automatically fulfilled.

For “Induced Copies” the situation is much more involved, because of the
lack of monotonicity. Below we shall always exclude e(Lν) = 0 and e(Lν) = 0.
One would like to know if for given (Lν , p) the following is true or not:

(#) Given a sample graph Lν and a probability p, if for a graph
graph sequence (Gn) for every induced subgraph Fh of Gn

N∗(Lν ⊆ Fh) = βL(p)hν + o(nν) (3)

then (Gn) is p-quasi-random.

(#) is mostly false in this form, for two reasons:
• the probabilities are in conjugate pairs;
• There may occur strange algebraic coincidences.
Clearly, βL(p) (in (1)) is a function of p which is monotone increasing in[

0, e(Lν)/
(
ν
2

)]
, monotone decreasing in

[
e(Lν)/

(
ν
2

)
, 1
]
and vanishes in p = 0
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and in p = 1. For every p ∈ (0, e(Lν)/
(
ν
2

))
there is a unique probability p ∈(

e(Lν)/
(
ν
2

)
, 1
)
yielding the same expected value. Therefore the hereditarily as-

sumed number of induced copies does not determine the probability uniquely,
unless p = e(Lν)/

(
ν
2

)
. Given a graph Lν , the probabilities p and p are called

conjugate if βL(p) = βL(p). We can mix two such sequences: (Gn) obviously
satisfies (3) if

(*) (Gn) is the union of a p-quasi random graph sequence and
a p-quasi random graph sequence.

One can create such sequences for P3 or its complementary graph. Simonovits
and Sós think that there are no other real counterexamples:

Conjecture 39 Let Lν be fixed, ν ≥ 4 and p ∈ (0, 1). Let (Gn) be a graph
sequence satisfying (3). Then (Gn) is the union of two sequences, one being p-
quasi-random, the other p-quasi-random (where one of these two sequences may
be finite, or even empty).

To formulate the next Simonovits-Sós theorem we use

Construction 40 (Two class generalized random graph) Define the
graph Gn = G(V1, V2, p, q, s) as follows: V (Gn) = V1∪V2. We join independently
the pairs in V1 with probability p, in V2 with probability q and the pairs (x, y) for
x ∈ V1 and y ∈ V2 with probability s.

Theorem 41 (Two-class counterexample). If there is a sequence (Gn)
which is a counterexample to Conjecture 39 for a fixed sample graph L and a
probability p ∈ (0, 1), then there is also a 2-class generalized random counterex-
ample graph sequence of form Gn = G(V1, V2, p, q, s) with |V1| ≈ n/2, p ∈ (0, 1),
s �= p. (Further, either q = p or q = p.)

This means that if there are counterexamples then those can be found by
solving some systems of algebraic equations. The proof of this theorem heavily
uses the regularity lemma.

Theorem 42. If Lν is regular, then Conjecture 39 holds for Lν and any p ∈
(0, 1).

For some further results of Simonovits and T. Sós for induced subgraphs see
[120].
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[21] L. Caccetta, R. Häggkvist, On diameter critical graphs, Discrete Mathematics
28 (1979), 223-229.

[22] Fan R. K. Chung, Regularity lemmas for hypergraphs and quasi-randomness,
Random Structures and Algorithms 2 (1991), 241-252.

[23] F. R. K. Chung, R. L. Graham, R. M. Wilson, Quasi-random graphs, Combina-
torica 9 (1989), 345-362.
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[48] P. Erdős, M. Simonovits, Supersaturated graphs and hypergraphs, Combinato-
rica 3 (1983), 181-192.
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[85] Y. Kohayakawa, T. OLuczak, V. Rödl, Arithmetic progressions of length three in
subsets of a random set, Acta Arith. 75 (1996), 133-163.
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and Birkhäuser Verlag (1983), 459-495.

[99] T. OLuczak, R(Cn, Cn, Cn) ≤ (4 + o(1))n, J. Combin. Theory B75 (1999), 174-
187.
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(1985) (M. Karoński ed.), Annals of Discr. Math. (North-Holland) 33 (1987),
307-331. See also: Dense expanders and bipartite graphs, Discrete Mathematics
75 (1989), 381-386.

[130] Pál Turán, On an extremal problem in graph theory (in Hungarian), Matematikai
és Fizikai Lapok 48 (1941), 436-452.

[131] B. L. Van der Waerden, Beweis einer Baudetschen Vermutung, Nieuw Archief
voor Wiskunde 15 (1927), 212-216.

[132] R. Yuster, The number of edge colorings with no monochromatic triangle, J.
Graph Theory 21 (1996), 441-452.

112 J. Komlós et al.



Modeling Data and Objects: An Algebraic View
Point

Kazem Lellahi

LIPN, UPRES-A 7030 C.N.R.S
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Abstract. This paper proposes an algebraic semantics approach for
data and object modeling. The approach captures the main concepts
of object systems, namely : class, method, object identity, inheritance,
overriding, overloading, late and early binding, collection types and per-
sistence objects. The proposed model follows the algebraic aspects of re-
lational database tradition; that is, the clear separation between schema,
types (or domains), instance and query. For this reason it is enable to
support an algebraic query language in the style of the relational algebra.
Our approach also provides a rigorous mathematical treatment of null
values in the object-oriented systems.

1 Introduction

A traditionally database instance is a collection of records. The record fields
are called attributes. The type of a record’s field is either basic as in the pure
relational model [3], or a set record type as in the nested relational model [29],
[28], or any combination of set and record types as in complex object models [2].
Some of these models also support null values, i.e. the value of a record’s field
may be undefined [32], [33], [26]. However, most of these models do not reflect
the semantics of real world objects. On the other hand, object-oriented models
claim to overcome this semantics problem.

In object-oriented models [17], [19], [8], [1] each record, called an object in
the trade, has a unique identification, and records may have other fields which
are calculations or methods. The value of a calculation field is obtained by eva-
luating a code which is often written in a programming language. Objects are
organized in classes which are named collections of objects of the same kind.
Classes are organized in an inheritance hierarchy. Another important aspect of
object modeling is overloading, which is the possibility of giving the same name
to several methods.

In fact most object-oriented database systems are embedded in a program-
ming language which is enriched with database functionality such as persistence
and query processing features. In the absence of a standard formal object data
model, various models and various query languages have been proposed [4], [18],
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[16], [14], [15], [7]. The ODMG group carried out a task of standardization and
proposed an object data language ODL, and an object query language OQL [9].
However, no formal model has emerged with the same authority as the relational
model, nor any algebraic query language with the same elegance as the relational
algebra. We think that the existing proposals contain enough material for defi-
ning a formal model and an algebraic query language. In this paper we intend
to move towards such a formal model, and to provide rigorous mathematical
definitions for all the concepts of object-oriented models, namely : attributes,
methods, classes, object identity, inheritance, overriding, overloading, dynamic
and static binding, object identity, collection, persistence, query specification
and query evaluation.

The originality of our formalism is that it follows the relational database
tradition, that is to say, the clear separation between schema, domain, instance
and query. To carry through this objective we consider an object-oriented da-
tabase as a collection of partial functions. Each function has at least one pa-
rameter which represents an object. On the conceptual level other parameters
are less important. Therefore, inspired by the standard Curryfication technique
from functional programming, we assume that each function has arity 1 and its
unique parameter represents the unique identification of an object (i.e. object
identity). The result of each function on an object is a calculation or a value of
some type. We distinguish between two kinds of calculation : calculation with
a result and calculation with side-effects. The former do not change the state
whereas the latter may do. For example, an update procedure is a calculation
with side-effects.

With this point of view, a class is the collection of partial functions with the
same domain type : the class name. Types are expressions obtained from basic
types, class names and constructors. In this paper we develop the approach with
two main constructors set and ⊗. But other similar constructors may be envi-
saged. Our product has two peculiarities. In one hand it is not a field named
product as is the record type. It is, however, endowed with projections fst and
snd as in some functional programming language. On the other hand, we give
a special semantics for ⊗ which is not that of the usual cartesian product. This
semantics is more suitable for a rigorous treatment of null and undefined values
in the object paradigm. Based on this type system we define formally what is
an object-oriented database schema. The definition of object-oriented database
schema follows that of relational database schema but includes concepts of inheri-
tance and behavior. We show how classical concepts of objects can be translated
into this model. Inheritance serves to organize classes under a hierarchy. Usually,
in object systems type are also organized into a hierarchy, but often indepen-
dent of class hierarchy. It is well known that the interference between inheritance,
subtyping and overloading may cause inconsistency design problems, and render
ambiguous derivations of methods and attributes. Usually ad-hoc solutions are
offered for solving the problem. The solution often consists of restricting inhe-
ritance and overloading. For instance, in Java or in C++ inheritance is simple
and an overridden method have to preserve argument types of the original me-
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thod. In our approach there are no restrictions on inheritance, and overriding
is less restrictive. In contrast, our subtyping relation is an extension to types of
our inheritance relations. We believe that this subtyping is more convenient to
database context. As a result we can propose a formal rigorous solution to the
derivation problems even with multiple inheritance and with our less restrictive
overloading. We define rigorously what means a hierarchically consistent schema
and we provide procedures for checking such hierarchical consistency. Then we
give a formal definition of a database instance over a hierarchically consistent
schema and propose an algebraic query language in the style of the relational
model. The instance includes a classification function serving to classify stored
objects into classes. We show how inheritance in a database context enables to
identify objects in different classes. Within a database instance a value have a
static type and a dynamic type. These are the counterpart of analogous concepts
in object programming languages.
A query expression can contains attribute names as well as method names and
other kind of calculations over objects. However, calculations used in a query
have to be calculations without side effects. Evaluation of a query takes into ac-
count the hierarchy of objects and values. Our algebraic operations of the query
language generalize those of the relational model and its extensions as well as
those of standard languages like SQL and OQL.

To integrate methods and calculations in queries, the query language have
to be assisted either by one or several programming languages, or the data mo-
del have to include programming constructions. Most commercial language, for
example SQL, have both facilities (pro∗C/C++, PL/SQL, ...). We endowed our
model with the kernel of a language. This is a pure functional and variable free
language. Its variable free aspect permits to see it as an algebraic language. In
fact it is an algebra for partial functions. The algebra is freely generated over an
object database schema. We use this language for implementing methods and
calculations without side effects, and for assisting our algebraic query language.
Within this language, our special subtyping order allows us to give a formaliza-
tion of different kinds of binding modes in object programming including early
and late binding. In fact, this language is inspired from category theory as a
fragment of a the Kleisli category of the lifting monad. However, in this paper
the category aspects of the model have not been discussed.

To summarize, our main contributions in this paper are the followings:

– to provide formal definitions for object-oriented database concepts namely,
schema, inheritance, method, instance, null value, and query; and to give a
formal solution to the problem of hierarchical consistency of a schema;

– to define an algebraic query languages which extend clearly the relational
algebra and the nested relational algebra with null values, and which is
enable to express SQL or OQL queries.

– to deal rigorously with null values; and
– to define a functional variable free language for defining calculation on ob-

jects and giving an operational and an algebraic semantics for this language,
and to give a formalism for different binding modes.
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The rest of this paper is organized as follows. In Section 2, we present the
background material on the algebraic aspects of the relational model. This makes
the paper self-contained and permits to better see the similarity of our object
model with the relational style . Section 3 is the core of the paper. In this section
we explores, in a formal way, the syntax and the semantics of our object model.
In Section 4 we define an algebraic query language for the model. In Section 5
we introduce the syntax and the semantics of the kernel of a language serving
to write code of methods and assisting the query language. Related works are
discussed in Section 6 and we draw our conclusions and further works in Section
7. For the sake of clarity, we gather all examples in Appendix A and all proofs
of Theorems and Facts in Appendix B.

2 Relational Databases Revisited

2.1 Relational Database Schema

We begin with three enumerable and pairwise disjoint sets REL, ATT, and DOM.
We assume each of these sets is endowed with a syntactic equality that we denote
by =. In practice an element of DOM represents a type name in a type system,
or a synonym for such a type name. In the relational model this type system
contains some predefined basic types only. That is type::= BASE and

BASE ::= int | char | · · · (1)

Definition 1 A relational schema (over ATT, and DOM) is a finite partial func-
tion from ATT to DOM which is not the everywhere undefined function. A relational
database schema (over REL, ATT, and DOM) consists of a non empty finite subset
R of REL and for each R ∈ R a relational schema R̄ (over ATT, and DOM) such
that:

∀R,R′ ∈ R,∀a ∈ ATT ((R̄(a) = d) ∧ (R̄′(a) = d′))⇒ d = d′). (2)

Condition 2 is called the ”unique domain assumption”, and R the name of R̄.

We will represent each relational schema of a relational database schema by its
name, only. Indeed, names are distinct but many names may correspond to the
same relational schema. For instance we will write R(a) instead of R̄(a). A pair
(a, d) in the graph of a relational schema R is called an attribute of R with name
a and domain d, and is usually denoted by a : d. The unique domain assumption
says: in a relational database two attributes with the same name have the same
domain. Therefore, if att(R) is the domain of definition of R and U =

⋃
R∈R

att(R)

then we can define a function dom : U → DOM where dom(a) = d means a : d.1

1 In fact, condition 2 says that the relational schemas of a database schema are consi-
stent partial functions and dom is their join, that is dom|att(R) = R. But, we will not
use this terminology because consistency has another meaning in database theory.
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Note that att also defines a function att : R → Pf (ATT)\{∅}. An alternative
equivalent way to define a database schema is a triple S = (R, att, dom) such that
R is finite subset of REL and att : R → Pf (ATT)\{∅} and dom : U → DOM are two
functions, where U =

⋃
R∈R

att(R). Then each element of U is called an attribute

of S. If R is a relational schema, att(R) = {a1, · · · , an} and dom(ai) = di
(1 ≤ i ≤ n) then the declaration R(a1 : d1, · · · , an : dn) defines entirely the
relational schema R. Therefore, if R = {R1, · · · , Rk} then the database schema
S can be defined by k declarations:

R1(a1
1 : d1

1, · · · , a1
n1

: d1
n1
), · · · , Rk(ak1 : dk1 , · · · , aknk : dknk)

in which if i �= j then Ri �= Rj and if aji = aj
′
i′ then dji = dj

′
i′ .

2.2 Relational Database Instance

Let S = (R, att, dom) be a database schema over ATT and DOM. Let us call a
domain interpretation function for S, any function which associates with each
domain name, occurring in S, an enumerable set [[d]]. The set [[d]] is called the
interpretation of d. We assume that [[d]] is endowed with a strict order relation
<
d
and an equality =

d
. An element of [[d]] is called a value of type d. In practice,

d represents a type name (or a synonym for a type name) and [[d]] is the associa-
ted concrete type, hence [[d]] is understood by d. For instance, in the standard
database language SQL, the CREATE DOMAIN ... command defines a synonym of
a type. Let R(a1 : d1, · · · , an : dn) be a relational schema over ATT and DOM (not
necessarily in S) such that di is a domain name occurring in S for i = 1, · · · , n.
A function t : {a1, · · · , an} →

⋃
1≤i≤n

[[di]] is called a tuple of R, or a tuple over

{a1, · · · , an} if t(ai) is in [[di]] for i = 1, · · · , n. In practice, tuples represent data
of a real world. A finite set of tuples of R is called an extension of R. The set of
all extensions of R is denoted Ext(R).

Definition 2 A relational database instance over the relational database schema
S is a pair I = ([[]], α) consisting of a domain interpretation function [[]] and a
function α : R → ⋃

R∈R
Ext(R) such that α(R) ∈ Ext(R), for any R ∈ R.

We refer to this definition of instance as the tuples-as-functions approach.
By a relational database we mean a database relational schema accompanied
with a relational instance of this schema (which may be the empty instance). In
practice in a database (S, I) for any R ∈ R the triple (R, att(R), α(R)) is re-
presented as a table with name R, heading row att(R), and other rows elements
of α(R). The problem of defining a database instance is the same as defining
a set of finite sets. In the relational database model, the database instance is
”defined by extension”: the instance is the set of stored tuples. However, this
instance must satisfy some conditions called (integrity) constraints. Constraints
impose restrictions on values allowed in an instance. In practice the constraints
are specified within the schema and are checked automatically by the system
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after any request of users for modification of the database instance. A database
is said to be consistent if its instance satisfies its specified constraints. From
a theoretical point of view many kinds of constraints have been proposed but
in commercial systems only a few class of these constraints have been imple-
mented. Within a database language one can specify a database schema and its
constraints, and an instance of this schema. For example, in SQL a set of CREATE
TABLE ... commands perform this task by creating a database schema and an
empty instance, INSERT INTO ... VALUES ... commands add tuples into the
database instance.

2.3 Relational Algebra

Querying a database consists of extracting data from the database. In fact the
extracted data corresponds to the answer of a query on the real world objects,
represented by the database. A relational query language allows us to specify a
query on the real world objects in the form of a relational schema, and to provide
its answer in the form of an extension of this relational schema. The schema of
the query as well as its answer are obtained by combining relational schemas
and relational instances of the database. In commercial languages users specify
the schema of a question, and gives some information for finding its answer. The
system finds automatically the answer to the question as an extension of that
schema. In other words, evaluation process is transparent to users. For example,
the SELECT ... FROM ... WHERE ... command of SQL performs this task. It is
customary to call query the specification of a question and to call evaluation of
the query the computation of its answer. The kernel of each query language for
the relational model, is the implementation of the relational algebra. Relational
algebra seen as a query language consists of specifying and evaluating queries as
algebraic expressions over the database. In the sequel we will consider a database
with the schema S = (R, att, dom) and a database instance ([[]], α) over S. We
will denote by the same symbol, say θ, any of the two binary relations <d and
=d of any [[d]].

Query Specification:

For specifying a query q over S we have to define the algebraic expression of
q and the set of attributes of q. In other words, we have to define the set Q
of queries and a function att∗ : Q → Pf (ATT\{∅}. To this end, we introduce
and recall some notations. An elementary condition over S is a declaration of
the form aθv, vθa, or aθb where a and b are attributes of S and v ∈ [[dom(a)]].
A condition is a first order formula whose atoms are elementary conditions. A
condition cond is said to be a condition over a relational schema R (not necessary
in S) if attributes occurring in cond are in att(R). Let us see again R as a partial
function R : ATT → DOM and consider b ∈ att(R) and c ∈ ATT\att(R) such that
if c ∈ U then dom(c) = dom(b). Now, define a new relational schema as follows:
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�
b �→c(R)(a) =






R(b) if a = c
undefined if a = b
R(a) otherwise

We say �
b �→c(R) is obtained from R by renaming attribute b to c. More generally,

let L1 = [b1, · · · , bm] and L2 = [c1, · · · , cm] be two lists of attribute names such
that elements of L1 (of L2) are distinct from each other, bi ∈ att(R), ci �∈
[bi, · · · , bm] and if ci ∈ U then dom(ci) = dom(bi) (1 ≤ i ≤ m). It is not difficult
to see that the expression �b1 �→c1(· · · �bm �→cm(R) · · · ) is a well defined expression.
We denote this expression by �L1 �→L2(R), and we say (L1, L2) is a renaming
pair for R. Note that the renaming operation doesn’t introduce new domains,
but new attribute names. Indeed, att(�L1 �→L2(R)) = (att(R)\{b1, · · · , bm}) ∪
{c1, · · · , cm}. Let R and R′ be two relational schemas (not necessarily in S) such
that any a ∈ att(R)∩att(R′), has the same domain in R and in R′. Then we can
define a new relational schema R �� R′ such that att(R �� R′) = att(R)∪att(R′),
and domains in R �� R′ are the same as in R and R′.

Definition 3 The set Q of queries over S and the function att∗ : Q →
Pf (ATT\{∅} are defined recursively as follows:

– if R ∈ R then R ∈ Q and att∗(R) = att(R),
– if q ∈ Q and cond is a condition over q then σcond(q) ∈ Q and

att∗(σcond(q)) = att∗(q),
– if q ∈ Q and X ⊆ att∗(q) then

∏
X(q) ∈ Q and att∗(

∏
X(q)) = X,

– if q ∈ Q and (L1, L2) is a renaming pair for q then �
L1 �→L2

(q) ∈ Q and
att∗(�

L1 �→L2
(q)) = att(�

L1 �→L2
(q)),

– if q1 ∈ Q and q2 ∈ Q are two queries then q1 �� q2 ∈ Q and att∗(q1 �� q2) =
att∗(q1) ∪ att∗(q2),

– if q1 ∈ Q and q2 ∈ Q and att∗(q1) = att∗(q2) = A then q1 ∪ q2 and q1−q2
are in Q and att∗(q1 ∪ q2) = att∗(q1−q2) = A,

– the only elements of Q are those obtained as above.

Note that the above definition uses the schema S and the domain interpreta-
tion function [[]], only. Operations σ,

∏
, �, ��, ∪ and - are called selection,

projection, renaming, join, union and difference, respectively. They form
a partial (universal) algebra called the relational algebra.

Query Evaluation:

Evaluating a query q over a database instance I consists of extracting a particular
extension of q from I. By extension of q we mean a finite set of tuples over
att∗(q). In other words, the evaluation process consists of defining a convenient
function α∗ : Q → ⋃

q∈Q
Ext(q) such that α∗(q) ∈ Ext(q). In order to define α∗ we

recall and introduce some notations. Let R(a1 : d1, · · · , an : dn) be a relational
schema over ATT and DOM (not necessarily in S) such that di is a domain name
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occurring in S for i = 1, · · · , n. Let cond be a condition and t a tuple over R.
Let b1, · · · , bm be attributes of R occurring in cond, and [t(b1)/b1, · · · , t(bm)/bm]
the boolean expression obtained from cond by t(bi) substituted for bi. We say t
satisfies cond, denoted t |= cond, if this boolean expression is evaluated to true.
If r is an extension of R the set {t ∈ r | t |= cond} is denoted σcond(r), and the
set {t|X | t ∈ r} is denoted

∏
X(r), where t|X means the restriction of t on X.

Let R′ be another relational schema and t′ a tuple of R′ such that t(a) = t′(a)
for every a ∈ att(R) ∩ att(R′). Then we denote by t �� t′ the tuple over R �� R′

such that (t �� t′)|att(R) = t and (t �� t′)|att(R′) = t′. If r is an extension of R and
r′ an extension of R′ then r �� r′ = {t �� t′ | t ∈ r, t′ ∈ r′ and t �� t′ is defined}.
Moreover, we suppose r �� r′ is the empty set whenever there is no t ∈ r and no
t′ ∈ r′ such that t �� t′ is defined.

Definition 4 The evaluation function α∗ : Q → ⋃
q∈Q

Ext(q) is defined recursi-

vely as follows:
∀ R ∈ R , α∗(R) = α(R),
α∗(σcond(q)) = σcond(α∗(q)), α∗(

∏
X(q)) =

∏
X(α∗(q)),

α∗(�L1 �→L2(q)) = α∗(q), α∗(q1 �� q2) = α∗(q1) �� α∗(q2),
α∗(q1 ∪ q2) = α∗(q1) ∪ α∗(q2), α∗(q1 − q2) = α∗(q1)− α∗(q2).

Since the database is finite, the evaluation of any query provides a finite set of
tuples.

2.4 Relational Databases with Null Values

The value of an attribute in a given instance may be undefined. Many kinds of
undefinedness have been pointed out in the literature including values unknown
in the current instance, values which can not exist in the context of application,
and so on. An undefined value is called null value in database jargon and is
denoted null. We consider a unique kind of null value, denoted by ⊥. We see ⊥
as a symbol which doesn’t represent an element in any domain. To deal with the
null value we have to consider a tuple over a schema {a1 : d1, · · · , an : dn} as a
function t : {a1, · · · , an} →

⋃
1≤i≤n

[[di]]⊥ where [[di]]⊥ = [[di]] + {⊥} and t(a) = ⊥
means t(a) is undefined. Now, evaluating conditions needs a three valued logic
with truth values true, false, and undef. In this logic ⊥θv is evaluated to
false and ⊥ = ⊥ to true, while ⊥ < v, v < ⊥ and ⊥ < ⊥ are evaluated to
undef. The logical connectors are extended to undef as follows:
∧ true false undef
undef undef false undef

∨ true false undef
undef true undef undef

¬ undef
undef undef
Now, we extend our elementary conditions with the declaration A = ⊥ (which
corresponds to the SQL command A is null. The above consideration seems
to be enough for treating null values at least in the style of SQL. There are
various other approaches for null values in the literature [26].
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In the rest of the paper we will extend this style of relational model to the
object models by adding the three basic concepts of objects namely inheritance,
methods, and object identity.

3 The Object Data Model

3.1 A Type System for Object Modeling

We begin with two enumerable disjoint non empty sets BASE and CLASS. In
practice, BASE and CLASS are sets of names representing basic types and class
names, respectively. Thus, we assume each of these two sets is endowed with
a syntactic equality denoted =. Next, we define a type system over BASE and
CLASS in which types are built recursively by the following grammar:

type ::= BASE | CLASS | type⊗ type | coll type. (3)

The constructor coll is a collection constructor like set, bag, list, etc (i.e. coll ::=
set | bag | list | · · · ). Herein, however, we restrict our study to set (see [21], [25]
for more detailed formalization on collection types). The constructor ⊗ is a pro-
duct but its semantics will not be the cartesian product semantics. Elements of
type are called type expressions or object-types (or simply types). We use paren-
theses only when there is risk of ambiguity and in order to avoid proliferation of
parentheses we use t1⊗t2⊗· · ·⊗tn as an abbreviation for t1⊗(t2⊗(. . .⊗tn) . . . ).
In the sequel, for any finite subset C of CLASS we denote by TC the set of type
expressions generated by BASE and C. That is,

TC ::= BASE | C | TC ⊗ TC | set TC . (4)

Then we denote the empty sequence of types by unit, the set of all sequences of
TC excluding unit by T +

C , the set T +
C ∪ {unit} by T ∗C , and the set TC ∪ {unit}

by T uC . Thus, a sequence of types is determined in a unique way as r = t1 · · · tn,
where n > 0 and ti ∈ TC for all i (1 ≤ i ≤ n), or r = unit (n = 0). We omit the
subscript C whenever there is no possibility of confusion. The syntactic equality
of BASE and CLASS can be extended to TC , T +

C , T ∗C and T uC in an obvious way.

3.2 Object Database Schema

We consider two enumerable non-empty sets ATT (attribute names) and METH
(method names). We assume that ATT and METH are disjoint sets, endowed with
a syntactic equality =, and have no common elements with BASE and CLASS.

Definition 5 We say S = (C, isa, att,meth) is an object-oriented database
schema or an object schema (or a schema for short) if :

– C is a finite non-empty subset of CLASS,
– isa is a binary acyclic relation over C, and
– att : C×ATT→ TC and meth : C×METH×T ∗C → T uC are two partial functions
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such that for every c in C at least one of the three following sets isa(c), att(c)
or meth(c) is non-empty (i.e. att(c) ∪ isa(c) ∪meth(c) �= ∅).

isa(c) = {c′ | c isa c′}
att(c) = {(a, t) | att(c, a) = t}
meth(c) = {(m, r, t)| meth(c,m, r) = t}.

The pair (C, att) is said to be the structural schema, the pair (C,meth) the be-
havioral schema, and the relation isa the inheritance hierarchy. For each class
name c in C, (c, isa(c), att(c),meth(c)) is called a class of S with name c. Defi-
nition 5 implies that classes of a schema have distinct names. Thus, in a schema,
a class can be recognized by its name, and we shall do so in the sequel.
According to the usual notation in the object-oriented paradigm, we read c isa c′

as c inherits c′. The acyclic condition implies that isa is not symmetric. We say
inheritance is multiple if there is at least one class c which inherits two classes
c1 and c2 such that c1 and c2 are not comparable for the inheritance relation
isa, otherwise inheritance is said to be simple. Our definition of schema does
not impose any restrictions on inheritance. Simple inheritance as well as multi-
ple inheritance are allowed. The functionality of att in Definition 5 says that :
overloading attribute names in a class is not allowed.
Each (a, t) in att(c) is displayed as a : t and is called an attribute of c with name
a and type t. The functionality of att in Definition 5 means that ”overloading
of attributes is not allowed within a class”. However, this does not prevent two
attributes to be overloaded in two distinct classes. In other words, the unique
domain assumption of the relational model (condition 2) is satisfied within a
class, only. Therefore, an attribute (a, t) of a class c should be seen as (c, a, t) in
the whole schema. However, when no confusion is possible we identify an attri-
bute by its name.
Each (m, r, t) in meth(c) is displayed as m : t1t2 . . . tk → t (where r = t1t2 . . . tk)
and as m : → t (where r = unit), and is called a method of c with name m, rank
(or type parameter ) r, and type t. The pair (r, t) is the profile of the method.
Roughly speaking, methods represents parameterized computations or updates
over objects. Note that the rank and/or the type of a method can be the type
unit. A method whose rank is unit has no parameters and a method whose type
is unit has no result. The latter represents a computation with side-effects or an
output command. The functionality of meth in Definition 5 says that:

”two methods in a class can have the same name providing that they do
not have the same rank”.

However, this does not prevent two methods in distinct classes having the same
rank . Thus, overloading methods is a more sophisticated problem.
The last condition of Definition 5, namely att(c)∪isa(c)∪meth(c) �= ∅, says that
a class cannot be specified only by its name. It must have at least one attribute
or one method, otherwise it must inherit another class.
The above notation agrees with the semantics that we intend to introduce later
on. In this semantics, invoking a method on an object will correspond to calling
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a function or a procedure, a class will be viewed as a container of objects, and
an object will be recognized by its state and its behavior. The inheritance will
permit objects to inherit structure and behavior from other objects.Syntactic
Sugar

Our definition of schema and class is similar to the class declaration of most
object-oriented data models. In these models the declaration of a class looks like
the following, up to some syntactic conventions.

class c
inherits c1, . . . ,cm
attributes
a1 : t1, · · · , an : tn

methods
m1 : t11 . . . t

1
k1
→ t1,

...
mp : tp1 . . . t

p
kp
→ tp;

In our setting this corresponds to:
isa(c) = {c1, . . . , cm}
att(c) = {(a1, t1), . . . , (an, tn)}
meth(c) = {(m1, t

1
1...t

1
k1
, t1), ..., (mp, t

p
1...t

p
kp
, tk)}.

Therefore, a finite set of such declarations forms a schema iff the resulting binary
relation isa is acyclic, att and meth are functional and the last condition of
Definition 5 is satisfied (see Appendix A for a concrete example).

3.3 Hierarchical Consistency of an Object Database Schema

Subtyping

Let us denote by ≤isa the transitive and reflexive closure of isa. Since ≤isa is a
partial order we write c <isa c′ for (c ≤isa c′) ∧ (c �= c′) and we read c <isa c′

as c is a subclass of c′ or c′ is a superclass of c. The set of all super classes of
c is denoted super(c) and we write super∗(c) = super(c) ∪ {c}. Sets sub(c) and
sub∗(c) are defied similarly for subclasses.

Fact 1 If inheritance is simple then for any c and any property p the set {c |
p(c) ∧ (c ∈ super∗(c))} has a minimum, whenever it is not empty.

Indeed, in a simple inheritance super∗(c) is a chain for ≤isa.
The following extends the partial order ≤isa to a partial order  TC on all types.

Definition 6 The subtyping relation  TC on TC is defined recursively as follows:

1. if b is a basic type then b  TC b;
2. if c ≤isa c′ then c  TC c′;
3. if t  TC t′ then (set t)  TC (set t′);
4. if t1  TC t′1 and t2  TC t′2 then (t1 ⊗ t2)  TC t′1 ⊗ t′2;
5. t  TC t′ is defined only by rules 1-4.
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One can prove by structural recursion that  TC is a partial order. As usual t ≺ t′

abbreviates (t  t′)∧ (t �= t′). We read t ≺ t′ as ” t is a subtype of t′ ”. It is clear
that the above subtype ordering is deduced only from inheritance. Multiple and
simple subtyping can be defined in the same way as for inheritance. In practice,
basic types may also be endowed with a predefined and simple subtyping relation
≤BASE . To encompass such situations in our formalism, we can replace clause 1 of
the above definition by the following:

1. if b1 and b2 are basic types and b1 ≤BASE b2, then b1  TC b2.

However, for the rest of this paper we assume that  TC is given by Definition 6.

Fact 2 Let S = (C, isa, att,meth) be a schema. The subtype ordering  TC is
not necessarily simple even if the inheritance relation isa is simple.

The partial order  TC can be easily extended to a partial order  ∗TC on T ∗C by
setting unit  ∗TC unit, and t1 · · · tn  ∗TC t′1 · · · t′m iff n = m and ti  TC t′i for all
i, 1 ≤ i ≤ n. The restriction of  ∗TC to T uC is denoted by  uTC . In the sequel we
will refer to any of these order relations as subtype relations and we will omit the
subscripts when they are understood from the context. Note that our subtyping
relation is generated by isa and is different from the classical subtyping in object
programming languages. For example, in our setting t⊗ t′ is not a subtype of t
while in the classical subtyping relation t×t′ is a subtype of t. Another important
consequence of our subtyping is the following fact which can be proved easily by
structural recursion.

Fact 3 For any given type t, the set super(t) of super-types of t, and the set
sub(t) of subtypes of t are finite.

Overloading and Overriding Problems

An important concept in the object paradigm is overriding which is a particu-
lar case of our overloading. Roughly speaking, overriding consists of hiding an
attribute or a method of a class in a subclass by redefining it.

Definition 7 (Overriding) We say that an attribute a : t′ of a class c′ is
overridden in a class c if c is a subclass of c′ and there is an attribute a : t in
c. We say that a method m : r′ → t′ of a class c′ is overridden in a class c if
c ≤isa c′ and there is a method m : r → t in c such that r  ∗TC r′.

A method can be overridden more than once in a class. Thus, we have to provide
techniques for determining which one really hides the corresponding method in
the superclass. Our overriding concept is similar, but more general, to that of the
object-oriented model O2 [20]. In O2 it is not allowed to overload an overridden
method. In the object programming language JAVA [27] overriding is strong in the
sense that the two methods, in the class and in the subclass, must have the same
profile. The problem of overriding is a delicate and important problem in the
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object-oriented paradigm. Indeed, overridden methods can cause inconsistency
during binding and Definition 5 can lead to such inconsistency. To avoid such
inconsistecies some conditions have to be satisfied.

Definition 8 (covariance) The database schema S is said to satisfy the cova-
riance condition iff

1. for every attribute a : t′ in a class c′, if a : t′ is overridden as a : t in a class
c then t  t′, and

2. for every method m : r′ → t′ in a class c′, if m : r′ → t′ is overridden in the
class c as m : r → t then t  uTC t′.

Because of overloading, an attribute name is related to several types and a me-
thod name to several profiles. The covariance conditions say how these types or
profiles are related with subtype ordering. Covariance can be checked automati-
cally following Fact 3.
Let us define a partial order on the domain of partial function att : C×ATT→ TC ,
and a partial order on the domain of the partial functionmeth : C×METH×T ∗C →
T uC as follows:

(c, a) ≤C×ATT (c′, a′) ⇔ c ≤isa c′ and a = a′.
(c,m, r) ≤C×METH×T ∗C (c′,m′, r′) ⇔ c ≤isa c′ and m = m′ and r  ∗ r′.

Obviously, Definition 8 implies the following :

Fact 4 A schema S = (C, isa, att,meth) satisfies the covariance condition iff
the partial functions att : C × A → TC and meth : C × METH × T ∗C → T uC are
monotonic for the above ordered sets.

Derived Attributes and Derived Methods

Our definition of database schema allows us to use an attribute (or method) name
explicitly in several classes with probably different types (or different profiles)
in each class. The problem arises when an explicit attribute (or method) of a
superclass must be seen implicitly as an attribute (or a method) present in a
subclass. In other words, what are conditions allowing to derive attributes and
methods unambiguously. In what follows we shall answer this question formally.
To this end, we consider the following partial order over the set C × T ∗C

(c, r)  C×T ∗C (c′, r′)⇔ c ≤isa c′ and r  T ∗C r′

and then we define
super∗(c, a) = {c′ | (c′ ∈ super∗(c)) ∧ (∃t ∈ TC att(c′, a) = t}, and
super∗(c,m, r) = {(c′, r′) | (c, r)  C×T ∗C (c′, r′)∧ (∃t ∈ T uC meth(c′,m, r′) = t}.

An element of super∗(c, a) is either c or a superclass of c in which a is the name
of an attribute. An element of super∗(c,m, r) is either the pair (c, r) or a pair
(c′, r′) formed by a class name c′ ∈ super∗(c) in which m is the name of a method
with argument types r′ and r  T ∗C r′.
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Definition 9 (minimum condition) Let S be a schema. We say att satisfies
the minimum condition iff for each class c and each attribute name a occurring in
S, the subset super∗(c, a) has a minimum in the ordered set (C,≤isa), whenever
this subset is not empty. We say meth satisfies the minimum condition if for
each class c, each method name m and each sequence r of types occurring in S,
the subset super∗(c,m, r) has a minimum in the ordered set (C ×T ∗C , ≤C×T ∗C ),
whenever this subset is not empty. The schema S satisfies the minimum condition
if att and meth satisfy this condition.

Since super∗(c, a) and super∗(c,m, r) are finite sets, the minimum conditions can
be checked automatically. When these minimums exist we write ResA(c, a) =
min(super∗(c, a)) and ResM(c,m, r) = min(super∗(c,m, r)) and we call them
the resolution of a in c and the resolution of m in c with respect to r, respectively.
The resolution technique allows us to compute the type of a derived attribute
or method. Indeed, if ResA(c, a) = c′ then there is an attribute a : t′ in c′ and
c ≤TC c′. If c′ = c then a : t′ is explicitly defined in c too, that is att(c, a) =
t′. Otherwise, att(c, a) is not defined explicitly, but a : t′ may be seen as an
implicit (hidden or derived) attribute of c. We can extend att to (c, a) by defining
att(c, a) = t′. In a similar way, if ResM(c,m, r) = (c′, r′) then there is a method
m : r′ → t′ in c′. Then, either (c, r) = (c′, r′) and m : r′ → t′ is an explicit
method in c that is meth(c,m, r′) = t′, or m : r′ → t′ is a derived method in c
and we can define meth(c,m, r′) = t′. Therefore, when the schema satisfies the
minimum condition the following rules extend the functions att and meth to all
derived attributes and derived methods, respectively:

ResA(a, c) = c′ att(c′, a) = t′

att(c, a) = t′
(5)

ResM(m, c, r) = (c′, r′) meth(c′,m, r′) = t′

meth(c,m, r) = t′
(6)

That is, att : C × ATT → TC and meth : C × METH × T ∗C → T uC are two partial
functions more defined than att and meth, respectively.

Fact 5 If inheritance is simple then att satisfies the minimum condition. Howe-
ver, meth may not satisfy the minimum condition even if inheritance is simple.

Definition 10 We say a schema S = (C, isa, att,meth) is hierarchically consi-
stent if it satisfies the covariant and the minimum condition.

Hierarchical consistency says how the inheritance relation of a schema has to
operate on attributes and methods. In other words, it says how an attribute
or method of a class can be considered as an attribute or as a method in its
subclasses unambiguously. Checking inheritance can be done automatically.

Theorem 1 If S = (C, isa, att,meth) is a hierarchically consistent schema then
S = (C, isa, att,meth) is also a hierarchically consistent schema that we call the
closure of S. Moreover, (S) = S.
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3.4 Object-Oriented Databases

Semantics of Types

As we have seen earlier, a type is either the unit type or an expression built-up
from basic types and class names using the constructors ⊗ and set. From now
on, we assume bool is the name of a basic type. We will interpret each type t by
a set [[t]]. To this end, we interpret each basic type t by an enumerable set [[t]] seen
as the concrete type of t. Concrete types are assumed to be pairwise disjoint. We
consider a special non-empty enumerable set Oid and a special symbol ⊥. We
assume that Oid is disjoint from all other basic concrete types, and the symbol ⊥
denotes neither an element of a basic type nor an element of Oid.2 We will denote
the usual cartesian product by × and the usual cartesian co-product (i.e. disjoint
union) by +. To simplify the description, we define [[t]] and an intermediate set
[[t]]⊥ recursively as follows :

– [[unit]] = {⊥} and [[bool]] = [[unit]] + [[unit]].
– For any basic type b, [[b]]⊥ = [[b]] + [[unit]], and [[unit]]⊥ = [[unit]] + [[unit]].
– For any class name c, [[c]] = Oid and [[c]]⊥ = [[c]] + [[unit]].
–

[[t1 ⊗ · · · ⊗ tn]]⊥ = [[t1]]⊥ × · · · × [[tn]]⊥, n ≥ 1 (7)

–

[[t1 ⊗ · · · ⊗ tn]] = [[t1 ⊗ · · · ⊗ tn]]⊥\[[unit]]n, n ≥ 1 (8)

–

[[set t]] = Pf ([[t]]) and [[set t]]⊥ = [[set t]] + [[unit]] (9)

where [[unit]]n = (

n times
︷ ︸︸ ︷
⊥, · · · ,⊥), and Pf ([[t]]) denotes the set of finite subsets of [[t]].

As usual v : t means v is a value of type t. Values of concrete types are cal-
led observable values, those of Oid non-observable values or object identities,
and ⊥ is called the null value. Later on we shall see another role of the sym-
bol ⊥ which will express the undefinedness of functions. It is clear that [[bool]]
has two elements that we denote by true and false. It is important to note
that the semantics of ⊗ is not the usual cartesian product semantics. For ex-
ample, [[t1 ⊗ t2]] = [[t1]] × [[t2]] + [[t1]] × [[unit]] + [[unit]] × [[t2]]. 3 As a result, if
v = (v1, · · · , vn) ∈ [[t1⊗· · · tn]] then only some (but not all) components of v may
be ⊥. This implies that the pair (v1, v2) may have several types. For example,
(⊥, 1) is a value of type bool ⊗ int as well as a value of type int ⊗ int. Since
[[unit]]n & [[unit]] (& means isomorphic to) the above definition implies that:

2 The assumption that all these sets are pairwise disjoint is not necessary if we ensure
that they have distinct names. In fact a concrete type is accompanied with its name.

3 Nevertheless, ⊗ is a product in the sense of category theory, a subject which is
deliberately not discussed in this paper.
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[[t]]⊥ = [[t]] + [[unit]] , [[t]] = [[t′]] iff [[t]]⊥ = [[t′]]⊥
[[t1 ⊗ t2]]⊥ & [[t1]]⊥ × [[t2]]⊥.

We will use this isomorphism, especially when we compare a value v with ⊥.

Semantics of Inheritance and Subtyping

An object identity has to identify a real world object. However, at the very
outset, it cannot determine the nature of the real world object it represents.
Indeed, all classes are interpreted as Oid, so even if two classes are related by
inheritance, they have the same semantics. Moreover, the subtyping relation  TC
being induced only by the inheritance relation, we have that:

If t1  t2 then [[t1]] = [[t2]], for any types t1 and t2.

This is a rather unpleasant result, and proves that more information is needed
for associating types and values. In object databases and in object programming
languages objects are assigned to classes (for instance by the procedure new).
These kinds of assignments reduce the possible types of a value.

Definition 11 Let C be a finite set of class names. An object classification
function over C is any function γ : C → Pf (Oid) such that γ(c) ∩ γ(c′) = ∅
when c �= c′. An object (identity) o is said to be γ-classified in c if o ∈ γ(c).

With this definition, there might be classes in which no objects are classified and
there might be objects which are not classified in any class. Clearly, classification
of objects is independent of inheritance and subtyping. The operation new of
most object-oriented systems is similar to our classification function, that is,
o := new(c) classifies a new o in c.
In a hierarchical system it is desirable to access a value of a class even if that
value is not classified in that class, but in one of its subclasses. We say an
object o is γ-identifiable in a class c iff o is γ-classified in one of its subclasses.
γ-identification defines a function [[]]γ : C → Pf (Oid) by [[c]]γ =

⋃

c′≤isac
γ(c′).

Denoting the set of all values by Val =
⋃

t∈T uC
[[t]], this function can be naturally

extended as a function [[]]γ : T uC → Pf (Val) as follows:

– [[t]]γ = [[t]], if t ∈ BASE or t = unit;
– [[(set t)]]γ = Pf ([[(t)]]γ), for every type t ∈ TC , and
– [[t1 ⊗ · · · ⊗ tn]]γ = {(v1, · · · , vn) | (v1, · · · , vn) ∈ [[t1 ⊗ · · · ⊗ tn]]∧

∀i ≥ 1 vi ∈ [[ti]]
γ
⊥}.

We see [[t]]γ as the semantics of the type t with respect to γ.

Theorem 2 For any classification function γ and all types t and t′, if t  T uC t′

then [[t]]γ ⊆ [[t′]]γ .
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This Theorem states that:

With respect to a classification function the semantics of the subtyping
relation (and in particular the semantics of the inheritance relation) is
the set inclusion.

Nevertheless, even with a classification function γ, a value which is γ-identifiable
in a type t could be γ-identifiable in some other types too. The question arises as
to whether we could push one of these types ahead. This is the typical problem
of object databases and object programming in which the static, declared type
of a variable may be different from its dynamic, run-time type. The latter must
be a subtype of the former, a property known as type-safety. In our approach,
the subtype order is generated from inheritance. The dynamic type of a value
is the most specific type in which that value is γ-identifiabe. The algorithm for
computing the most specific type is given formally in the following definition.

Definition 12 Let v : t and v ∈ [[t]]γ . The most specific type of v with respect
to t, denoted mst(v : t), is defined recursively as follows:

– mst(v : b) = b if b is a basic type or b is unit,
– mst(v : t) = c if t is a class name and c is the name of the class in which v

is γ-classified,
– mst((v1, · · · , vn) : t1 ⊗ · · · ⊗ tn) = t′1 ⊗ · · · ⊗ t′n (n ≥ 2), where

t′i =
{
ti if vi = ⊥
mst(vi : ti) otherwise

– mst(v : set t) =
{
lub{mst(vi : t) | 1 ≤ i ≤ n}, if lub exists
set t otherwise.

where v = {v1, · · · , vn}.

In the above lub refers to least upper bound in the ordered set (T uC , T uC ) . In
fact the definition is independent of γ, and we can consider v ∈ [[t]], instead of
v ∈ [[t]]γ . However, the definition depends on inheritance.

Theorem 3 For every type t and every v : t, mst(v : t) exists and is unique,
moreover mst(v : t)  TC t.

Object Database Instance

Roughly speaking, an object database instance over an object database schema S
consists of giving an interpretation of S, in a ”semantic universe”. Our semantic
universe is the universe of partial functions. An important requirement in an
object-oriented database is that the semantics has to be close to the meaning
of the real world objects. Each real object has a state and a behavior. The
state is the concrete object and the behavior is the set of allowed computations
on the state. State and behavior are defined, respectively, by attributes and
methods. We assume that classified object identities represent actually the real
world stored objects. Thus, we have to interpret attributes and methods. This
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interpretation must take into account the above semantics of inheritance and
subtyping. It must also support overriding. We interpret each derived attribute
of a class c by a function defined on all objects classified in c. These functions are
given by extension (i.e. by their graphs) and are supposed to be stored. They
form a state of the database schema. Interpreting the behavioral schema is a
more sophisticated problem. We have to associate each specified method with a
calculation. To do this we need a language for coding methods. Coding methods
can be realized in two ways:

– either by considering a traditional programming language like C, C++, or
– by designing a special language.

In the first case the programming language may have to be enriched with fea-
tures supporting persistent and abstract types. Most objected-oriented database
systems to date have chosen this route. We believe that, contrary to object
programming languages, methods in object-oriented databases are simple calcu-
lations and operate only on concrete stored objects. Thus, we do not need a so-
phisticated programming language for coding methods. Moreover, methods and
query languages must be able to manipulate null values (i.e. unknown values),
and most classical languages lack this feature. Similarly to relational commercial
query languages, simple calculations are also needed for querying. As a result a
special and simple language L will have to be designed in Section 5. This langu-
age will serve to code methods and to assist the query language. Thus, it must
support the type system presented in this paper. In fact L will be designed over
a hierarchically consistent database schema. If m : t1 · · · tn → t is a method in a
class c, it will be implemented as a program in L with profile c⊗ t1⊗· · ·⊗ tn → t
(recall that procedures are seen as functions with type unit). In what follows we
consider a hierarchically consistent database schema S = (C, isa, att,meth) and
such a language L over S.
Definition 13 An object-oriented database instance over the object-oriented da-
tabase schema S and the language L is a tuple I = ([[]], γ, α, µ) such that

– [[]] is a type interpretation function and γ is a classification function over C,
– α is a function that associates each attribute (c, a, t) in S with a function

acγ : γ(c)→ [[t]]γ⊥,
– µ is a function that associates each method (m, t1 · · · tn, t) ∈ meth(c) in S

with a label ι ∈ {u, s, d, ds} and a program mc,r
ι,γ : c ⊗ r → t in L, where

r = t1⊗ . . .⊗ tn. The label ι is u whenever m is a method with side effect.

The label ι indicates the kind of the method or its evaluation mode (u stands
for update, s for static, d for dynamic, and ds for dynamic-static, see Section 5.3).
Now, an object database over BASE, C, ATT and METH consists of a type system
over BASE and C, a hierarchically consistent database schema S over that type
system, and a database instance I over that schema. We say ([[]], γ, α) is the state
and ([[]], γ, µ) is the behaviour of the database δ = (S, I). The definition says
that each derived attribute of a class must be implemented, but only explicitly
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specified methods of the class need to be implemented. The definition ensures
that attributes cannot refer to objects outside the database instance. This is, in
some way, the counterpart of a foreign key constraint in the relational language
SQL. The superscripts indicate that the interpretation of an attribute depends
on the class c in which that attribute is specified, while the interpretation of a
method depends on c and on the type r of arguments of the specified method.
The subscript γ in acγ and mc,r

ι,γ indicates that they depend on γ. The subscript ι
says that the semantics of m depends on the evaluation mode (see Section 5.3).
In fact, we will see, more precisely, that acγ depends on c, γ and [[]]; while mc,r

ι,γ

depends on c, r, γ, [[]] and α.
We refer to the above definition of object database instance as the attributes-

as-functions approach. Let us give a comparison of this definition with the defi-
nition of relational database instance seen in Section 2, namely the ”tuples-as-
functions” approach. For any o ∈ γ(c) let vi = a c

iγ
(o) and define the function

v : {a1, · · · , an} →
⋃

1≤i≤n
[[ti]]

γ
⊥ by v(ai) = vi (i = 1, · · · , n). The function v is the

counterpart of what we called a tuple in the relational model. The pair õ = (o, v)
is called an object of c. The tuple v is the value of this object and o is its identity.
Let us call a finite set of objects of c an extension of c. The set δcγ = {õ | o ∈ γ(c)}
is an extension of c. If we denote the set of extensions of c by Ẽxt(c) then the
state ([[]], γ, α) in Definition 13 defines a function α̃ : C → ⋃

c∈C
Ẽxt(c) such that

α̃(c) = δcγ . This function α̃ is the counterpart of the function α in Definition 2
of relational database instance.
We claim that, in a theoretical point of view, the ”attributes-as-functions” ap-
proach presented in this section is more convenient for object oriented models,
as it allows to deal with attribute and methods at the same level and from an
algebraic view point (see Section 5).
For any class c we give a relational-like tabular representation of (c, att(c), α̃(c))
as shown in our concrete example in Appendix A. In this representation c is the
name of the table, att(c) its heading row and α̃(c) the set of other rows.

4 An Algebraic Query Language for the Object Model

As we have seen earlier querying a database consists of extracting data from
the database. These data represents the answer to a query on the real world
objects. In the relational model, a query is specified and evaluated as an algebraic
expression. Each query has a schema and the result of the evaluation of a query
is an extension (a set of data) over its schema. For defining an algebraic query
language for our object model we shall follow the same lines.

4.1 Query Specification

In the relational algebra each query q is associated with a set of attributes
att∗(q), called the query schema. The relational algebra, however, is unable to
deal even with simple computations over data. In object models it is desirable
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that a query language manipulates computations over data. For instance, this
is the case in the proposed standard language OQL [9]. In our framework, we see
a computation as a functional program in the language L (we mean a program
whose type is not unit). In the sequel such a program is called a functional
term. At the syntactic level a functional term is seen as a function f : t1 → t2
where t1 ∈ T uC but t2 ∈ TC . For example, side effect free methods are functional
terms. In fact, as we shall see in Section 5, functional terms are expressions of an
algebra. This algebra is generated by the type system and by other information
in the database. In what concerns the query language, we assume that methods
are side effect free. That is :

for each method m : t1 · · · tn → t the type t is not unit.

Since overloading attributes and methods is allowed in an object schema and
since computations can be used in queries we can not determine a schema for
a query, as we did in the relational model. On the other hand, a query will
be accompanied with a type called its support. The support of a query is the
type of values belonging to its answer. The support of a query should not be
confused with the type of the query. In this paper, we do not discuss the type of
a query. Thus, support defines a function supp : Q→ TC , where Q is the set of
all query expressions and TC is the set of all type expressions. In the following
we consider a hierarchically consistent database schema S = (C, isa, att,meth)
and its closure S = (C, isa, att,meth).

Definition 14 The set Q of queries and the function supp : Q → TC are defined
recursively as follows:

– if c ∈ C then c ∈ Q and supp(c) = c,
– if q ∈ Q and f : supp(q) → t is a functional term then map(f, q) ∈ Q and

supp(map(f, q)) = t,
– if q ∈ Q and f : supp(q) → bool is a functional term (a condition over

supp(q)) then q[f ] ∈ Q and supp(q[f ]) = supp(q),
– if q ∈ Q and f : supp(q) → t1 and g : supp(q) → t2 are functional terms

then group(f, g, q) ∈ Q and supp(group(f, g, q)) = t1 ⊗ (set t2),
– if q ∈ Q and f : supp(q)→ set t is a functional term then ungroup(f, q) ∈ Q

and supp(ungroup(f, q)) = supp(q)⊗ t,
– if q1 ∈ Q and q2 ∈ Q then q1 × q2 ∈ Q and supp(q1 × q2) = supp(q1) ⊗

supp(q2),
– if q1 ∈ Q and q2 ∈ Q and supp(q1) = supp(q2) = t then q1 ∪ q2 ∈ Q,

q1−q2 ∈ Q and supp(q1 ∪ q2) = supp(q1−q2) = t,
– the only elements of Q are those obtained as above.

Note that the above definition uses the schema S and functional terms, only.
The operations map(-, -), -[-], group(-, -, -), ungroup(-, -), -× -, -∪
- and - − - are called mapping, selection, grouping, ungrouping, product,
union and difference, respectively. They form a partial (universal) algebra
that we call the object algebra.
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Before giving the formal evaluation process of this query language let us see
roughly its similarity with the relational algebra and its usual extensions. The
operation map is a generalization of the projection operation as defined on the re-
lational algebra, nested relational algebra and complex object algebra [29], [28],
[2]. The projection is obtained when f is the projection function of a product
type on some of its components. But in a more general setting f can contain
path expressions using attributes or methods. The selection operation genera-
lizes the selection operation as defined in the relational and nested relational
models. Indeed, in q[f ] the function f can be a simple relational like condition
or a more sophisticated condition using path expressions. The operation group
gives a uniform formalization of the nesting operation ν of the nested relatio-
nal model and the operation group by of SQL or OQL. The operation ungroup
generalizes the unnesting operation µ of the nested relational model as well as
those queries of OQL which perform an iteration in the clause from over a multi-
value attribute (for instance in our example select ... from x in Stud, y
in x.takes where ...). Operations product, union and difference genera-
lize similar set-operations for the relational model and its extensions. Our object
algebra has the closure property in the sense that query may itself be an argu-
ment of an operation (see Appendix A for concrete examples).

4.2 Query Evaluation

Evaluating a query q over a database instance I = ([[]], γ, α, µ) of S consists of
extracting a particular finite subset of [[supp(q)]]γ that we call the answer to q. For
each type t let us denote the set Pf ([[t]]γ) by Ext(t). Then the evaluation process
consists of defining a convenient function α∗ : Q → ⋃

q∈Q
Ext(supp(q)), such that

α∗(q) ∈ Ext(supp(q)). This function α∗ is the counterpart of the function α∗ in
Section 2 for the relational model. In order to define α∗ we need to know how
a functional term is evaluated. Because of subtyping and overloading the same
functional term f (meaning the same algebraic expression) may be typed in
different way. However, in the context of a query this kind of ambiguity can not
happen. The rules for construction of functional terms and their semantics, as we
will define them in Section 5, allow us to see each functional term f : t1 → t2 at
the semantic level as a function [[f ]][[t1]]

δ : [[t1]]γ → [[t2]]
γ
⊥. The notation indicates

that this semantics depends on the semantics of type t1 and on the database
instance δ = (S, I). In fact, the type t2 ”is inferred” from t1 and f (see Section
5).

Definition 15 The evaluation function α∗ : Q → ⋃
q∈Q

Ext(supp(q)) is defined

recursively as follows :
- ∀ c ∈ C, α∗(c) = [[c]]γ =

⋃

c′≤isac
γ(c′)

- α∗(map(f, q)) = {[[f ]][[t]]δ (x) | (x ∈ α∗(q)) ∧ ([[f ]][[t]]δ (x) �= ⊥)},
- α∗(q[f ]) = {[[f ]][[t]]δ (x) | (x ∈ α∗(q)) ∧ [[f ]][[t]]δ (x)},
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- α∗(group(f, g, q)) = {([[f ]][[t]]δ (x), G) | x ∈ α∗(q) ∧ (G = {[[g]][[t]]δ (y) |
y ∈ α∗(q) ∧ ([[g]][[t]]δ (y) �= ⊥)}},

- α∗(ungroup(f, g, q)) = {(x, y) | x ∈ α∗(q)∧([[f ]][[t]]δ (x) �= ⊥)∧(y ∈ [[f ]][[t]]δ (x))},
- α∗(q1 × q2) = α∗(q1)× α∗(q2),
- α∗(q1 ∪ q2) = α∗(q1) ∪ (q2) and α∗(q1−q2) = α∗(q1)\α∗(q2),

where t = supp(q) and f and g are typed as in Definition 14.

Since the database is finite the evaluation of any query provides a finite set of
tuples. Moreover, at least one of the components of each tuple is not the null
value ⊥. This is due to our semantics of ⊗ which is not the cartesian product.
The first clause above is the basis of recursion. It ensures α∗(q) ∈ Ext(supp(q)),
for each query q. Thus, α∗ defines a function from Q to

⋃
q∈Q

Ext(supp(q)) (See

Appendix A for concrete examples).

5 Functional Terms : Syntax and Semantics

Recall that a database schema S = (C, isa, att,meth) and its closure S =
(C, isa, att,meth) are defined over a type system. This type system is built-
up over basic types and a finite set C of class names. Basic types are usually
accompanied with predefined operations. In this Section we will construct the
syntax of our language L over a hierarchically consistent schema S, and the
semantics of L with respect to a database δ over S. Terms of this language are
called functional terms. At the semantic level each functional term e is inter-
preted as a partial function. Therefore, we display e at the syntactic level as
e : t→ t′. The type t ranges over T uC while t′ ranges over TC .

5.1 Syntax of Functional Terms

The following rules construct functional terms from some constant terms, attri-
butes and methods declared in the schema S.

(category)
id : t→ t

e : t→ t′ f : t′ → t”
e.f : t→ t”

(product)
fst : t1 ⊗ t2 → t1 snd : t1 ⊗ t2 → t2

e1 : t→ t1 e2 : t→ t2
< e1, e2 >: t→ t1 ⊗ t2

(partiality)
f : t→ t′

isnul(f) : t→ bool undeft : unit→ t ter : t→ unit

(basic types)
v : b

v : unit→ b

op : b1 · · · bn → b

op : b1 ⊗ · · · ⊗ bn → b
b, b1, · · · , bn ∈BASE

(conditional)
if − then− else− : bool ⊗ t⊗ t→ t

(database)
att(c, a) = t

ac : c→ t

t  t′

subt,t
′
: t→ t′

c ∈ C, a ∈ATT
meth(c,m, r) = t
mc,r
ι : c⊗ r → t

ι ∈ {s, d, ds}, c ∈ C, m ∈ METH, r ∈ T ∗C
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In the rules above, b is a basic type and op is a usual operation on basic types
(which supposed to be predefined). Functional terms are expressions obtained
from the above rules. The same functional term e may have different sources or
different targets, because of overloading methods and attributes. However, the
following fact implies that there is no confusion.

Fact 6 There is only one functional term with the same expression and the same
source, that is if e1 : t1 → t2 and e′1 : t′1 → t′2 are two functional terms such that
e1 = e′1 (syntactically) and t1 = t′1 (syntactically) then t′2 = t2 (syntactically).

Proof : By structural recursion.

5.2 Semantics of Functional Terms

Let Set be the usual category of sets and (total) functions with its usual car-
tesian product ”×” and its usual co-product ”+” (disjoint union). We denote
by < , > and [ , ] the pairing and co-paring combinators in this category,
respectively. Therefore, for functions f : a → b and g : a → c the function
< f, g >: a→ b× c is defined by < f, g > (x) = (f(x), g(x)). Similarly, for fun-
ctions h : a → c and k : b → c the function [h, k] is defined by [h, k](x) = h(x)
when x ∈ a and by [h, k](x) = k(x) when x ∈ b. Projections of a × b are de-
noted pra,b1 and pra,b2 , and co-projections of a + b are denoted ina,b1 and ina,b2 .
If f : a → b and g : c → d then < f ◦ pra,c1 , g ◦ pra,c2 > is denoted f × g and
[inb,d1 ◦ f, inb,d2 ◦ g] is denoted f + g. The above notations can be generalized for
a product or sum of n factors, mutatis-mutandis
For any set a, we denote the set a+{⊥} by a⊥ and the co-projections of a+{⊥}
by lefta : a→ a⊥ and righta : {⊥} → a⊥. Each u : a→ b⊥ defines the function
ext u = [u, rightb] : a⊥ → b⊥. In fact, the function ext u extends u to ⊥ by
(ext u)(⊥) = ⊥. If x is an element of a set a we have a function ṽ : {⊥} → a de-
fined by ṽ(⊥) = v. For instance, t̃rue : {⊥} → bool and f̃alse : {⊥} → bool re-
present truth values functionally. There is also a unique function t̃er

a
: a→ {⊥}.

If a ⊆ b then the inclusion function is denoted incla,b : a ↪→ b.
Given an object database δ we will define a function [[]]δ which interprets each
functional term as a partial function. But, in this section a partial function f∗

from a to b will be seen as a usual function f : a→ b⊥ where f(x) = ⊥ means f∗

is not defined in x. Now, let I = ([[]], γ, α, µ) be a database instance over S. The
semantics of functional terms with respect to a database instance δ = (S, I) is
defined as in the boxes below.

[[if − then− else−]]t2δ = [[[fst]]t2 ◦ sndbool,[[t2]]γ , [[snd]]t2 ◦ sndbool,[[t2]]γ ]

+[[undeft]] ◦ t̃er[[unit]],[[t2]]γ

+t̃er
[[unit]],[[unit]]×[[unit]]

: bool ⊗ t⊗ t→ t
where t1 = [[bool ⊗ t⊗ t]], t2 = [[t⊗ t]]
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[[id]][[t]]δ = left[[t]]
γ

: [[t]]γ → [[t]]γ⊥
[[e.f ]][[t]]δ = ext([[f ]][[t]]δ ) ◦ [[e]][[t]]δ : [[t]]γ → [[t”]]γ⊥
[[fst]][[t1⊗t2]]

δ = [pr[[t1]]γ ,[[t2]]γ

1 , pr
[[t1]]γ ,[[unit]]γ

1 ] + pr[[unit]]γ ,[[t2]]γ

1 : [[t1 ⊗ t2]]γ → [[t1]]γ⊥
[[snd]][[t1⊗t2]]

δ = [pr[[t1]]γ ,[[t2]]γ

2 , pr
[[unit]]γ ,[[t2]]γ

2 ] + pr[[t1]]γ ,[[unit]]γ

2 : [[t1 ⊗ t2]]γ → [[t2]]γ⊥
[[< e1, e2 >]]

[[t]]
δ = < [[e1]]

[[t]]
δ , [[e2]]

[[t]]
δ >: [[t]]γ → [[t1 ⊗ t2]]γ⊥

[[isnull(f)]][[t]]δ = (left[[bool]] ◦ [t̃rue ◦ t̃er[[t]]γ
, f̃alse] ◦ [[f ]][[t]]δ ) : [[t]]γ → [[bool]]γ⊥

[[undeft]]
[[unit]]
δ = right[[t]]

γ

: [[unit]]γ → [[t]]γ⊥
[[ter]][[t]]δ = (left[[unit]]

γ ◦ t̃er[[t]]γ
) : [[t]]γ → [[unit]]γ⊥

[[v]][[c]]δ = ṽ : [[unit]]γ → [[b]]γ⊥,
[[subt,t

′
]][[t]]δ = incl[[t]]

γ ,[[t′]]γ⊥ : [[t]]γ ↪→ [[t′]]γ⊥
[[op]][[b1⊗···⊗bn]]

δ = < left[[b]] ◦ [[op]], ν2, · · · , νk >: [[b1 ⊗ · · · ⊗ bn]]γ → [[b]]γ⊥

[[ac]][[c]]δ (x) =




(ext([[subt

′,t]][[t′]]) ◦ ac′δ )(x) if x ∈ γ(c′), c′ ≤isa c,
and att(c′, a) = t′

⊥ otherwise

Some clauses of this semantics need to be clarified.
The definition [[if − then− else−]]bool⊗t⊗t says that:

- if the first argument is true, then the result is the second argument,
- if the first argument is false, then the result is the third argument,
- if the first argument is ⊥, then the result is ⊥ too.

In [[op]][[b1⊗···bn]]
δ , by definition of the semantics of ⊗ the set [[b1 ⊗ · · · ⊗ bn]] is a

sum of k = 2n−1 factors. Each of these factors is a usual product of n sets from
[[b1]], · · · , [[bn]], [[unit]] excluding [[unit]]n. The first factor is [[b1]] × · · · × [[bn]]. We
denote νi = right[[b]]◦t̃erNi whereNi is one of the other factors. The usual seman-
tics of the basic operation op is seen as a function [[op]] : [[b1]]× · · · × [[bn]]→ [[b]].
More precisely, [[op]]b1⊗···⊗bn is defined as [[op]] whenever non of its arguments is
⊥ and is undefined otherwise.
In [[ac]]cδ, if c

′ ≤isa c and att(c′, a) = t′ then t′  t (by covariance), ac
′
γ : γ(c′)→

[[t′]]γ⊥ (by definition of δ), and [[subt
′,t]][[t

′]] : [[t′]]γ → [[t]]γ⊥. Thus, [[a
c]][[c]]δ is a well-

defined function. It is not difficult (but tedious) to write [[ac]][[c]]δ with categorical
combinators.
To complete the semantics we have to define [[mc,r

iota]] which needs more detailed
explanations. Indeed, the semantics of a method depends on the chosen evalua-
tion mode as explained in the next subsection.

5.3 Evaluation Modes for Methods

In a schema, a method name m can appear in many classes or several times
in the same class. In the database instance each occurrence of m is associated
with a functional term. Invoking a method m on an argument w needs binding
one of these functional terms to w. The functional term which must be bound
depends on the evaluation mode we choose. As mentioned earlier, the database
instance associates each method m : r → t , in a class c, with a functional term
mc,r
ι,γ : c ⊗ r → t where r = t1 ⊗ · · · ⊗ tn. We write a value of c ⊗ r as (o, v)

where v = (v1, · · · , vn). The problem is how to evaluate m on (o, v), namely
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o.m(v)? We will see two kinds of binding which include the binding modes of
object programming languages especially C++ and Java. Indicating the binding
mode we will denote the name m of a method by mι where ι ∈ {s, d, ds} (s for
static, d for dynamic, ds for dynamic-static).

Early Binding or Static Evaluation

The type of an object in this mode is its static type (declared type), which is
known at compile time. Let (o, v) : c ⊗ r and (o, v) ∈ [[c ⊗ r]]γ . For an explicit
method m : r → t in c we define o.ms(v) = [[mc,r

s,γ ]]
[[c⊗r]]
δ (o, v). In particular, if o is

not γ-identifiable in c or if v is not γ-identifiable in r then o.ms(v) = ⊥. If m is
a derived method in c then by hierarchical consistency ResM(c,m, r) = (c′, r′),
c⊗r  TC c′⊗r′ and m : r′ → t is an explicit method in c′. In this case we define
o.ms(v) = ext(mc′,r′

δ )◦ [[subc⊗r,c′⊗r′ ]]c⊗rδ . It is clear that (o, v) )→ o.ms(v) defines
a function from [[c⊗ r]]γ to [[t]]⊥ that we denote by [[mc,r

s ]][[c⊗r]]δ . This function is
the semantics of mc,r

s for the early binding mode.

Late Binding or Dynamic Evaluation

The type of an object in this mode is its dynamic type, that we called the most
specific type (Section 3.4). In object programming languages there are two main
dynamic binding modes, namely multiple dispatching and simple dispatching.

Multiple Dispatching : Consider an explicit or derived method m : r → t in
c and a value (o, v) : c⊗ r. Define the value o.md(v) by the following algorithm:

if o is not γ-identifiable in c or v is not γ-identifiable in r
then

o.md(v) = ⊥
else

(c1, r1) = mst((o, v) : c⊗ r)
(c2, r2) = ResM(c1,m, r1)
o.md(v) = [[mc2,r2

d,γ ]][[c2⊗r2]](o, v).

Fact 7 The assignment (o, v) )→ o.md(v) defined by the above algorithm gives a
well-defined function [[mc,r

d ]][[c⊗r]]δ : [[c⊗r]]γ → [[t]]γ⊥. This function is the semantics
of mc,r

d for the late binding mode with multiple dispatching.

This fact says that multiple dispatching is type-safe, meaning, it doesn’t cause
type errors in run time. However, rare are the object programming languages
that use this mode. The reason is the high cost of resolution of overloading
problems. We believe that in object database systems this mode is the most
appropriate. Indeed, in object databases the schema evolves less quickly than
in programming languages. Thus, we can store the whole closure of a schema
which contains all information for binding. Moreover, run time errors in a data-
base context fires the heavy artillery of crash recovery and database restoration.
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Single Dispatching : In this mode evaluating o.mds(v) needs the dynamic
type of o but the static type of v. In our approach the value o.mds(v) is defined
by the following algorithm :

if o is not γ-identifiable in c or v is not γ-identifiable in r
then

o.mds(v) = ⊥
else

(c1, r1) = ResM(c,m, r)
c2 = mst(o : c)
(c3, r3) = ResM(c2,m, r1)
o.mds(v) = [[mc3,r3

ds ]][[c3⊗r3]](o, v).

Fact 8 The assignment (o, v) )→ o.mds(v) defined by the above algorithm gives a
well-defined function [[mc,r

ds ]]
[[c⊗r]]
δ : [[c⊗r]]γ → [[t]]γ⊥. This function is the semantics

of mc,r
ds for the late binding mode with single dispatching .

Other kinds of late binding may be considered. Instead of taking static types
for v we can imagine to consider dynamic types for some components of v and
static types for others.

Binding Modes in other Models : Alternative strategies for early or late
binding exist in most object languages and systems.

– In O2 [20] early binding depends only on the static type of the invoking
object. Late binding in O2 depends only on the dynamic type of the invoking
object. Ignoring dynamic and static types of parameters seems to be the
source of some run time errors in O2.

– In Java the default mode is late binding. The keyword FINAL enforces the
static mode. The early binding mode of JAVA seems be the same as ours,
but late binding is the single dispatching mode. That is, it depends on the
dynamic type of the invoking object and on the static types of the parameters
( see [27] for examples).

– In C++ the default mode is static binding. The keyword VIRTUAL enforces
dynamic binding. Like JAVA, C++ ignores dynamic types of parameters.

6 Related Works

A data model with a clear separation between schema and state is introduced in
[22], [24] and carried on in [23] and [30]. The main characteristic of these works
is their algebraic aspect. The schema is defined similar to an algebraic specifica-
tion of data types and the database state as an algebra of that specification. An
algebraic query language for this model has been sketched in [23] and further
developed in [30]. The present work completes and enrich the latter and gives
more formalization.
Our work is influenced by two other approaches : the approach adopted in the
database system O2 [20], [4] and work in connection with collection types [7], [5],
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[6], [13], [12]. The first approach resulted in the proposal of ODL model and the
language OQL by the ODMG group [9], [10], [11]. It allowed to point out the basic
operations on objects and to better understand the border between object data-
bases and object programming languages. The second approach allowed to see
the similarity of techniques from databases and from functional programming.
The main idea of the approach presented in [7], [5], [6] is to enrich the functio-
nal programming language techniques with facilities which allow to manipulate
collections. The approach proposes an algebra and a calculus. The algebra ma-
nipulates total functions only. As a result the approach cannot deal with null
values. In contrast to this approach, ours uses partial functions and includes
null values, which is quite typical in practical applications. Some of our rules for
defining the language L in Section 5.1 are similar to their rules. However, our
semantics of these rules are completely different.
The same idea of collection types in terms of an algebraic structure, called mo-
noid, is introduced in [13], [12]. In this approach a type is a monoid and a query
is a monoid homomorphism. As a consequence this approach captures multiple
collections in the same database. In the query language a value null appears,
however it is not clear what its semantics is and how it can appear at the schema
level. In contrast, the approach of [13], [12] enables to manipulate aggregate fun-
ctions as do SQL and OQL, while our approach can not. However, our model can
be enriched with such manipulations, as shown in [30].
Both of the above approaches propose a calculus, and use a strong degree of inte-
gration of database schema, database instance and query language. They don’t
address the issues of inheritance, overloading and methods. In contrast, our ap-
proach lacks a calculus but includes all aspects of objects, and has three distinct
levels : schema, instance and query. Moreover, we provide a nice formalization
of binding modes in object databases and object programming languages.

7 Conclusions and Future Works

We have introduced a formal object-oriented data model and its semantics in
the style of the relational model. We have shown that our model supports all
important aspects of objects namely inheritance, overriding, and early and late
binding. We have deduced a subtyping relation from inheritance and we have
used it for giving a nice formalization of delicate problems such as resolution,
multiple inheritance, covariance and binding modes. We claim that this forma-
lization allows to better understand object models and especially to clarify the
difference between object databases and object programming languages. Attri-
butes and methods have been presented at the semantic level as partial functions.
But partiality is treated in this paper as undefinedness rather than as program
failure, as it is usually considered in computation theory. We have considered a
partial function f : t→ t′ as a total function t→ t′ ∪ {⊥} where ⊥ is outside t′

and represents the null value of databases. The underlying type system of our
model is endowed with a particular constructor ⊗. The semantics of ⊗ have been
defined as t⊗t′ = t×t′+{⊥}×t′+t×{⊥} and not as the usual cartesian product.
We proved that this semantics suits with partiality and is convenient for dealing
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with objects in database concepts in which only few, but not all attribute values
of an object may be unknown.

Several particularly interesting aspects of the model have not been presented
here including query optimization, methods with side effects, and multiple collec-
tions. The first aspect is sketched in [23] and [30] while the two other aspects
need deeper investigation. Further work should also consider the connection of
this model with category theory and monads. In fact the partial functions as
treated in this paper should be seen as arrows in the Kleisli category of a monad
(the lifting monad) and ⊗ as a product in that category. It would be interesting
to study the connection of our query language with other algebraic query langu-
ages for object models in particular with the monoid calculus [13], [12]. Results
in these directions will be reported in a forthcoming paper.
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Appendix

8 An Object-Oriented Database

8.1 The Database Schema

class Pers
attributes

name : char
spouse : Pers
adr : Adr;

class Emp inherit Pers
attributes

salary : int
adr : J Adr

methods
bonus : → int;

class Dir inherit Emp
attributes

app date : date
methods

seniority : date → int;

class Rworker inherit Emp
attributes:

lab : char
prom date : date
adr : JE Adr

methods
seniority : date → int;

class Prof inherit Emp
attributes

teaches : set Course
position : char
e adr : E Adr

methods
bonus : int → int;

class Stud inherit Pers
attributes

super : Prof
takes : set Course;

class Tutor inherit Stud , Emp
methods

bonus : → int;

class Course
attributes

name : char
level :int
preq : set Course;

class Adr
attributes

nbr : int
street : char
zip : Zip

methods
eq : Adr → bool;

class Zip
attributes:

town : char
code : char⊗ int
country : char

methods
eq : Zip → bool
eq : char char → bool;

class J Adr inherit Adr
attributes

tel : int
fax : int

methods
eq:J Adr → bool;

class E Adr inherit Adr
attributes

e mail : char
web : char;

methods
eq : E Adr → bool;

class JE Adr inherit E Adr, J Adr;
methods

eq : JE Adr → bool;
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Comments : Basic types are int, char, date and bool. The attribute name is
overloaded, the attribute adr of Emp is overridden in Rworker. The method eq is
overloaded twice in Zip and the method eq of Adr is overridden in J Adr, E Adr,
and JE Adr. This schema is hierarchically consistent. For example

ResA(Prof, adr) = Emp, ResM(E Adr, eq, J Adr) = (Adr, Adr),
att(Prof, adr) = J Adr, meth(E Adr, eq, J Adr) = bool.

8.2 The Database State

Pers name spouse adr Stud name spouse adr super takes
8 Maria 1 14 4 {12, 13}
9 Sara 3 1 5 {12}

Emp name spouse adr salary
1 Remy 8 23 13000
2 Katy 10 24 14000

Dir name spouse adr salary app date
10 jean 2 24 15000 01/01/99

Rworker name salary lab adr prom date spouse
3 Daniel 20000 e.n.s. 24 01/09/98 9

Prof name spouse adr e adr salary position teaches
4 Paul ⊥ 23 22 13000 FullProf {11, 12}
5 Yve 6 20 ⊥ 15000 AssProf {13}
6 Eve 5 20 21 ⊥ FullProf {}

Tutor name spouse adr salary super takes
7 joseph ⊥ 24 ⊥ 5 {11, 12}

Course name level preq
11 bd 203 {12, 13}
12 system 101 {}
13 math 102 {}

Adr nbr street zip
14 1 ⊥ 17
15 2 Ecole 18
16 13 St Michel 19

Zip town code country
17 Piza ⊥ Italy
18 Paris PA75006 France
19 Paris PA75005 France

E Adr e mail web nbr street zip
20 dl@up1.fr http:://www.... 2 Ecole 18
21 kl@up7.fr http:://www.... 20 Monge 19
22 ⊥ http:://www.... ⊥ ⊥ 17

J Adr nbr street zip tel fax
23 4 ⊥ 17 ⊥ ⊥
24 ⊥ Ecole 18 0145920214 0145859246

JE Adr nbr street zip tel fax e mail web
25 10 Roma 17 ⊥ ⊥ mt@coira.com ⊥
26 30 Zola 19 0145965402 0145647354 jd @ up1.fr http:://www...
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Comments : For simplicity Oid is defined as natural numbers.
γ(Pers) = ∅, γ(Emp) = {1, 2}, γ(Stud) = {8, 9} , · · ·
[[Stud]]γ = {7, 8, 9}, [[Pers]]γ = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, · · ·
α(Stud, name, char) = namestudγ : {8, 9} → [[char]]⊥ is the function
8 )→ Marie, 9 )→ Sara.

8.3 The Database Behaviour

The following table implement methods by functional terms.

Class c Method m : r → t Functional term mc,r
ι,γ : r → t

Emp bonus : → int < ter. 0.05, salary >.mul int

Dir seniority : date → int < snd, fst.app date>.sub date

Rworker seniority : date → int < snd, fst.prom date>.sub int

Prof bonus : int → int << fst.ter.0.05, fst.salary>.mul int,
snd>.add int

Tutor bonus : → int 5000

Adr eq : Adr → bool <fst. nbr, snd.nbr>.eq int
and
<fst. street, snd.street>.eq char
and
<fst. zip, snd.zip>. eq Zip

Zip eq : Zip → bool <fst. town, snd.town>.eq char
and
<fst. code, snd.code>.eq char⊗int
and
<fst. country, snd.country>.eq char

Zip eq : char char → bool <fst. town, snd.fst>.eq char
and
<fst. country, snd.snd>.eq char

J Adr eq : J Adr → bool <fst. fax, snd. fax>.eq int
E Adr eq : E Adr → bool <fst. e mail, snd. e mail>.eq char

and <fst. web, snd. web>.eq char
JE Adr eq : JE Adr → bool <fst. fax, snd.fax>.eq int

and <fst. web, snd. web>.eq char

Comments : In the above arithmetic operations +, ∗, · · · on int are denoted
with prefix notations as add int, mul int, · · · . Similarly equality on a type t is
denoted eq t. Methos have the following meaning:
The method bonus in Emp calculates 5 percent of salary, while the method bonus
in Prof adds 5 percent of the salary to the argument. The method bonus in Tutor
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is a constant value. The method seniority in Dir gives the seniority of a direc-
tor from his appointment date, while seniority in Rworker gives the seniority
of a research worker since his last promotion date. The method eq in Adr checks
whether two addresses are equal. The method eq in J Adr checks whether two
job addresses have the same fax. The method eq in JE Adr checks whether two
addresses have the same fax and the same web site. The first method eq in Zip
checks whether zips are equal, whereas the second eq in Zip checks whether two
zips concern the same town and the same country.

8.4 Some Examples of Queries

The following are some query expressions and their answers on our database
state. The evaluation mode is the static mode.

q1 map((<name, salary>, Emp)
Supp(q1) char⊗ int
α∗(q1) Remy 13000

Katy 14000
Daniel 20000
Paul 13000
Yve 15000
Eve ⊥
Joseph ⊥
Jean 15000

q2 map((adr.zip.country, Pers)
Supp(q1) char
α∗(q2) France

Italy

q3 map((<name, spouse.name, position>, Prof)
Supp(q3) char⊗ char ⊗ char
α∗(q3) Paul ⊥ Full Prof

Yve Eve Ass. Prof
Eve Yve Full Prof

q4 map((<name, e adr.e-mail>, Prof[f])
Supp(q4) char⊗ int
α∗(q4) Paul ⊥
where f is the functional term <adr.zip.town, ter.Piza>.eq char

q5 group((adr.zip.country, name, Pers)
Supp(q5) char⊗ set char
α∗(q5) France { Katy, Daniel, Yve, Eve, Joseph, Jean}

Italy { Remy, Paul, Maria}
q6 group(fst, snd, q6)
Supp(q6) char⊗ set int
α∗(q6) Bd {101, 102}

where
q6 = map((<name, snd.snd.level>,
ungroup(preq, Course)).

Comment : These queries have the following meaning on our database
q1 : Find the name and salary of all employees.
q2 : Find the country of origin of all persons.
q3 : Find the name, spouse name and position of each professor.
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q4 : Find the name and e-mail of each professor who lives in Piza.
q5 : Find the name and country of origin of all persons, grouped with respect
to their country.
q6 : Find for each course, levels of its prerequisites ?

8.5 Examples of Evaluation Modes

object value o.ms(v) o.mds(v) o.md(v)

20 21 eqAdr,Adrδ (20, 21) eqAdr,Adrδ (20, 21) eqE Adr,E Adr
δ (20, 21)

20 23 eqAdr,Adrδ (20, 23) eqAdr,Adrδ (20, 23) eqAdr,Adrδ (20, 23)

20 25 eqAdr,Adrδ (20, 25) eqAdr,Adrδ (20, 25) eqE Adr,E Adr
δ (20, 25)

25 26 eqAdr,Adrδ (25, 26) eqAdr,Adrδ (25, 26) eqJE Adr,JE Adr
δ (25, 26)

23 23 eqAdr,Adrδ (23, 23) eqAdr,Adrδ (23, 23) eqJ Adr,J Adrδ (23, 23)

9 Sketch of Proofs for Facts and Theorems

Our definitions are provide recursive constructions. Therefore, most Facts and
Theorems can be proved by structural recursion.

Fact 2 Let S = (C, isa, att,meth) be a schema. The subtype ordering  TC is
not necessarily simple even if the inheritance relation isa is simple.

Proof by counter example: If isa is defined by c1 ≤isa c′1, c2 ≤isa c′2 then
isa is simple. However, c1 ⊗ c2  TC c′1 ⊗ c2, c1 ⊗ c2  TC c1 ⊗ c′2 but c′1 ⊗ c2 and
c1 ⊗ c′2 are not comparable in (TC , TC ). That is,  TC is not simple.

Fact 5 If inheritance is simple then att satisfies the minimum condition. Howe-
ver, meth may not satisfy the minimum condition even if inheritance is simple.

Proof : In a simple inheritance super∗(c, a) is a finite chain, so it has a minimum.
To complete the proof consider a schema with two classes c and c′ such that
c ≤isa c′, m : c′ → t′ is the only method in c and m : c→ t is the only method in
c′. Obviously, inheritance is simple but min(super∗(c′, ) doesn’t exist. Indeed,
super∗(c′,m) = {(c, c′), (c′, c)}, (c, c′) � C×T ∗C (c′, c) and (c′, c) � C×T ∗C (c, c′).

Theorem 1 If S = (C, isa, att,meth) is a hierarchically consistent schema then
S = (C, isa, att,meth) is also a hierarchically consistent schema that we call the
closure of S. Moreover, (S) = S.

146 K. Lellahi



Proof of covariance for att : We have to prove that If att(c1, a) = t1 and
att(c2, a) = t2 and c1 ≤isa c2 then t1  TC t2. By resolution procedure there are
c′1 and c′2 such that ResA(a, c1) = c′1 = min(super∗(c1, a)) , ResA(a, c2) = c′2 =
min(super∗(c2, a)), att(c′1, a) = t1 and att(c′2, a) = t2. But c1 ≤isa c2, therefore
super∗(c2, a) ⊆ super∗(c1, a) and consequently c′1 ≤isa c′2. Since S satisfies the
covariant condition we have t1  TC t2, by Fact 4. The proof of covariance for
meth is similar.
Proof of minimality for att : Let super∗(a, c) = {c′ | c ≤isa c′ and ∃ tatt(c′,
a) = t}. We have to prove that if super∗(c, a) �= ∅ then it has a minimum. But,
super∗(a, c) �= ∅ means that a is an explicit or a derived attribute in c, that
is c ∈ super∗(a, c). Thus, min(super∗(a, c)) = c. The proof of satisfaction of
minimal condition for meth is similar.

Theorem 2 For any classification function γ and all types t and t′, if t  T uC t′

then [[t]]γ ⊆ [[t′]]γ .

Proof: If t ≤isa t′ then [[t]]γ = [[t′]]γ when t and t′ are class names, or basic
types. The general case is proved obviously by structural recursion.

Theorem 3 For every type t and every v : t, mst(v : t) exists and is unique,
moreover mst(v : t)  TC t.

Proof Existence and uniqueness are direct results of the definition of mst, by
structural recursion. Let us prove mst(v : t)  TC t.
If t is unit or a basic type then mst(v : t) = t, and if t is a class name c then
mst(v : t) is the subclass of c in which v is classified, that is mst(v : t)  TC t.
If t is a product type t1 ⊗ · · · ⊗ tn and v = (v1, · · · , vn) then by Definition 12,
mst(v : t) = t′1 ⊗ · · · ⊗ t′n where t′i is either ti or mst(vi : ti). In both cases
mst(vi : ti)  TC ti, and mst(v : t)  TC t.
Let t = set(t1), v = {v1, · · · , vn}, and assume t′ = lub{mst(v1 : t1, · · · ,mst(vn :
t1)} exists. By induction hypothesis mst(vi : t1)  TC t1 for all i = 1, · · · , n,
that is t1 is an upper bound of {mst(v1 : t1, · · · ,mst(vn : t1)}. This implies that
t′ ≤ t1, therefore mst(v : t) = set(t′) ≤ set(t1) = t. This complete the proof.

For the proofs of Fact 7 and Fact 8 see pages 116-118 of [30]
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Abstract. The management of large databases of hierarchical (e.g.,
multi-scale or multilevel) image features is a common problem in ob-
ject recognition. Such structures are often represented as trees or directed
acyclic graphs (DAGs), where nodes represent image feature abstractions
and arcs represent spatial relations, mappings across resolution levels,
component parts, etc. Object recognition consists of two processes: in-
dexing and verification. In the indexing process, a collection of one or
more extracted image features belonging to an object is used to select,
from a large database of object models, a small set of candidates likely
to contain the object. Given this relatively small set of candidates, a
verification, or matching procedure is used to select the most promising
candidate. Such matching problems can be formulated as largest isomor-
phic subgraph or largest isomorphic subtree problems, for which a wealth
of literature exists in the graph algorithms community. However, the na-
ture of the vision instantiation of this problem often precludes the direct
application of these methods. Due to occlusion and noise, no significant
isomorphisms may exists between two graphs or trees. In this paper, we
review our application of spectral encoding of a graph for indexing to
large database of image features represented as DAGs. We will also re-
view a more general class of matching methods, called bipartite matching,
to two problems in object recognition.

1 Introduction

The management of large databases of hierarchical (e.g., multi-scale or multi-
level) image features is a common problem in object recognition. Such structures
are often represented as trees or DAGs, where nodes represent image feature ab-
stractions and arcs represent spatial relations, mappings across resolution levels,
component parts, etc. Object recognition consists of two processes: indexing and
verification. In the indexing process, a collection of one or more extracted im-
age features belonging to an object is used to select, from a large database of
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object models, a small set of candidates likely to contain the object. Given this
relatively small set of candidates, a verification, or matching procedure is used
to select the most promising candidate. The requirements of matching include
computing a correspondence between nodes in an image structure and nodes in
a model structure, as well as computing an overall measure of distance (or, al-
ternatively, similarity) between the two structures. Such matching problems can
be formulated as largest isomorphic subgraph or largest isomorphic subtree prob-
lems, for which a wealth of literature exists in the graph algorithms community.
However, the nature of the vision instantiation of this problem often precludes
the direct application of these methods. Due to occlusion and noise, no signif-
icant isomorphisms may exists between two graphs or trees. Yet, at some level
of abstraction, the two structures (or two of their substructures) may be quite
similar.

In this paper, we review our application of spectral encoding of a graph for
indexing to large database of image features represented as DAG. Our indexing
mechanism maps the topological structure of a DAG into a low-dimensional vec-
tor space, based on eigenvalue characterization of its adjacency matrix. Invariant
to any re-ordering of the DAG’s branches, the vector provides an invariant signa-
ture of the shape’s coarse topological structure. Furthermore, we can efficiently
index into a database of topological signatures to retrieve model objects having
similar topology. In a set of experiments, we show that the indexing mechanism
is very effective in selecting a small set of model candidates that contain the
correct object.
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nodes 1 and 8 are paired since 
they have no parents and they 
are the trivial solution to the 
minimum weight, maximum 
cardinality bipartite matching at 
level 0.

level 0

level 1

level 2

nodes 3 and 10 and nodes 4 and 9 are 
paired since they represent the best 
node correspondences in the 
minimum weight, maximum cardinality 
bipartite matching at level 1. Had their 
parents not been in the solution to 
level 0, they would not have been in 
the level 1 solution.

algorithm iteratively descends to 
the leaves of the shallowest 
graph before terminating.

Fig. 1. Bipartite Matching
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We will also review our application of a more general class of matching meth-
ods, called bipartite matching, to problems in object recognition [25,26,28,30,31].
As shown in Fig. 1, given two graphs (or trees) G1 and G2, H(G1, G2, E) is a
weighted bipartite graph with weight matrix W = [wu,v] of size |G1| × |G2|, for
all edges of the form (u, v) ∈ E, u ∈ G1, v ∈ G2, and (u, v) has an associated
weight = wu,v. Solving the maximum cardinality minimum weight matching in
H solves an optimization problem which tries to minimize total edge weight on
one hand while trying to maximize the total number of edges in the solution
set on the other hand. The time complexity for finding such a matching in a
weighted bipartite graph with n vertices is O(n2√n log log n) time, using the
scaling algorithm of Gabow, Gomans and Williamson [11].

We will apply this framework for solving two object recognition problems,
one involving DAGs and one involving rooted trees. Each algorithm will, as an
integral step, compute the maximum cardinality, minimum weight matching in a
bipartite graph. Furthermore, each algorithm, in turn, takes a different approach
to preserving hierarchical order in the solution. We describe each algorithm in
detail and evaluate its performance on sets of real images.

2 Two Object Recognition Domains

2.1 The Saliency Map Graph

Our first image representation is a multi-scale view-based description of 3-D ob-
jects that, on one hand, avoids the need for complex feature extraction, such as
lines, curves, or regions, while on the other hand, provides the locality of repre-
sentation necessary to support occluded object recognition as well as invariance
to minor changes in both illumination and shape. In computing a representation
for a 2-D image, a multi-scale wavelet transform is applied to the image, result-
ing in a hierarchical map that captures salient regions at their appropriate scales
of resolution. Each such region maps to a node in a DAG, in which an arc is
directed from a coarser scale region to a finer scale region if the center of the finer
scale’s region falls within the interior of the coarser scale’s region. The result-
ing hierarchical graph structure, called the saliency map graph (SMG), encodes
both the topological and geometrical information found in the saliency map.
An example of an image and its corresponding saliency map graph are shown
in Fig.s 2(a) and (b), respectively. Details of the representation, including its
computation and invariance properties, can be found in [25,26,28].

2.2 Shock Trees

Our second image representation describes the generic shape of a 2-D object, and
is based on a coloring of the shocks (singularities) of a curve evolution process
acting on simple closed curves in the plane [15]. Intuitively, the taxonomy of
shocks consists of four distinct types: the radius function along the medial axis
varies monotonically at a 1, achieves a strict local minimum at a 2, is constant at
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Fig. 2. Two Object Recognition Domains: (a) example image; (b) saliency map graph
corresponding to image in (a); (c) example silhouette with computed shocks; (d) shock
tree corresponding to silhouette in (c).

a 3 and achieves a strict local maximum at a 4. We have recently abstracted this
system of shocks into a shock graph where vertices are labelled by their shock
types, and the shock formation times direct the edges. The space of such shock
graphs is completely characterized by a small number of rules, which in turn
permits the reduction of each graph to a unique rooted tree [30,31]. Figure 2(c)
and (d) show the the 2-D silhouette of a hammer and its corresponding shock
tree, respectively.

3 Indexing Mechanism for Directed Acyclic Graphs

3.1 An Eigenvalue Characterization of a DAG

To describe the topology of a DAG, we turn to the domain of eigenspaces of
graphs, first noting that any graph can be represented as a {−1, 0, 1} adjacency
matrix, with 1’s (and -1’s) indicating directed edges in the graph (and 0’s on
the diagonal). The eigenvalues of a graph’s (or DAG’s) adjacency matrix encode
important structural properties of the graph (or DAG). Furthermore, the eigen-
values of a symmetric matrix A are invariant to any orthonormal transformation
of the form P tAP . Since a permutation matrix is orthonormal, the eigenvalues
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of a DAG are invariant to any consistent re-ordering of the DAG’s branches.
However, before we can exploit a DAG’s eigenvalues for matching purposes, we
must establish their stability under minor topological perturbation, due to noise,
occlusion, or deformation.

We begin with the case in which the image DAG is formed by either adding
a new root to the model DAG, adding one or more subgraphs at leaf nodes of
the model DAG, or deleting one or more entire model subgraphs. In this case,
the model DAG is a subgraph of the query DAG, or vice versa. The following
theorem relates the eigenvalues of two such DAGs:

Theorem 1 (see Cvetković et al. [6]). Let A be a symmetric1 matrix with
eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λn and let B be one of its principal2 sub-matrices.
If the eigenvalues of B are ν1 ≥ ν2 ≥ . . . ≥ νm, then λn−m+i ≤ νi ≤ λi(i =
1, . . . ,m).

This important theorem, called the Interlacing Theorem, implies that as A and
B become less similar (in the sense that one is a smaller subgraph of the other),
their eigenvalues become proportionately less similar (in the sense that the in-
tervals that contain them increase in size, allowing corresponding eigenvalues to
drift apart).

The other case we need to consider consists of a query DAG formed by adding
to or removing from the model DAG, a small subset of internal (i.e., non-leaf)
nodes. The upper bounds on the two largest eigenvalues (λ1(T ) and λ2(T )) of
any DAG, T , with n nodes and maximum degree ∆(T ) are λ1(T ) ≤

√
n− 1 and

λ2(T ) ≤
√
(n− 3)/2, respectively (Neumaier, 1982 [18]). The lower bounds on

these two eigenvalues are λ1(T ) ≥
√

∆(T ) (Nosal, 1970 [19]) and λ1(T )λ2(T ) ≥
2n−2
n−2 (Cvetković, 1971 [5]). Therefore, the addition or removal of a small subset
of internal nodes will result in a small change in the upper and lower bounds on
these two eigenvalues. As we shall next, our topological description exploits the
largest eigenvalues of a DAG’s adjacency matrix. Since these largest eigenvalues
are stable under minor perturbation of the DAG’s internal node structure, so
too is our topological description.

We now seek a compact representation of the DAG’s topology based on the
eigenvalues of its adjacency matrix. We could, for example, define a vector to be
the sorted eigenvalues of a DAG. The resulting index could be used to retrieve
nearest neighbors in a model DAG database having similar topology. There is a
problem with this approach. For large DAGs, the dimensionality of the signature
would be prohibitively large. To solve this problem, this description will be based
on eigenvalue sums rather than on the eigenvalues themselves.

Specifically, let T be a DAG whose maximum branching factor is ∆(T ), and
let the subgraphs of its root be T1, T2, . . . , TS . For each subgraph, Ti, whose root
degree is δ(Ti), compute the eigenvalues of Ti’s sub-matrix, sort the eigenvalues
1 The original theorem is stated for Hermitian matrices, of which symmetric matrices
are a subclass.

2 A principal sub-matrix of a graph’s adjacency matrix is formed by selecting the rows
and columns that correspond to a subset of the graph’s nodes.
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in decreasing order by absolute value, and let Si be the sum of the δ(Ti)−1 largest
absolute values. As shown in Fig. 3, the sorted Si’s become the components of
a ∆(T )-dimensional vector assigned to the DAG’s root. If the number of Si’s is
less than ∆(T ), then the vector is padded with zeroes. We can recursively repeat
this procedure, assigning a vector to the root of each subgraph in the DAG for
reasons that will become clear in the next section.

V = [S1,S2,S3,...,Sdmax]

1 2 n
...

Si = |λ1| +| λ2| + ... + | λk|

a

b

c

d

..a...b.....c...d..
.
a
.
.
b
.
c
.
.
d
.

Si

k

dmax = max degree of any scene or model node

k = degree of a given subtree’s root 

Fig. 3. Computing a Topological Signature of a DAG

Although the eigenvalue sums are invariant to any consistent re-ordering of
the DAG’s branches, we have given up some uniqueness (due to the summing
operation) in order to reduce dimensionality. We could have elevated only the
largest eigenvalue from each subgraph (non-unique but less ambiguous), but
this would be less representative of the subgraph’s structure. We choose the
δ(Ti)− 1-largest eigenvalues for two reasons: 1) the largest eigenvalues are more
informative of subgraph structure, 2) by summing δ(Ti) − 1 elements, we ef-
fectively normalize the sum according to the local complexity of the subgraph
root.

To efficiently compute the sub-matrix eigenvalue sums, we turn to the do-
main of semidefinite programming. A symmetric n×n matrix A with real entries
is said to be positive semidefinite, denoted as A 
 0, if for all vectors x ∈ Rn,
xtAx ≥ 0, or equivalently, all its eigenvalues are non-negative. We say that
U 
 V if the matrix U − V is positive semidefinite. For any two matrices U
and V having the same dimensions, we define U • V as their inner product, i.e.,
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U •V =
∑

i

∑

j

Ui,jVi,j . For any square matrix U , we define trace(U) =
∑
i Ui,i.

Let I denote the identity matrix having suitable dimensions. The following re-
sult, due to Overton and Womersley [20], characterizes the sum of the first k
largest eigenvalues of a symmetric matrix in the form of a semidefinite convex
programming problem:

Theorem 2 (Overton and Womersley [20]). For the sum of the first k
eigenvalues of a symmetric matrix A, the following semidefinite programming
characterization holds:

λ1(A) + . . .+ λk(A) = max A • U
s.t. trace(U) = k

0 � U � I,
(1)

The elegance of Theorem (2) lies in the fact that the equivalent semidefinite pro-
gramming problem can be solved, for any desired accuracy ε, in time polynomial
in O(n

√
nL) and log 1

ε , where L is an upper bound on the size of the optimal
solution, using a variant of the Interior Point method proposed by Alizadeh [1].
In effect, the complexity of directly computing the eigenvalue sums is a sig-
nificant improvement over the O(n3) time required to compute the individual
eigenvalues, sort them, and sum them.

3.2 A Database for Model DAGs

Our eigenvalue characterization of a DAG’s topology suggests that a model
DAG’s topological structure can be represented as a vector in δ-dimensional
space, where δ is an upper bound on the degree of any vertex of any image
or model DAG. If we could assume that an image DAG represents a properly
segmented, unoccluded object, then the vector of eigenvalue sums, call it the
topological signature vector (or TSV), computed at the image DAG’s root could
be compared with those topological signature vectors representing the roots of
the model DAGs. The vector distance between the image DAG’s root TSV and a
model DAG’s root TSV would be inversely proportional to the topological sim-
ilarity of their respective DAGs: recall that finding two subgraphs with “close”
eigenvalue sums represents an approximation to finding the largest isomorphic
subgraph.

Unfortunately, this simple framework cannot support either cluttered scenes
or segmentation errors, both of which result in the addition or removal of DAG
structure. In either case, altering the structure of the DAG will affect the TSV’s
computed at its nodes. The signatures corresponding to those subgraphs that
survive the occlusion will not change. However, the signature of a node hav-
ing one or more subgraphs which have undergone any perturbation will change
which, in turn, will affect the signatures of any of its ancestor nodes, including
the root. We therefore cannot rely on indexing solely with the root’s signature.
Instead, we will take advantage of the local subgraphs that survive the occlusion.
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We can accommodate such perturbations through a local indexing frame-
work analogous to that used in a number of geometric hashing methods, e.g.,
[17,10]. Rather than storing a model DAG’s root signature, we will store the
signatures of each node in the model DAG, along with a pointer to the object
model containing that node as well as a pointer to the corresponding node in
the model DAG (allowing access to node label information). Since a given model
subgraph can be shared by other model DAGs, a given signature (or location in
δ-dimensional space) will point to a list of (model object, model node) ordered
pairs. At runtime, the signature at each node in the image DAG becomes a sepa-
rate index, with each nearby candidate in the database “voting” for one or more
(model object, model node) pairs. To quickly retrieve these nearby candidates,
we will pre-compute the sorted pairwise distances between every signature in
the database and every other signature in the database.

3.3 An Efficient Indexing Mechanism

We achieve efficient indexing through a δ-dimensional Voronoi decomposition
P (B) of the model space V (B). For a given image TSV, the Voronoi decom-
position will allow us to find the nearest model TSV in expected O(logδ(kn))
time for fixed δ [22]. From the ranked list of neighbors L computed for each
model TSV, either the  nearest neighbors or all neighbors within a radius
r can be computed in constant time (assuming fixed  or r). To construct
the Voronoi database, we partition Rδ into regions, so that for each vector
v ∈ V (B), the region P (v) will denote the set of points in Rδ which are closer to
v than any other vector in V (B) with respect to a metric norm, such as d(., .).
Such a partition is well-defined. The complexity of the Voronoi decomposition
is O((kn)�(δ+1)/2�+1) + O((kn)�(δ+1)/2� log(kn)) ([22]), although this is a cost
incurred at preprocessing time.

The process of selecting candidates at runtime is shown in Fig. 4. LetH be an
image DAG, and let FH and V (FH) be defined as before, and let d(u, v) = ||v−
u||2. For each TSV h ∈ V (FH), we will find the region P (v) (and corresponding
vector v) in P (B), in which h resides. Using the list L(v), we will find the set
of model TSV’s {u1, .., u�} such that d(h, v) + d(v, ui) ≤ r. Clearly, since the
metric norm d(., .) satisfies the triangle inequality, the set {v} ∪ {u1, .., u�} is
a subset of the TSV’s whose distance from h is less than r. Each node in the
image DAG therefore leads to a number of (model object, model node) candidate
votes. In the next section, we discuss the weighting of these votes, along with
the combination of the evidence over all nodes in the image DAG.

4 Matching Two Saliency Map Graphs

Given the SMG computed for an input image to be recognized and a SMG
computed for a given model object image (view), we propose two methods for
computing their similarity. In the first method, we compare only the topological
or structural similarity of the graphs, a weaker distance measure designed to
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Fig. 4. Selecting the Candidate Model Objects

support limited object deformation invariance. In the second method, we take
advantage of the geometrical information encoded in an SMG and strengthen the
similarity measure to ensure geometric consistency, a stronger distance measure
designed to support subclass or instance matching. Each method is based on
formulating the problem as a maximum cardinality minimum weight matching
in a bipartite graph.

4.1 Problem Formulation

Two graphs G = (V,E) and G′ = (V ′, E′) are said to be isomorphic if there
exists a bijective mapping f : V → V ′ satisfying, for all x, y ∈ V (x, y) ∈
E ⇔ (f(x), f(y)) ∈ E′. To compute the similarity of two SMG’s, we consider a
generalization of the graph isomorphism problem, which we will call the SMG
similarity problem: Given two SMG’s G1 = (V1, E1) and G2 = (V2, E2) and
a partial mapping from f : V1 → V2, let E be a real-valued error function
defined on the set of all partial mappings. Our error function, E , incorporates
two components with respect to any partial mapping: 1) we would like to reward
corresponding nodes which are similar in terms of their topology, geometry, and
salience; and 2) we would like to penalize a set of correspondences the more they
exclude nodes from the model. Specifically,

E(f) = ε
∑

u∈V1,v∈V2

Mu,v ω(u, v) |s(u)− s(v)|+ (1− ε)
∑

u∈V1,f(u)=∅
s(u) (2)

where ε = |1tM(f)1|/(|V1|+ |V2|) represents the fraction of matched vertices (1
denotes the identity vector), f(.) = ∅ for unmatched vertices, and s(.) represents
region saliency. For the SMG topological similarity, Sect. 4.2, ω(., .) is always
one, while for the SMG geometrical similarity, Sect. 4.3, it denotes the Euclidean
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distance between the regions.3 A more detailed discussion of the error function is
provided in [28]. We say that a partial mapping f is feasible if f(x) = y implies
that there are parents px of x and py of y, such that f(px) = py. Our goal is
therefore to find a feasible mapping f which minimizes E(f).

4.2 A Matching Algorithm Based on Topological Similarity

In this section, we describe an algorithm which finds an approximate solution to
the SMG similarity problem. The focus of the algorithm is to find a minimum
weight matching between vertices of G1 and G2 which lie in the same level. Our
algorithm starts with the vertices at level 1. Let A1 and B1 be the set of vertices
at level 1 in G1 and G2, respectively. We construct a complete weighted bipartite
graph G(A1, B1, E) with a weight function defined for edge (u, v) (u ∈ A1 and
v ∈ B1) as w(u, v) = |s(v) − s(u)|.4 Next, we find a maximum cardinality,
minimum weight matching M1 in G using [8]. All the matched vertices are
mapped to each other; that is, we define f(x) = y if (x, y) is a matching edge in
M1.

The remainder of the algorithm proceeds in phases as follows, as shown in
Fig. 5. In phase i, the algorithm considers the vertices of level i. Let Ai and Bi
be the set of vertices of level i in G1 and G2, respectively. Construct a weighted
bipartite graph G(Ai, Bi, E) as follows: (v, u) is an edge of G if either of the
following is true: (1) Both u and v do not have any parent in G1 and G2,
respectively, or (2) They have at least one matched parent of depth less than i;
that is, there is a parent pu of u and pv of v such that (pu, pv) ∈ Mj for some
j < i. We define the weight of the edge (u, v) to be |s(u)− s(v)|. The algorithm
finds a maximum cardinality, minimum weight matching in G and proceeds to
the next phase.

The above algorithm terminates after  phases, where  is the minimum
number of scales in the saliency maps (or SMG’s) of two graphs. The partial
mapping M of SMG’s can be simply computed as the union of all Mi values for
i = 1, . . . ,  . Finally, using the error measure defined in [28], we compute the error
of the partial mappingM . Each phase of the algorithm requires simple operations
with the time to complete each phase being dominated by the time to compute
a minimum weight matching in a bipartite graph. As mentioned in Sect. 1,
the time complexity for finding such a matching in a weighted bipartite graph
with n vertices is O(n2√n log log n) time, using the scaling algorithm of Gabow,
Gomans and Williamson [11]. The entire procedure, as currently formulated,
requires O( n2√n log log n) steps.

3 For perfect similarity E(f) = 0, while E(f) will be∑
u∈V1

s(u) if there is no match.
4 G(A,B,E) is a weighted bipartite graph with weight matrix W = [wij ] of size
|A| × |B| if, for all edges of the form (i, j) ∈ E, i ∈ A, j ∈ B, and (i, j) has an
associated weight = wi,j .
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Fig. 5. Illustration of the SMGBM Algorithm (see text for explanation).

4.3 A Matching Algorithm Based on Geometric Similarity

The SMGBM similarity measure captured the structural similarity between two
SMG’s in terms of branching factor and node saliency similarity; no geometric
information encoded in the SMG was exploited. In this section, we describe a
second similarity measure, called SMG Similarity using an Affine Transformation
(SMGAT), that includes the geometric properties (e.g., relative position and
orientation) of the saliency regions.

Given G1 = (V1, E1) and G2 = (V2, E2), we first assume, without loss of
generality, that |V1| ≤ |V2|. First, as shown in Fig. 6, the algorithm will hypoth-
esize a correspondence between three regions of G1, say (r1, r2, r3), and three
regions (r′1, r

′
2, r
′
3) of G2. The mapping {(r1 → r′1), (r2 → r′2), (r3 → r′3)} will be

considered as a basis for alignment if the following conditions are satisfied:

– ri and r′i have the same level in the SMG’s, for all i ∈ {1, . . . ,  }.
– (ri, rj) ∈ E1 if and only if (r′i, r

′
j) ∈ E2, for all i, j ∈ {1, . . . ,  }, which

implies that selected regions should have the same adjacency structure in
their respective SMG’s.

Once regions (r1, r2, r3) and (r′1, r
′
2, r
′
3) have been selected, we solve for the

affine transformation (A, b), that aligns the corresponding region triples by solv-
ing the following system of linear equalities:
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Fig. 6. Illustration of the SMGAT Algorithm (see text for explanation)
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The affine transformation (A, b) will be applied to all regions in G1 to form a
new graph G′. Next, a procedure similar to the minimum weight matching, used
in the SMGBM is applied to the regions in graphsG′ andG2. Instead of matching
regions which have maximum similarity in terms of saliency, we match regions
which have minimum Euclidean distance from each other. Given two regions u
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and v, the distance between them can be defined as the L2 norm of the distance
between their centers, denoted by d(u, v) =

√
(xu − xv)2 + (yu − yv)2. In a series

of steps, SMGAT constructs weighted bipartite graphs Gi = (Ri, R′i, Ei) for each
level i of the two SMG’s, where Ri and R′i represent the set of vertices of G

′ and
G2 at the i-th level, respectively. The constraints for having an edge in Ei are
the same as SMGBM: (u, v) is an edge in Gi if either of the followings holds:
– Both u and v do not have any parents in G′ and G2, respectively.
– They have at least one matched parent of depth less than i.

The corresponding edge will have weight equal to w(u, v) = d(u, v). A maxi-
mum cardinality, minimum weight bipartite matching Mi will be found for each
level Gi, and the partial mapping f(A,b) for the affine transformation (A, b) will
be formed as the union of all Mi’s. Finally, the error of this partial mapping
E(f(A,b)) will be computed as the sum over each Ei of the Euclidean distance
separating Ei’s nodes weighted by the nodes’ difference in saliency. Once the
total error is computed, the algorithm proceeds to the next valid pair of region
triples. Among all valid affine transformations, SMGAT chooses that one which
minimizes the error of the partial mapping.

In terms of algorithmic complexity, solving for the affine transformation (3)
takes only constant time, while applying the affine transformation to G1 to
form G′ is O(max(|V1|, |E1|)). The execution time for each hypothesized pair
of region triples is dominated by the complexity of establishing the bipartite
matching between G2 and G′, which is O( n2√n log log n), for SMG’s with n
vertices and  scales. In the worst case, i.e., when both saliency map graphs have
only one level, there are O(n6) pairs of triples. However, in practice, the vertices
of an SMG are more uniformly distributed among the levels of the graph, greatly
reducing the number of possible correspondences of base triples. For a discussion
of how the complexity of the bipartite matching step can be reduced, see [27].

5 Matching Two Shock Trees

5.1 Problem Formulation

Given two shock graphs, one representing an object in the scene (V2) and one
representing a database object (V1), we seek a method for computing their simi-
larity. Unfortunately, due to occlusion and clutter, the shock graph representing
the scene object may, in fact, be embedded in a larger shock graph representing
the entire scene. Thus we have a largest subgraph isomorphism problem, stated
as follows: Given two graphs G = (V1, E1) and H = (V2, E2), find the maxi-
mum integer k, such that there exists two subsets of cardinality k, E′1 ⊆ E1 and
E′2 ⊆ E2, and the induced subgraphs (not necessarily connected) G′ = (V1, E

′
1)

and H ′ = (V2, E
′
2) are isomorphic [12]. Further, since our shock graphs are

labeled graphs, consistency between node labels must be enforced in the isomor-
phism.

The largest subgraph isomorphism problem, can be formulated as a {0, 1}
integer optimization problem. The optimal solution is a {0, 1} bijective mapping
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matrix M , which defines the correspondence between the vertices of the two
graphsG andH, and which minimizes an appropriately defined distance measure
between corresponding edge and/or node labels in the two graphs.

We seek the matrix M , the global optimizer of the following [16,7]:

min −1
2

∑

u∈V1

∑

v∈V2

M(u, v)||u, v||

s.t.
∑

u′∈V2

M(u, u′) ≤ 1, ∀u ∈ V1

∑

v∈V1

M(v, v′) ≤ 1, ∀v′ ∈ V2

M(x, y) ∈ {0, 1},∀x ∈ V1, y ∈ V2

(4)

where ||.|| is a measure of the similarity between the labels of corresponding
nodes in the two shock graphs (see Sect. 5.2).

The above minimization problem is known to be NP-hard for general graphs
[12], however, polynomial time algorithms exist for the special case of finite
rooted trees with no vertex labels. Matula and Edmonds [9] describe one such
technique, involving the solution of 2n1n2 network flow problems, where n1 and
n2 represent the number of vertices in the two graphs. The complexity was
further reduced by Reyner [24] to O(n1.5

1 n2) (assuming n1 ≥ n2), through a
reduction to the bipartite matching algorithm of Hopcraft and Karp [14]. Since
we can transform any shock graph into a unique rooted shock tree [30,31], we
can pursue a polynomial time solution to our problem. However, as mentioned
in Sect. 1, the introduction of noise (spurious addition/deletion of nodes) and/or
occlusion may prevent the existence of large isomorphic subtrees. We therefore
need a matching algorithm that can find isomorphic subtrees under these con-
ditions. To accomplish this, we have developed a topological representation for
trees that is invariant to minor perturbations in structure.

5.2 The Distance between Two Vertices

The eigenvalue characterization introduced in the previous section applies to
the problem of determining the topological similarity between two shock trees.
This, roughly speaking, defines an equivalence class of objects having the same
structure but whose parts may have different qualitative or quantitative shape.
For example, a broad range of 4-legged animals will have topologically similar
shock trees.

This geometry is encoded by information contained in each vertex of the
shock tree. Recall from Sect. 2.2 that 1̃’s and 3̃’s represent curve segments of
shocks. We choose not to explicitly assign label types 2 and 4, because each may
be viewed as a limit case when the number of shocks in a 3̃, in the appropriate
context, approaches 1 (see Sect. 2.2). Each shock in a segment is further labeled
by its position, its time of formation (radius of the skeleton), and its direction
of flow (or orientation in the case of 3̃’s), all obtained from the shock detec-
tion algorithm [29]. In order to measure the similarity between two vertices u



162 A. Shokoufandeh and S. Dickinson

and v, we interpolate a low dimensional curve through their respective shock
trajectories, and assign a cost C(u, v) to an affine transformation that aligns
one interpolated curve with the other. Intuitively, a low cost is assigned if the
underlying structures are scaled or rotated versions of one another (details can
be found in [30,31]).

5.3 Algorithm for Matching Two Shock Trees

As stated in Sect. 1, large isomorphic subtrees may not exist between an image
shock tree and a model shock tree, due to noise and/or occlusion. A weaker for-
mulation of the problem would be to find the maximum cardinality, minimum
weight matching in a bipartite graph spanning the nodes between two shock
trees, with edge weights some function of topological distance and geometrical
distance. Although the resulting optimization formulation is more general, allow-
ing nodes in one tree to match any nodes in another tree (thereby allowing nodes
to match over “noise” nodes), the formulation is weaker since is doesn’t enforce
hierarchical ordering among nodes. Preserving such ordering is essential, for it
makes little sense for a node ordering in one tree to match a reverse ordering in
another tree. Unfortunately, we are not aware of a polynomial-time algorithm for
solving the bipartite matching problem subject to hierarchical constraints. To
achieve a polynomial time approximation, we will embed a bipartite matching
procedure into a recursive greedy algorithm that will look for maximally similar
subtrees.

Our recursive algorithm for matching the rooted subtrees G and H cor-
responding to two shock graphs is inspired by the algorithm proposed by
Reyner [24]. The algorithm recursively finds matches between vertices, start-
ing at the root of the shock tree, and proceeds down through the subtrees in a
depth-first fashion. The notion of a match between vertices incorporates two key
terms: the first is a measure of the topological similarity of the subtrees rooted
at the vertices (see Sect. 3.1), while the second is a measure of the similarity
between the shock geometry encoded at each node (see Sect. 5.2). Unlike a tra-
ditional depth-first search which backtracks to the next statically-determined
branch, our algorithm effectively recomputes the branches at each node, always
choosing the next branch to descend in a best-first manner. One very powerful
feature of the algorithm is its ability to match two trees in the presence of noise
(random insertions and deletions of nodes in the subtrees).

Before stating our algorithm, some definitions are in order. Let G = (V1, E1)
and H = (V2, E2) be the two shock graphs to be matched, with |V1| = n1 and
|V2| = n2. Define d to be the maximum degree of any vertex in G and H, i.e.,
d = max(δ(G), δ(H)). For each vertex v, we define χ(v) ∈ Rd−1 as the unique
eigen-decomposition vector introduced in Sect. 3.1.5 Furthermore, for any pair
5 Note that if the maximum degree of a node is d, then excluding the edge from the
node’s parent, the maximum number of children is d− 1. Also note that if δ(v) < d,
then then the last d − δ(v) entries of χ are set to zero to ensure that all χ vectors
have the same dimension.
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of vertices u and v, let C(u, v) denote the shock distance between u and v, as
defined in Sect. 5.2. Finally, let Φ(G,H) (initially empty) be the set of final node
correspondences between G and H representing the solution to our matching
problem.

The algorithm begins by forming a n1 × n2 matrix Π(G,H) whose (u, v)-th
entry has the value C(u, v)||χ(u)−χ(v)||2, assuming that u and v are compatible
in terms of their shock order, and has the value ∞ otherwise.6 Next, we form a
bipartite edge weighted graph G(V1, V2, EG) with edge weights from the matrix
Π(G,H).7 Using the scaling algorithm of Goemans, Gabow, and Williamson
[11], we then find the maximum cardinality, minimum weight matching in G.
This results in a list of node correspondences between G and H, calledM1, that
can be ranked in decreasing order of similarity.

FromM1, we choose (u1, v1) as the pair that has the minimum weight among
all the pairs inM1, i.e., the first pair inM1. (u1, v1) is removed from the list and
added to the solution set Φ(G,H), and the remainder of the list is discarded. For
the subtrees Gu1 and Hv1 of G and H, rooted at nodes u1 and v1, respectively,
we form the matrix Π(Gu1 , Hv1) using the same procedure described above.
Once the matrix is formed, we find the matching M2 in the bipartite graph
defined by weight matrix Π(Gu1 , Hv1), yielding another ordered list of node
correspondences. The procedure is recursively applied to (u2, v2), the edge with
minimum weight inM2, with the remainder of the list discarded.

This recursive process eventually reaches the leaves of the subtrees, forming a
list of ordered correspondence lists (or matchings) {M1, . . . ,Mk}. In backtrack-
ing step i, we remove any subtrees from the graphs Gi andHi whose roots partic-
ipate in a matching pair in Φ(G,H) (we enforce a one-to-one correspondence of
nodes in the solution set). Then, in a depth-first manner, we first recomputeMi

on the subtrees rooted at ui and vi (with solution set nodes removed). As before,
we choose the minimum weight matching pair, and recursively descend. Unlike
in a traditional depth-first search, we dynamically recompute the branches at
each node in the search tree. Processing at a particular node will terminate when
either subtree loses all of its nodes to the solution set. We can now state the
algorithm more precisely:

procedure isomorphism(G,H)
Φ(G,H)← ∅
d← max(δ(G), δ(H))
for u ∈ VG compute χ(u) ∈ Rd−1 (Section 3.1)
for v ∈ VH compute χ(v) ∈ Rd−1 (Section 3.1)
call match(root(G),root(H))
return(cost(Φ(G,H))

end

6 If either C(u, v) or ||χ(u)− χ(v)||2 is zero, the (u, v)-th entry is the other term.
7 G(A,B,E) is a weighted bipartite graph with weight matrix W = [wij ] of size
|A| × |B| if, for all edges of the form (i, j) ∈ E, i ∈ A, j ∈ B, and (i, j) has an
associated weight = wi,j .
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procedure match(u,v)
do
{
let Gu ← rooted subtree of G at u
let Hv ← rooted subtree of H at v
compute |VGu | × |VHv |
weight matrix Π(Gu, Hv)
M← max cardinality, minimum weight

bipartite matching in G(VGu , VHv )
with weights from Π(Gu, Hv) (see [11])

(u′, v′)← minimum weight pair inM
Φ(G,H)← Φ(G,H) ∪ {(u′, v′)}
call match(u′,v′)
Gu ← Gu − {x|x ∈ VGu and (x,w) ∈ Φ(G,H)}
Hv ← Hv − {y|y ∈ VHv and (w, y) ∈ Φ(G,H)}
}

while (Gu 
= ∅ and Hv 
= ∅)

In terms of algorithmic complexity, observe that during the depth-first con-
struction of the matching chains, each vertex in G or H will be matched at most
once in the forward procedure. Once a vertex is mapped, it will never participate
in another mapping again. The total time complexity of constructing the match-
ing chains is therefore bounded by O(n2√n log log n), for n = max(n1, n2) [11].
Moreover, the construction of the χ(v) vectors will take O(n

√
nL) time, imply-

ing that the overall complexity of the algorithm is max(O(n2√n log log n), O(n2√
nL).
The approximation has to do with the use of a scaling parameter to find the

maximum cardinality, minimum weight matching [11]; this parameter determines
a tradeoff between accuracy and the number of iterations untill convergence. The
matching matrix M in (4) can be constructed using the mapping set Φ(G,H).
The algorithm is particularly well-suited to the task of matching two shock trees
since it can find the best correspondence in the presence of occlusion and/or
noise in the tree.

6 Experiments

6.1 Indexing Experiments

We test our indexing algorithm on a database of 60 object silhouettes, some
representative examples of which are shown in Fig. 7. In the first experiment,
we select 20 shapes from the database, compute their shock trees, compute the
topological signature vectors for each of their nodes, and populate the resulting
vectors in a model database. Each element, in turn, will be removed from the
database and used as a query tree for the remaining database of 19 model trees.
For each of the 20 trials, the 19 object candidates will be ranked in decreasing
order of accumulator contents. To evaluate the quality of the indexing results,
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we will compute the distance between the query tree and each of the candidates,
using the matcher developed in [31], and note which model tree is the closest
match. If indexing is to be effective, the closest matching model should be among
the best (highest-weight) candidates returned by the indexing strategy.

In the second and third experiments, we apply the same procedure to
databases of size 40 and 60 model trees, respectively, in order to evaluate the
scaling properties of our indexing algorithm. Thus, in the second experiment, we
have 40 indexing trials, while in the third experiment, we have 60 indexing tri-
als. Finding the position of the closest model shape among the sorted candidates
for any given query shape requires that we first compute the 60 × 60 distance
matrix.

Fig. 7. Samples from a Database of 60 Object Silhouettes

The results of the first experiment are shown in Fig. 8(a), where the horizontal
axis indicates the rank of the target object (or closest matching object) in the
sorted candidates, and the vertical axis represents the number of times that rank
is achieved. For this experiment, the average rank is 1.6, which implies that on
average, 8.4% of the sorted candidates need to be verified before the closest
matching model is found. The results of the second and third experiments are
shown in Fig. 8(b) and (c), respectively. The results are very encouraging and
show that as database size increases, the indexing algorithm continues to prune
over 90% of the database (avg. rank of 7.9% in expt. 2, 8.8% in expt. 3).

In a final experiment, we generate some occluded scenes from shapes in our
database. In Table 1, we show three examples of occluded query images (left
column) and the top ten (sorted left to right) model candidates from a database
of 40 model shapes. Twice, the rank of the target is 4th, while once it is 3rd,
indicating that for these three examples, at most 10% of the model indexing can-
didates need to be verified. We are currently conducting a more comprehensive
set of occlusion experiments.

It should be noted that the indexing mechanism reflects primarily the topo-
logical structure of the query. Thus, in row 1 of Table 1, for example, the topolog-
ical structure of the query (brush occluding the hammer) is more similar to the
pliers-like objects (two of the top three candidates) than to the hammer itself.
Topological similarity of shock trees is a necessary but not sufficient condition
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Fig. 8. Indexing Results for a Database of 60 Images. In each case, the horizontal
axis indicates the rank of the target object (or closest matching object) in the sorted
candidates, and the vertical axis represents the number of times that rank is achieved.
(See text for discussion.)

for shape similarity, as it ignores the geometries of the object’s parts (nodes in
its shock tree). Therefore, the fact that objects with different shape can rank
high in the candidate list is not surprising.

6.2 Matching of Saliency Maps

To evaluate our representation and matching framework, we apply it to a
database of model object views generated by Murase and Nayar at Columbia
University. Views of each of the 20 objects are taken from a fixed elevation every
5 degrees (72 views per object) for a total of 1440 model views. The top row of
images in Fig. 9 shows three adjacent model views for one of the objects (piggy
bank) plus one model view for each of two other objects (bulb socket and cup).
The second row shows the computed saliency maps for each of the five images,
while the third row shows the corresponding saliency map graphs. The time to
compute the saliency map averaged 156 seconds/image for the five images on
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Table 1. Indexing using an occluded query shape. For each row, the query is shown to
the left, while the top ten candidate models (from a database of 40 models) are shown
on the right, in decreasing order of weight.

(a) (b) (c) (d) (e)

Fig. 9. A sample of views from the database: top row represents original images, second
row represents saliency maps, while third row represents saliency map graphs.

a Sun Sparc 20, but can be reduced to real-time on a system with hardware
support for convolution, e.g., a Datacube MV200. The average time to compute
the distance between two SMG’s is 50 ms using SMGBM, and 1.1 second using
SMGAT (an average of 15 nodes per SMG).

To illustrate the matching of an unoccluded image to the database, we com-
pare the middle piggy bank image (Fig. 9(b)) to the remaining images in the
database. Table 2 shows the distance of the test image to the other images in
Fig. 9; the two other piggy bank images (Fig.s 9 (a) and (c)) were the closest
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matching views in the entire database. Table 2 also illustrates the difference be-
tween the two matching algorithms. SMGBM is a weaker matching algorithm,
searching for a topological match between two SMG’s. SMGAT, on the other
hand, is more restrictive, searching for a geometrical match between the two
SMG’s. For similar views, the two algorithms are comparable; however, as two
views diverge in appearance, their similarity as computed by SMGAT diverges
more rapidly than their SMGBM similarity. In a third experiment, we compare

Table 2. Distance of Fig. 9(b) to other images in Fig. 9

Algorithm 9(a) 9(c) 9(d) 9(e)
SMGBM 9.57 10.06 14.58 23.25
SMGAT 8.91 12.27 46.30 43.83

every image to every other image in the database, resulting in over 1 million tri-
als. There are three possible outcomes: 1) the image removed from the database
is closest to one of its neighboring views of the correct object; 2) the image re-
moved from the database is closest to a view belonging to the correct object but
not a neighboring view; and 3) the image removed from the database is closest
to a view belonging to a different object. The results are shown in Table 3. As
we would expect, the SMGAT algorithm, due to its stronger matching criterion,
outperforms the SMGBM algorithm. If we include as a correct match any image
belonging to the same object, both algorithms (SMGBM and SMGAT) perform
extremely well, yielding success rates of 97.4% and 99.5%, respectively. To illus-

Table 3. An exhaustive test of the two matching algorithms. For each image in the
database, the image is removed from the database and compared, using both algo-
rithms, to every remaining image in the database. The closest matching image can be
either one of its two neighboring views, a different view belonging to the correct object,
or a view belonging to a different object.

Algorithm % Hit % Miss % Miss
right object wrong object

SMGBM 89.0 8.4 2.6
SMGAT 96.6 2.9 0.5

trate the matching of an occluded image to the database, we compare an image
containing the piggy bank occluded by the bulb socket, as shown in Fig. 10.
Table 4 shows the distance of the test image to the other images in Fig. 9. The
closest matching view is the middle view of the piggy back which is, in fact, the
view embedded in the occluded scene. In a labeling task, the subgraph matching
the closest model view would be removed from the graph and the procedure
applied to the remaining subgraph. After removing the matching subgraph, we
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Fig. 10. Occluded Object Matching: (a) original image; (b) saliency map; and (c)
saliency map graph

match the remaining scene subgraph to the entire database, as shown in Table 5.
In this case, the closest view is the correct view (Figure 9(d)) of the socket.

Table 4. Distance of Fig. 10(a) to other images in Fig. 9. The correct piggy bank view
(Fig. 9(b)) is the closest matching view.

Algorithm 9(a) 9(b) 9(c) 9(d) 9(e)
SMGBM 9.56 3.47 8.39 12.26 14.72
SMGAT 24.77 9.29 21.19 30.17 33.61

Table 5. Distance of Fig. 10(a) (after removing from its SMG the subgraph corre-
sponding to the matched piggy back image) to other images in Fig. 9.

Algorithm 9(a) 9(b) 9(c) 9(d) 9(e)
SMGBM 12.42 14.71 14.24 4.53 9.83
SMGAT 18.91 20.85 17.08 7.19 15.44

6.3 Matching of Shock Trees

To evaluate our matcher’s ability to compare objects based on their prototypical
or coarse shape, we begin with a database of 24 objects belonging to 9 classes.
To select a given class prototype, we select that object whose total distance to
the other members of its class is minimum.8 We then compute the similarity
between each remaining object in the database and each of the class prototypes,
with the results shown in Table 6. For each row in the table, a box has been
placed around the most similar shape. We note that for the 15 test shapes drawn
8 For each of the three classes having only two members, the class prototype was
chosen at random.
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Table 6. Similarity between database shapes and class prototypes. In each row, a box
is drawn around the most similar shape (see the text for a discussion).

Instance Distance to Class Prototype

0.02 2.17 4.48 3.55 2.96 0.21 4.58 14.33 10.01

2.39 0.10 5.97 15.90 3.98 0.14 26.12 17.28 28.94

10.89 4.72 2.08 12.24 3.12 2.15 19.73 10.11 12.64

7.15 6.42 1.19 1.35 5.10 3.38 10.58 11.11 11.11

4.08 7.72 2.98 1.49 4.26 4.14 26.60 13.54 14.21

14.77 6.72 5.69 0.36 2.30 5.90 10.58 16.25 19.10

7.86 8.90 5.94 0.74 1.59 1.10 10.81 10.39 16.08

2.66 4.23 3.23 6.47 0.62 1.48 11.73 15.38 15.15

3.18 5.31 1.25 4.64 0.60 1.30 14.18 17.22 9.08

4.55 0.76 1.32 2.86 1.49 0.11 21.38 15.35 13.04

6.77 19.46 22.11 13.27 8.21 29.50 0.15 5.12 5.03

8.73 23.14 31.45 24.41 10.16 31.08 0.18 8.45 7.05

12.46 19.0 27.40 14.58 24.26 17.10 8.85 7.49 16.93

13.86 23.07 12.81 11.24 17.48 23.23 6.02 6.92 3.06

15.73 21.28 14.10 12.46 19.56 19.21 9.53 7.12 5.06

from 9 classes, all but one are most similar to their class prototype, with the
class prototype coming in a close second in that case.

Three very powerful features of our system are worth highlighting. First,
the method is truly generic: the matching scores impose a partial ordering in
each row, which reflects the qualitative similarity between structurally similar
shapes. An increase in structural complexity is reflected in a higher cost for the
best match, e.g., in the bottom two rows of Fig. 6. Second, the procedure is
designed to handle noise or occlusion, manifest as missing or additional vertices
in the shock graph. Third, the depth-first search through subtrees is extremely
efficient.

7 Selected Related Work

Multi-scale image descriptions have been used by other researchers to locate a
particular target object in the image. For example, Rao et al. use correlation



Graph-Theoretical Methods in Computer Vision 171

to compare a multi-scale saliency map of the target object with a multi-scale
saliency map of the image in order to fixate on the object [23]. Although these
approaches are effective in finding a target in the image, they, like any template-
based approach, do not scale to large object databases. Their bottom-up de-
scriptions of the image are not only global, offering little means for segmenting
an image into objects or parts, but offer little invariance to occlusion, object
deformation, and other transformations.

Wiskott et al. [33] use Gabor wavelet jets to extract salient image features.
Wavelet jets represent an image patch (containing a feature of interest) with a set
of wavelets across the frequency spectrum. Each collection of wavelet responses
represents a node in a grid-like planar graph covering overlapping regions of the
image. Image matching reduces to a form of elastic graph matching, in which the
similarity between the corresponding Gabor jets of nodes is maximized. Corre-
spondence is proximity-based, with nodes in one graph searching for (spatially)
nearby nodes in another graph. Effective matching therefore requires that the
graphs be coarsely aligned in scale and image rotation.

Another related approach is due to Crowley et al. [3,2,4]. From a Laplacian
pyramid computed on an image, peaks and ridges at each scale are detected as
local maxima. The peaks are then linked together to form a tree structure, from
which a set of peaks paths are extracted, corresponding to the branches of the
tree. During matching, correspondence between low-resolution peak paths in the
model and the image are used to solve for the pose of the model with respect to
the image. Given this initial pose, a greedy matching algorithm descends down
the tree, pairing higher-resolution peak paths from the image and the model.
Using a log likelihood similarity measure on peak paths, the best corresponding
paths through the two trees is found. The similarity of the image and model
trees is based on a very weak approximation of the trees’ topology and geometry,
restricted, in fact, to a single path through the tree.

Graph matching is a very popular topic in the computer vision commu-
nity. Although space prohibits us from providing a comprehensive review, we
will mention some particularly relevant related work. A graduated assignment
algorithm has been proposed for subgraph isomorphism, weighted graph match-
ing, and attributed relational graph matching [13]. The method was applied to
matching non-hierarchical point features and performs well in the presence of
noise and occlusion. Cross and Hancock propose a two step matching algorithm
for locating point correspondences and estimating geometric transformation pa-
rameters between 2-D images. Point correspondence is achieved via maximum
a posteriori graph-matching, while expectation maximization (EM) is used to
recover the maximum likelihood transformation parameters. The novel idea of
using graph-based models to provide structural constraints on parameter esti-
mation is an important contribution their work. This, combined with the EM
algorithm, allows their system to impose an explicit deformational model on the
feature points.

The matching of shock trees has been addressed by a number of other groups.
In recent work, Pelillo et al. [21] introduced a matching algorithm which extends
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the detection of maximum cliques in association graphs to hierarchically orga-
nized tree structures. They use the concept of connectivity to derive an asso-
ciation graph, and prove that attributed tree matching is equivalent to finding
a maximum clique in the association graph. They applied their algorithm to
articulated and deformed shapes represented as shock trees. In a related pa-
per, Tirthapura et al. [32] present an alternative use of shock graphs for shape
matching. Their approach relies on graph transformations based on the edit dis-
tance between two graphs, defined as the “least action” path consisting of a
sequence of elementary edit transformations taking one graph to another. The
first approach can handle occlusion, but does not accommodate spurious noise
in the graphs; the second approach handles spurious noise, but cannot effectively
deal with occlusion. Both approaches focus solely on graph (tree) structure, and
would have to be modified to include the concept of node similarity.

8 Conclusions

In this paper, we have reviewed three different algorithms for object recognition,
each based on solving a bipartite matching formulation of a particular problem.
The formulation is both very general and very powerful. We have shown edge
weights that encode difference in region saliency, Euclidean distance in the image,
and a function of topological and geometric distance. We have also seen different
ways in which hierarchical ordering of nodes in a graph/tree can be enforced. In
the case of saliency map graph matching, parent/child relationships are used to
bias edge weights at lower levels of the matching, while in the case of shock tree
matching, a depth-first procedure is used to ensure hierarchical consistency. It
should be noted that the method by which we enforce hierarchical ordering in
the matching of saliency map graphs is not applicable to the matching of shock
graphs (DAGs or trees), since the method assumes that corresponding nodes
in the hierarchy are at comparable scales. In a shock graph, a leaf child of the
root may be as small in scale as a leaf further down the tree. However, we are
exploring the application of our shock tree matching and indexing methods to
multi-scale DAG representations.

Finally, we have shown how matching complexity can be managed in a coarse-
to-fine framework. In the case of saliency map graph matching, solutions to the
bipartite matching problem at a coarser level are used to constrain solutions at a
finer level, while in the case of shock tree matching, large corresponding subtree
roots (found through a solution to the bipartite matching problem) are used to
establish correspondence between their descendents. Furthermore, in the case of
shock tree matching, our eigen-characterization of a tree’s topological structure
allows us to efficiently compare subtree structures in the presence of noise and
occlusion.



Graph-Theoretical Methods in Computer Vision 173

References

[1] Alizadeh, F.: Interior point methods in semidefinite programming with applica-
tions to combinatorial optimization. SIAM J. Optim. 5(1) (1995) 13–51.

[2] Crowley, J., Parker, A.: A representation for shape based on peaks and ridges in
the difference of low-pass transform. IEEE Transactions on Pattern Analysis and
Machine Intelligence 6(2) (1984) 156–169.

[3] Crowley, J. L.: A Multiresolution Representation for Shape. In Rosenfeld, editor.
Multiresolution Image Processing and Analysis (1984) 169–189. Springer Verlag.
Berlin.

[4] Crowley, J. L., Sanderson, A. C.: Multiple Resolution Representation and Proba-
bilistic Matching of 2–D Gray–Scale Shape. IEEE Transactions on Pattern Anal-
ysis and Machine Intelligence 9(1) (1987) 113–121.
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Abstract. In this paper we will survey some of the most recent results
on low-density parity-check codes. Our emphasis will be primarily on the
asymptotic theory of these codes. For the most part, we will introduce
the main concepts for the easier case of the erasure channel. We will also
give an application of these methods to reliable content delivery.

1 Introduction

The theory of Low-Density Parity-Check (LDPC) codes has attracted a lot of
attention lately. This is mainly due to two reasons: (1) They are equipped with
very efficient encoding and decoding algorithms, and (2) These algorithms are
amenable to a theoretical analysis which has led to codes that operate at rates
extremely close to theoretical bounds established by Shannon.

The situation with these codes is quite different from many other known
classes of codes, e.g., algebraic codes. Traditionally, a code is shown to have
good performance using non-constructive arguments. Once this is established,
one tries to design efficient algorithms that match the performance predicted by
the theory. LDPC codes are quite the opposite, as they are already equipped with
efficient algorithms. The task here is to find those codes in the class that perform
very well using these algorithms. This path has proved to be quite fruitful.

LDPC codes were discovered in the early 1960’s by Gallager in his PhD-
thesis [6]. They are constructed using sparse bipartite graphs. The construction
is discussed in Section 3.

With the exception of excellent work by a few researchers like Zyablov, Pins-
ker, and Margulis [12,22,23] in Soviet Union and Tanner [21] in the US, LDPC
codes were forgotten until the mid 1990’s. The discovery of Turbo codes [3] in
the coding community, and the search for efficiently encodable and decodable
codes in the Theoretical Computer Science community led to a revival of LDPC
codes [11,19,20]. However, it was not until the work by Luby et al. [10] on the
erasure channel that researchers started to look at LDPC codes as codes that
could achieve capacity using low-complexity decoders. [10] introduced a simple
linear time erasure decoding algorithm over the erasure channel and showed that
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the only parameter that matters for the algorithm to perform well is the dis-
tribution of nodes of various degrees in the underlying graph. Moreover, using
that analysis, the paper exhibited explicit degree distributions such that, in the
limit, the corresponding codes achieve the capacity of the erasure channel. The
analysis was further simplified in [8], and applied to simple decoding algorithms
of Gallager for the binary symmetric channel in [9]. This analysis was taken up
by Richardson and Urbanke in [15] and generalized to a very large class of chan-
nels. That work was extended in [14], which, following the example of [10], also
exhibited degree distributions extremely close to channel capacity. The results
were further refined in [4] to find codes with efficient decoding algorithms that
correct fractions of errors closer to the Shannon capacity than any other known
codes with efficient decoding.

The purpose of the present manuscript is to give an introduction into the
theory of LDPC codes. Many of the deeper concepts have been described through
the simpler case of codes over the erasure channel. Some care has been taken
to keep the level of the presentation elementary while providing some crucial
details.

The structure of this paper is as follows. In Section 2 we introduce the basic
concepts: linear codes and communication channels. Section 3 introduces the
construction of LDPC codes. The important class of message passage decoding
algorithms is exemplified for the case of the erasure channel in Section 4. The
algorithm is analyzed in Section 5 in the asymptotic case. Perhaps one of the
most striking results about LDPC codes is that they achieve the capacity of
the erasure channel using this simple algorithm. This is discussed in Section 6.
After this introduction into LDPC codes and decoding algorithms, we are ready
to discuss the general case of message passage decoding algorithms for LDPC
codes in Section 7. Section 8 describes efficient encoding algorithms for LDPC
codes. It may seem odd that encoding is discussed at the end of the paper. The
reason for this is that efficient encoding algorithms use the erasure decoding
algorithm. In Section 9 we show how LDPC codes over the erasure channel
could be used to efficiently deliver content to a large number of receivers on the
Internet.

As was indicated above, this note is meant as a brief introduction to the field
of LDPC codes. We do not make any claims as to the completeness of these
notes. In fact, many interesting results have been omitted for the sake of a short
presentation. Nevertheless, we hope that these notes spark the reader’s interest
to learn more about this important class of error-correcting codes.

2 Codes and Channels

A k-dimensional linear code of block-length n over a field F is a k-dimensional
subspace of the vector space F

n. The elements of the code are called codewords.
Often, we will refer to vectors in F

n as words and to their coordinates as their
symbols.
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Fig. 1. (a) The binary erasure channel, and (b) the binary symmetric channel

Any k × n-matrix whose rows from a basis for the code is called a generator
matrix. Such a matrix G is in systematic form if it is of the form (Ik | B), where
Ik is the k×k-identity matrix. The word systematic is explained by the encoding
map: A message m = (m1, . . . ,mk) ∈ F

k is encoded to (c1, . . . , cn) := m ·G. If
G is in systematic form, the first k coordinates of the codeword are identical to
the message symbols. We call the quantity k/n the rate of the code. This is the
amount per symbols of genuine information carried by a codeword.

To check whether a vector c = (c1, . . . , cn) belongs to the code, we can use
any parity-check matrix of the code: An (n − k) × n-matrix whose rows from
the dual space of the code with respect to the standard scalar product is called
a parity-check matrix for the code. Then c belongs to the code if and only if
H · c = 0.

In the following we will concentrate on binary codes, i.e., codes over the
field F2 with two elements. This is the most important case for the protection
of information in the physical layer of communication media (e.g., wireless or
optical channels). We will however also talk about codes for the network layer
where the individual symbols are network packets which consist of many bits.
We will see, however, that most of what we will talk about also holds for that
case (with modifications).

In practice the exact nature of errors imposed on codewords during a com-
munication is not completely known and is approximated by different channel
models. For the purposes of this paper, the following definition of a communica-
tion channel is adequate. A channel is a finite labeled directed bipartite graph
between a set A called the code-alphabet and a set B called the output-alphabet
such that the labels are nonnegative real numbers and satisfy the following pro-
perty: for any element a ∈ A, the sum of the labels of edges emanating from a is
1. Semantically, the graph describes a communication channel in which elements
from A are transmitted and those of B are received. The label of an edge from a
to b is the (conditional) probability of obtaining b given that a was transmitted.
Examples of Channels are given in Figure 1.

How reliably can we transmit over such a channel? This question was an-
swered by Shannon in 1948. To state it, we need first to introduce the notion of
maximum-likelihood decoding. A maximum-likelihood codeword associated to a
word y ∈ F

n is a codeword c which differs from y in the smallest number of
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coordinate positions. Maximum-likelihood decoding is the task of computing a
maximum-likelihood codeword associated to a given word. This task is NP-hard
in general [2] but we will postpone efficiency issues until later. It is not clear that
the maximum-likelihood decoding does in fact produce the codeword that had
been transmitted. However, it is the receiver’s best guess based on the available
information. To assess how much coding can improve reliability of communi-
cation, it is thus imperative to know how large the probability of error of this
algorithm is. This fundamental question was answered by the famous Channel
Coding Theorem: for any channel there is a parameter C, called its capacity,
such that for any rate R < C there is a sequence of codes of rate R of increasing
block-length such that the error probability of the maximum likelihood decoding
for these codes approaches 0 as the block-length goes to infinity. In fact, the error
probability is smaller than e−cn for some constant c depending on the channel
and the rate, where n is the block-length.

Computing the capacity of a channel is not easy in general, but not very
hard for simple channels like the BEC and the BSC. For instance, the capacity
of the BEC with erasure probability p is 1− p, while that of the BSC with the
cross-over probability p is 1−H(p), where H(p) = −p log p− (1− p) log(1− p)
is the binary entropy function.1

Shannon’s paper answered a number of questions but at the same time also
generated many new ones. The first question is how to explicitly construct the
codes promised by the Channel Coding Theorem. The second more serious que-
stion is that of efficient decoding of such codes, as maximum-likelihood decoding
is a very hard task in general.

Low-density parity-check (LDPC) codes, described in the next section, are
very well suited to answer these questions.

3 Construction of LDPC Codes

In the following we will assume that the code-alphabet A is the binary field F2.
Let G be a bipartite graph between n nodes on the right called variable nodes
(or message nodes) and r nodes on the right called check nodes. The graph gives
rise to a code in (at least) two different ways, see Figure 2: in Gallager’s original
version [6] the coordinates of a codeword are indexed by the variable nodes
1, . . . , n of G. A vector (x1, . . . , xn) is a valid codeword if and only if for each
check node the XOR2 of the values of its adjacent variable nodes is zero. Since
each check node imposes one linear condition on the xi, the rate of the code is
at least (n− r)/n.

In the second version, the variable nodes are indexed by the original message.
The check nodes contain the redundant information: the value of each such node
is equal to the sum (over F2) of the values of its adjacent variable nodes. The
block-length of this code is n+ r, and its rate is n/(n+ r).
1 In this paper log denotes logarithm to the basis 2.
2 In this paper, XOR denotes the sum modulo 2, and is sometimes denoted by ⊕.
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Fig. 2. The two versions of LDPC codes: (a) Original version, and (b) dual version

These two versions look quite similar, but differ fundamentally from a com-
putational point of view. The encoding time of the second version is proportional
to the number of edges in the graph G. Hence, if G is sparse, the encoding time
is linear in the number of variable symbols (for constant rate). On the other
hand, it is not clear how to encode the first version without solving systems of
linear equations. We will see later in Section 8 that for many types of Gallager
codes the encoding can be essentially performed in linear time. (This is a result
due to Richardson and Urbanke [16].)

In this paper, will only consider Gallager’s original construction of codes from
graphs. Following his notation, we will call these codes Low-Density Parity-Check
(LDPC) codes, thereby indicating the sparseness of the underlying graph.

4 Decoding on the Erasure Channel

The aim of this section is to develop a decoding algorithm for LDPC codes on
the (binary) erasure channel. If the erasure probability of the channel is denoted
by p, then with probability p a symbol is erased during transmission. The model
of an erasure channel was introduced by Elias [5]. As was mentioned earlier, the
capacity of this channel is 1− p [5]. By Shannon’s coding theorem, This means
that to achieve reliable transmission, the rate of the code used has to be less
than 1 − p. It should be intuitively clear that if the rate is higher than 1 − p,
then we cannot expect to recover anything: after a p-fraction of the information
is lost, only a 1−p-fraction remains and if the rate is less than 1−p, the amount
of information in the remaining part is strictly less than the amount of original
information so no recovery is possible.

Our aim now is to design, for any given p, codes of rates arbitrarily close to
1−p that can recover a fraction of p or less erasures and do so in time linear in the
number of variable symbols. The notion of running time has to be made precise:
Here, the running time of our algorithm is the number of arithmetic operations
it performs over the ground field (usually F2). In particular, we do not count
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access to memory (even though this can be quite burdensome in applications).
We only mention that counting the latter results in increasing the running time
of our algorithms by an additional log-factor if we use the model of a RAM with
logarithmic cost measure.

Following Elias, we will first discuss the general case of a linear code. The
minimal Hamming weight of a nonzero element in a linear code is called the
minimum distance of the code, usually denoted by d. The following result is
easy to prove [5].

Proposition 1. A linear code of minimum distance d is capable of correcting
any pattern of d − 1 or less erasures with O((n − k)3) operations over the base
field.

Proof. We start from a parity-check matrix H of the code. It has n− k rows
and n columns. We claim that if the code has minimum distance d, then any
d − 1 columns of H are linearly independent. Otherwise, there is a nontrivial
linear dependency among d− 1 columns of H, i.e., the right kernel of H (which
is by definition the original code), has a nontrivial element of weight d − 1 or
less, which is a contradiction to d being the minimum distance of the code.

To be able to correct d − 1 or fewer erasures, it is sufficient to describe an
algorithm which, on input n − d + 1 or more symbols of a codeword, can re-
construct the codeword. After permuting the coordinate places, we may assume
that the first n − d + 1 positions are known, while the last d − 1 are unknown.
Let H1 and H2 be the matrices consisting of the first n − d + 1 and the last
d − 1 columns of H, respectively. Let y1, . . . , yn−d+1 denote the received sym-
bols of the codeword and x1, . . . , xd−1 denote the erased symbols. Then we have
H1(y1, . . . , yn−d+1)� = H2(x1, . . . , xd−1)�, which gives a system of n− k equa-
tions in d− 1 unknowns. Since the columns of H2 are independent, this system
has at most one solution which consists of the erased coordinates. ✷

To achieve capacity on the erasure channel with erasure probability p using the
above algorithm, we need d − 1 to be roughly equal to pn, and the rate to be
roughly equal to (1− p)n. It can be shown that for codes over the alphabet F2
this relationship cannot hold for large n and positive p [7, Chap. 5]. A closer
look reveals that in our decoding algorithm we insisted to be able to correct any
pattern of erasures. This is rather restrictive (and certainly not in the spirit of
the Coding Theorem). There is much more to be gained if we allow for a small
probability of decoding error.

Elias [5] showed that random linear codes achieve capacity of the erasure
channel with high probability. In a nutshell, the argument is as follows: let p be
the error probability of the channel, and choose a random linear code of block-
length n and dimension (1−p)n−√n, say. (We ignore diaphontine constraints.)
Then, a (pn+

√
n)× pn-submatrix of a parity-check matrix of the code has full

rank pn, with high probability. Now we can apply the above erasure decoding
algorithm to recover from a p-fraction of erasures by solving a system of pn+

√
n

equations in pn unknowns. The running time of this algorithm is clearly of
the order O(n3) (if we do not use fast but impractical matrix multiplication
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algorithms). This is very slow for applications in which n is very large (in the
order of 100,000’s; in Section 9 we will describe an application in which this range
for the block-length is not unusual). To find more efficient decoding algorithms,
we thus have to look elsewhere.

It turns out that LDPC codes can be decoded very efficiently on the binary
erasure channel. The decoding algorithm can be described as follows.

Algorithm 1 The decoder maintains a register for each of the variable and
check nodes. All of these registers are initially set to zero.

1. [Direct recovery step.] XOR the value of each received variable node v to the
values of its adjacent check nodes, and delete v and all edges emanating from
it from the graph.

2. [Substitution recovery step.] If there exists a check node c of degree one, do:
a) Copy the value of c to its adjacent variable node v.
b) Delete v and all edges emanating from the graph.

3. If c does not exist and the graph is not empty, output Decoder Failure and
stop.

4. If c does not exit because the graph is empty, output Decoder success and
stop.

5. Go back to Step 2.

Note that the decoding time is proportional to the number of edges in the graph.
If the graph is sparse, i.e., if the number edges is linear in the number of nodes,
then the decoder is linear time (at least on a RAM with unit cost measure).

The hope is that there is always enough supply of degree one check nodes so
that the decoder finishes successfully. Whether or not this is the case depends
on the original fraction of erasures, and on the graph. Surprisingly, however, the
only important parameter of the underlying graph is the distribution of nodes
of various degrees. This analysis is the topic of the next section.

5 Analyzing Erasure Correction

One key component to the analysis of the erasure correction is the introduction
of probability generating functions. Let X be a random variable over the set of
nonnegative integers. For every integer n, the probability Pr[X = n] =: fn is
thus a real number less than 1, and

∑∞
i=0 fn = 1. The generating function of X

is the power-series

fX(s) :=
∞∑

i=0

fns
n.

For the analysis of the erasure decoder, we will mostly be dealing with generating
functions of 0/1-random variables. In this case, the generating function of the
random variable X can be written as

fX(s) = f0 + (1− f0)s.
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A moment’s thought reveals that if X and Y are independent 0/1-random va-
riables with generating functions f(s) = f0 +(1−f0)s and g(s) = g0 +(1−g0)s,
respectively, then the logical OR X ∧ Y and the logical AND X ∧ Y of X and
Y have the generating functions

fX∨Y (s) = f0g0 + (1− f0g0)s, fX∧Y (s) = (1− f1g1) + f1g1s, (1)

respectively.
Often we are also interested in the random variables SM = X1∨X2∨· · ·∨XM

and PM = X1∧X2∧· · ·∧XM , where theXi are mutually independent identically
distributed 0/1-random variables, with the common distribution f(s), and the
number M is a random variable independent of the Xi. In this case, we have
the following simple result for the generating functions of SM and PM . We will
assume that the empty OR and the empty AND are 0 and 1, respectively.

Proposition 2. Suppose that X1, . . . , XM are mutually independent 0/1-
random variables with the common distribution f(s) = f0 + (1 − f0)s, where
M is a random variable with generating function g(s) =

∑
n≥0 gns

n which is in-
dependent of the Xi. Further, let F (s) and G(s) denote the generating functions
of the random variables SM = X1∨X2∨· · ·∨XM and PM = X1∧X2∧· · ·∧XM ,
respectively. Then we have

F (s) = g(f0) + (1− g(f0))s
G(s) = (1− g(1− f0)) + g(1− f0)s.

Proof. We have

Pr[SM = 0] = Pr[M = 0] +
∑

n≥1

Pr[M = n]Pr[X1 ∨ · · · ∨Xn = 0],

and

Pr[PM = 1] = Pr[M = 0] +
∑

n≥1

Pr[M = n]Pr[X1 ∧ · · · ∧Xn = 0],

where we have used the convention that the empty OR is 0 and the empty AND is
1. By (1) the probability Pr[X1∨· · ·∨Xn = 0] equals fn0 , while Pr[X1∧· · ·∧Xn =
1] = (1− f0)n. Hence, Pr[SM = 0] = g(f0), while Pr[PM = 1] = g(1− f0). The
result follows. ✷

Now we are ready for heuristic analysis of the erasure decoder. Let us first
re-describe the decoder.

At each round, the decoder sends 0/1-messages from variable nodes to check
nodes and back. Furthermore, to each variable node there is associated a channel
information, itself a 0/1-value, which states whether the node was an erasure
(value 0) or not (value 1). The message from a variable node v to a check node
c is obtained from the logical OR of the channel information and all messages
from all the check nodes incident to v other than c. Semantically, this means
that the message sent along the edge (v, c) is a 1 if and only if the node v was
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recovered. At a check node, the message sent from node c to variable node v
is the logical AND of the messages from all the variable nodes incident to c
other than v. Semantically, this message is a 1 if and only if the check node
c can recover the variable node v. This happens if and only if all the variable
nodes incident to c other than v have already been recovered. In round 0 of the
algorithm the variable nodes send their associated channel information to all
their incident check nodes.

The heuristic analysis of this algorithm is accomplished by tracking the ge-
nerating functions of the messages passed along edges at each round of the al-
gorithm. For this, we assume that the underlying graph is a graph whose edges
have generating functions λ(s) and ρ(s). What we mean by this is the following:
for each i, let λi denote the probability that an edge is connected to a variable
node of degree i, and let ρi denote the probability that an edge is connected to
a check node of degree i. Then we define

λ(s) =
∑

i≥1

λis
i−1, ρ(s) =

∑

i≥1

ρis
i−1.

The reason for considering the exponent i− 1 rather than i will become clear in
a moment.

Let fn(s) = pn+(1− pn)s and hn(s) = qn+(1− qn)s denote the generating
functions of the the random variables Xn

v,c and Y nc,v describing the messages
passed from variable node v to check node c and vice-versa at round n. Suppose
that each variable node is erased with probability p0. The messages passed from
variable nodes to check nodes in round 0 of the algorithm all have the generating
function f0(s). Let v be a variable node and c be a check node incident to v. The
message Y nc,v passed from c to v at round n is the logical AND of the messages
passed to c from all the variable nodes incident to c other than v. These have the
common generating function fn(s). If we assume that the random variables of
the incoming messages are independent, then, by Proposition 2, the generating
function of Y nc,v is qn + (1 − qn)s where qn = (1 − g(1 − pn)) + g(1 − pn)s, and
g(s) is the generating function of the random variable describing the degree of
c minus 1. The probability that the edge (c, v) is connected to a check node of
degree i is ρi by assumption; in that case, one has to take the logical OR of i−1
variables. Hence, g(s) = ρ(s) and the generating function of Y nc,v is qn+(1−qn)s
with qn = 1− ρ(1− pn).

As for the random variableXn
v,c, this is the logical OR of the random variables

Y n−1
c′,v and the random variable X0 describing the channel information, where
c′ runs over all the check nodes incident to v other than c. Again, under the
assumption of the independence of the random variables Y n−1

c′,v for all c′, and
using the same reasoning as above, we see that Xn

v,c has the generating function
pn + (1− pn)s where

pn = p0λ(qn−1) = p0λ(1− ρ(1− pn−1)).

For successful decoding we need pn to be less than pn−1 in each round. (In fact,
we need pn ≤ (1− ε)pn−1 for all n a fixed ε.) From this we obtain the following
criterion for successful decoding:
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∀ x ∈ (0, p0] : p0λ(1− ρ(1− x)) < x. (2)

In other words, given λ(s) and ρ(s), the code can tolerate no more than a p0-
fraction of erasures, where p0 is the supremum of all the real numbers satis-
fying (2). In fact, if the analysis were correct, then we could deduce that the
expected maximum fraction of losses the code can tolerate is p0. However, the
independence assumption underlying the analysis is not valid in general, which
casts serious doubts on the correctness of our criterion. In the following we will
sketch how to turn this analysis into an exact one, at least in an asymptotic
setting. For now, we consider an example.

Example 1. Suppose that the underlying graph is biregular of bidegree (3,6).
That is, all the variable nodes are of degree 3, while all the check nodes are of
degree 6. A random graph of this type gives rise to a code of rate at least 1/2. In
this case λ(x) = x2 and ρ(x) = x5. The maximum tolerable loss fraction would
be the maximum p0 such that

p0(1− (1− x)5)2 < x
for x ∈ (0, p0]. This maximum p0 that satisfies this inequality is roughly equal to
0.429 (see [1] for an exact computation of p0). Despite the non-rigorous analysis
above, this value is very close to the one obtained through extensive simulations
for large block-lengths!

The above example is quite typical. That is, given a degree sequence, the
threshold value p0 for that sequence is very close to the one predicted by the
above analysis for large block-lengths. This can be explained rigorously, though
we will only sketch the rigorous proof and point the reader to relevant litera-
ture [9,15]. The analysis relies in part on the fact that if the neighborhoods
around variable nodes are trees, then the independence assumption is valid. For
a random graph and fixed depth d, it is easily shown that, when the block-length
is large, then neighborhoods of depth d of almost all variable nodes are tree-like
(almost all = all but an inverse polynomial fraction). Hence, the independence
assumption is valid for up to d rounds of the algorithm.

The independence assumption is only part of the argument. The other part
consists of showing that the performance of any instantiation of the decoding
process is close to the expected performance given by (2). This is done by setting
up an appropriate martingale and using Azuma’s inequality to prove the con-
centration of sums of random variables with limited dependencies around their
expectation. For a detailed discussion of these techniques the reader is referred
to [9,15]. Putting things together, we see that for a fixed depth d, there is an n0
such that a for a random graph with n ≥ n0 variable nodes, a d-fold iteration of
the erasure decoding algorithm reduces the fraction of errors below (1 − ε)dp0.
By choosing d large enough, we can push this fraction below any constant frac-
tion. To show that the process finishes from this point on, we can use expansion
properties of random graphs [10].

The asymptotic analysis sketched above seems not to be the last word on
this subject. To get the neighborhoods of variable nodes up to even moderate
depths tree-like one would need codes of extremely large block-lengths. However,
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the successful experiments reported above are for much smaller block-lengths.
This seems to suggest that the dependencies of the random variables involved
is possibly not too serious. An exact formulation of this statement and a proof
thereof are certainly among the foremost open problems in the field.

6 Achieving Capacity

The condition (2) is very handy if one wants to analyze the performance of
random graphs with a given degree distribution. However, it does not give a clue
on how to design good degree distributions λ and ρ. Our aim is to construct
sequences that asymptotically achieve the capacity of the erasure channel. In
other words, we want p0 in (2) to be arbitrarily close to 1 − R, where R is
the rate of the code. In the following, we call a sequence (λ�, ρ�)�≥0 of degree
distributions capacity-achieving of rate R if
– The corresponding graphs give rise to codes of rate at least R,
– For all ε > 0 there exists an )0 such that for all ) ≥ )0 we have

(1−R)(1− ε)λ(1− ρ(1− x)) < x for x ∈ (0, (1−R)(1− ε)).
Before discussing these sequences, it makes sense to relate the rate of the code to
the degree distributions (λ(x), ρ(x)). Note that the average left and right degree
of the graph are

1
∑

i

λi
i

=
1

∫ 1

0
λ(x)dx

, and
1

∑

i

ρi
i

=
1

∫ 1

0
ρ(x)dx

,

respectively. As a result, the rate of the code is at least 1−∫ 1
0 ρ(x)dx/

∫ 1
0 λ(x)dx.

It is a nice exercise to deduce from the equation (2) alone that p0 is always less
than or equal to 1−R, i.e., less than or equal to

∫ 1
0 ρ(x)dx/

∫ 1
0 λ(x)dx.

The first capacity-achieving sequence for the erasure channel was discovered
in [10]: fix a parameter D and let λD(x) := 1

H(D)

∑D
i=1 x

i/i, where H(D) is the

harmonic sum
∑D
i=1 1/i. Note that

∫ 1

0
λD(x)dx =

1
H(D)

(
1− 1
D + 1

)
.

Let ρD(x) := eµ(x−1), where µ is the unique solution to the equation
∫ 1

0
ρD(x)dx =

1
µ
(1− e−µ) = (1−R)

∫ 1

0
λD(x)dx =

1−R
H(D)

(
1− 1
D + 1

)
.

Then the sequence (λD(x), ρD(x))D≥1 gives rise to codes of rate at least R.
Further, we have

p0λD(1− ρD(1− x)) = p0λD(1− e−µx)

≤ −p0
H(D)

ln(e−µx)

=
p0µx

H(D)
.

185An Introduction to Low-Density Parity-Check Codes



Hence, successful decoding is possible if the fraction of erasures is no more than
H(D)/µ. Note that this quantity equals (1−R)(1−1/(D+1))/(1− e−µ), which
is larger than (1−R)(1− 1/D). Hence, we have

(1−R)
(
1− 1
D

)
λD
(
1− ρD(1− x)

)
< x for x ∈ (0, (1−R)(1− 1/D)

)
.

This shows that the sequence is indeed capacity-achieving. This sequence of
degree distributions is called the Tornado sequence and the derived codes are
called Tornado codes.

Another capacity-achieving sequence discovered in [17] is closely related to
the power series expansion of (1− x)1/D. For integers a ≥ 2 and n ≥ 2 let

ρa(x) := xa−1, λa,n(x) :=

n−1∑

k=1

(
α

k

)
(−1)k+1xk

1− n
(
α

n

)
(−1)n+1

,

where α := 1/(a − 1). Then it can be shown that with the right choice of the
parameter n (dependent on a) this sequence is indeed capacity-achieving.

For the Heavy-Tail/Poisson sequence the average degree of a variable node
was less than H(D), and it could tolerate up to (1 − R)(1 − 1/D) fraction of
erasures. Hence, to get close to within 1−ε of the capacity 1−R, we needed codes
of average degree O(log(1/ε)). This is shown to be essentially optimal in [17].
In other words, to get within 1 − ε of the channel capacity, we need graphs of
average degree Ω(log(1/ε)). The same relation also holds for the right-regular
sequences. Hence, these codes are essentially optimal for the erasure decoder.

It would be interesting to obtain a concise description of all capacity-
achieving sequences. However, this seems to be too much to ask for. In [13]
the authors start a systematic study of such sequences. The first observation
is that both for the Tornado and the right-regular sequences, we start with a
function f(x) represented by a Taylor series with non-negative coefficients on
[0, 1] and satisfying the normalizations f(0) = 0, f(1) = 1, for which

T f(x) := 1− f−1(1− x)
has again a converging Taylor series expansion with non-negative coefficients.
Therefore, [13] concentrates on the set

P :=
{
f(x) =

∞∑

1

fkx
k , x ∈ [0, 1]

∣
∣
∣ fk ≥ 0, f(1) = 1

}
,

and the set A defined as the maximal subset of P invariant under the action of
T :

A := {f ∈ P | T f ∈ P}.
[13] proves various properties of these function sets and derive new capacity-
achieving sequences. One of the results of that paper is that the right-regular
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sequence is capacity-achieving in a much stronger sense than the Tornado se-
quence. For more details the reader is referred to [13].

Another interesting property of the examples of capacity-achieving sequences
given above is their “flatness:” for the examples above, the derivatives of the
function f�(x) := p0λ�(1−ρ�(1−x))−x converge to zero on any open subinterval
of (0, p0). In [18] it was proved that this condition is necessary for any capacity-
achieving sequence. More precisely, [18] shows that for any fixed k, the derivatives
of f�(x) up to order k converge uniformly to 0 on any open subinterval of (0, p0).
In particular, by continuity, the first derivative of f� converges to 0 at 0. In other
words, we have

p0λ
�
2
dρ�(x)
dx

∣
∣
∣
x=1
→ 1

as ) → ∞. This seems to suggest that there is no capacity-achieving sequence
such that almost all derived graphs do not have variable nodes of degree 2. The
non-existence of variable nodes of degree 2 has important algorithmic conse-
quences, as these are the last nodes to be decoded in the process. (This should
be intuitively clear: variable nodes of degree 2 are connected to only two check
nodes, so has lowest probability of being decoded. The argument can be made
precise.)

7 Codes on Other Channels: Message Passage Decoding

The erasure decoder described in Algorithm 1 belongs to the class of message
passing decoders. These are decoders obeying the following rules. At each round
of the algorithm messages are passed from variable nodes to check nodes and
back. The criterion is that the message sent from the variable node v to the
check node c only depends on the messages sent from check nodes c′ to v where
c′ runs over all the check nodes incident to v other than c. The erasure decoder
is an instance of a message passing decoder.

The first examples of message passing decoders were given by Gallager [6]
for the binary symmetric channel. A simple decoding algorithm in this case is
as follows: In round zero of the algorithm the variable nodes send their received
value to their incident check nodes. The message sent from check node c to
variable node v is obtained by XOR’ing the messages received by c from all
incident variable nodes other than v. The message sent from the variable node
v to the check node c is the received value of node v unless all the messages
received by v from all incident check nodes other than c agree and are equal to
b, say; in this case, the message sent from v to c is equal to b.

The operation at the check nodes is clear: the messages sent to variable
nodes are chosen such that the XOR of all the incoming messages is zero. On
the variable side the messages sent are rather conservative: the variable node
changes its value only if all the incident check nodes tell it to do so.

This algorithm can be analyzed along the same lines as the erasure decoding
algorithm. We associate to the 0/1-random variable X the generating function
fX(s) = q+ps, where p = Pr[X = 0] and q = 1−p. If X and Y are independent
random variables with generating functions fX(s) and fY (s), then the generating
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function of Z = X ⊕ Y is given by fX(s)fY (s) mod (s2 − 1), where ⊕ is the
XOR operation. This is easily checked: the probability that Z is zero is Pr[X =
0]Pr[Y = 0] + Pr[X = 1]Pr[Y = 1]. Similarly, Pr[Z = 1] = Pr[X = 0]Pr[Y =
1]+Pr[Y = 0]Pr[X = 1]. It turns out that these two quantities are precisely the
coefficients of the linear polynomial fX(s)fY (s).

Now suppose that X1, . . . , Xm are independent random variables having the
same generating function f(s) = q + ps. Then the generating function of Z =
X1⊕· · ·⊕Xm is given by f(s)m mod (x2−1). This is most conveniently computed
using the Hadamard-Transform: suppose that H(f) = (p+q, q−p) = (1, 1−2p).
ThenH(fm) = (1, (1−2p)m). Further, the inverse ofH is given byH−1((x, y)) =
1
2 (x + y) +

1
2 (x − y)s. So, the generating function of the XOR of X1, . . . , Xm

equals
1 + (1− 2p)m

2
+

1− (1− 2p)m

2
s.

To proceed with the analysis of the algorithm, suppose that the messages sent
from variable nodes to check nodes at round i of the algorithm have the common
generating function qi + pis. Then the message sent from check nodes back to
variable nodes at that round have the density

1 + ρ(1− 2pi)
2

+
1− ρ(1− 2pi)

2
s.

This follows in the same way as in the case of the erasure decoder. At the variable
nodes we have the following probability distribution of the message passed from
variable node v to check node c. Suppose that the incoming messages all have
the common generating function ai + bis, and that the initial noise has the
generating function qi + pis. The probability that the message passed from v to
c is 0 is equal to the probability that all the incoming messages from incident
nodes other than c are zero, plus the probability that the initial noise was zero
(ai) multiplied with the probability that not all the incoming messages agree.
Denoting by Z the random variable describing the message sent from v to c, we
have then

Pr[Z = 1] = λ(bi)(1− p0) + p0(1− λ(ai)),
where p0 is the probability that the node received the value 1. Altogether, we
obtain the following identity:

pi+1 = (1− p0)λ
(
1− ρ(1− 2pi)

2

)
+ p0

(
1− λ

(
1 + ρ(1− 2pi)

2

))
.

Assuming that the transmitted word was the all-zero word, the condition for
successful decoding becomes

(1− p0)λ
(
1− ρ(1− 2x)

2

)
+ p0

(
1− λ

(
1 + ρ(1− 2x)

2

))
< x,

for x ∈ (0, p0]. For example, for the (3, 6)-graph, the largest p0 satisfying this
inequality is roughly 0.0394. (See [1] for the exact value of this threshold.) By
Shannon’s Theorem, the highest sustainable error probability for a rate 1/2 code
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is roughly 11%. Hence, this code is not particularly interesting. A more appealing
code is obtained by a (4, 8)-graph. In this case, the threshold p0 can be computed
to be equal to 1

21 . In general, for a (d, 2d)-graph with d > 3, the threshold turns
out to be

1
11(d− 3) + 4

(
d−3

2

)
+ 10

.

In [1] the authors discuss the best degree distributions for various rates for the
above decoding algorithm. In particular, they exhibit a degree sequence with
threshold roughly equal to 0.0513.

The above heuristic analysis can be made rigorous in an asymptotic setting
in exactly the same way as above.

The decoding algorithm described above belongs to the class of hard-decision
decoding algorithms: the messages passed back and forth are bits. To achieve
performance closer to capacity, one needs to use more refined information. The
most powerful decoding algorithm for LDPC codes is the belief-propagation, also
discovered by Gallager in [6]. The description of the algorithm is as follows.

We will use the standard map 0 �→ 1, 1 �→ −1. At each iteration, messages
are passed along the edges of the graph from variable nodes to their incident
check nodes and back. The messages are typically real valued but they can also
take on the values ±∞, reflecting the situation where some bits are known with
absolute certainty.

Generically, messages which are sent in the )-th iteration will be denoted by
m(�). By m

(�)
vc we denote the message sent from the variable node v to its incident

check node c, while by m
(�)
cv we denote the message passed from check node c

to its incident variable node v. Each message represents a quantity ln(p+/p−),
where p+ = p(x = 1 | y), p− = p(x = −1 | y), x is the random variable describing
the codeword bit value associated to the variable node v, and y is the random
variable describing all the information incorporated into this message. By Bayes
rule we have

m = ln
p(x = 1 | y)
p(x = −1 | y) = ln

p(y | x = 1)
p(y | x = −1) ,

since x is equally likely ±1. The message m is the log-likelihood ratio of the
random variable x (under the independence assumption).

As we will see shortly, to represent the updates performed by check nodes an
alternative representation of the messages is appropriate. Let us define a map
γ : [∞,+∞]→ F(2)× [0,+∞] as follows. Given x ∈ [∞,+∞], x �= 0, let

γ(x) := (γ1(x), γ2(x)) := (sgnx,− ln tanh |x
2
|). (3)

Let m0 be the log-likelihood ratio of the codeword bit x = ±1 associated
to the variable node v conditioned only on the channel observation of this bit.
The update equations for the messages under belief-propagation are then the
following:

m(�)
vc =

{
m0, if ) = 0,
m0 +

∑
c′∈Cv\{c} m

(�)
c′v, if ) ≥ 1,

(4)
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m(�)
cv = γ−1

(
∑

v′∈Vc\{v}
γ(m(�−1)

v′c )

)

, (5)

where Cv is the set of check nodes incident to variable node v, and Vc is the set
of variable nodes incident to check node c.

Now let f� denote the probability density function at the variable nodes at the
)th round of the algorithm. f0 is then the density function of the error which the
variable bits are originally exposed to. It is also denoted by P0. These density
functions are defined on the set R ∪ {±∞}. It turns out that they satisfy a
symmetry condition [14] f(−x) = f(x)e−x. As a result, the value of any of these
density functions is determined from the set of its values on the set R≥0 ∪ {∞}.
The restriction of a function f to this set is denoted by f≥0. (The technical
difficulty of defining a function at ∞ could be solved by using distributions
instead of functions, but we will not further discuss it here.)

For a function f defined on R≥0 ∪ {∞} we define a hyperbolic change of
measure γ via

γ(f)(x) := f(ln cothx/2)csch(x).

If f is a function satisfying the symmetry condition, then γ(f≥0) defines a func-
tion on R≥0∪{∞} which can be uniquely extended to a function F on R∪{±∞}.
The transformation mapping f to F is denoted by Γ . It is a bijective mapping
from the set of density functions on R ∪ {±∞} satisfying the symmetry condi-
tion into itself. Let f� denote the density of the common density function of the
messages passed from variable nodes to check nodes at round ) of the algorithm.
f0 then denotes the density of the original error, and is also denoted by P0.
Suppose that the graph has a degree distribution given by λ(x) and ρ(x). Then
we have the following:

f� = P0 ⊗ λ(Γ−1(ρ(Γ (f�−1)))), ) ≥ 1. (6)

Here, ⊗ denotes the convolution, and for a function f , λ(f) denotes the function∑
i λif

⊗(i−1). In the case of the erasure channel, the corresponding density fun-
ctions are two-point mass functions, with a mass p� at zero and a mass (1− p�)
at infinity. In this case, the iteration translates to [14]

p� = δλ(1− ρ(1− p�−1)),

where δ is the original fraction of erasures. This is exactly the same as in (2).
The iteration (6) is proved in a similar way as the iteration for the erasure

channel: one assumes an independence assumption first, and then shows that for
large graphs the assumption is valid for a fixed round of iterations. Details can
be found in [15].

Using Equation (6) it is possible to design degree sequences such that the
corresponding codes can tolerate a fraction of errors using the belief-propagation
algorithm, which is very close to the Shannon bounds. For instance, for the binary
symmetric channel, the Shannon bound asserts that a code of rate 1/2 cannot
tolerate a fraction of errors more than 0.110028. Using the degree sequence
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λ(x) := 0.157581x+ 0.164953x2 + 0.0224291x3 + 0.045541x4 + 0.0114545x5 +
0.0999096x6 + 0.0160667x7 + 0.00258277x8 + 0.00454797x9 +
0.000928767x10 + 0.0188361x11 + 0.0648277x12 + 0.0206867x13 +
0.000780516x14 + 0.0383603x15 + 0.0419398x16 + 0.0023117x19 +
0.00184157x20 + 0.0114194x22 + 0.0116636x28 + 0.0850183x39 +
0.01048x40 + 0.0169308x55 + 0.0255644x56 + 0.0364086x70 +
0.0869359x74

ρ(x) := 0.25x9 + 0.75x10,

we obtain a code that can asymptotically recover from a fraction 0.106 of errors
using the belief-propagation algorithm. This and many other examples can be
found in [14].

8 Encoding

Recall the two definitions of LDPC codes from Section 3. In Version (b) of the
construction encoding is rather trivial: each right node is obtained by XOR’ing
the values of its adjacent left nodes. In this case, however, the simple erasure
decoding algorithm discussed above does not necessarily work: if we wanted to
use the algorithm in this setting, we would need to assume that the losses did
not occur among the right nodes. There is no reason why this should be the
case. To remedy this situation, one can protect the redundant right nodes by
another graph. Again, in this case one would need to protect the rightmost nodes,
which leads to the construction of yet another graph, etc. The cascade of graphs
obtained this way can eventually be closed by a powerful binary code. Details
can be found in [10].

One problem with this construction is that if the fraction of errors in even one
of the graphs comprising the cascade is larger than what the code can tolerate,
then the decoding algorithm fails. Even though the cascading idea is very elegant
and appealing in theory, it quickly faces its limitations in practice. Although
there are some suggestions to remedy the situation [8], a practical solution is
not available at this point.

Surprisingly, there are practical solutions for Gallager’s construction of LDPC
codes even though this may not seem at first sight. To understand the solution,
we need to look at a matrix representation of LDPC codes. Much of the presen-
tation of this section has been taken from [16].

The parity-check matrix of an LDPC code given by a bipartite graph with
n left nodes and r right nodes is the r × n-matrix over F2 whose columns are
indexed by the left nodes and whose rows are indexed by the right nodes. There
is a 1 at position (i, j) if and only if the jth left node is connected to the ith
right node. This matrix is said to be the parity-check matrix of the LDPC code.
In the following, we will call this matrix H, as for most of our discussions it is
unimportant which kind of graph we are using.
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The erasure decoding algorithm described previously can be described in
terms of the matrix H in the following way:

Proposition 3. Let C be an LDPC code of block-length n and co-dimension
r, and let H be its parity-check matrix. Suppose that the erasure decoding al-
gorithm 1 can recover from erasures in positions i1, i2, . . . , it. Then, after a
permutation of rows and columns, the submatrix of H corresponding to the co-
lumns i1, i2, . . . , it becomes lower triangular. Conversely, if the submatrix of H
consisting of columns i1, i2, . . . , it is lower triangular up to a permutation of
rows and columns, then the erasure decoding algorithm can recover erasures in
positions i1, i2, . . . , it.

Proof. Let G denote the graph corresponding to H. The rows of H correspond
to the r right nodes of G while the columns correspond to the n left nodes.
W.l.o.g., let us assume that the erasures are he t first positions. The subgraph
induced by these nodes is obtained from H by deleting columns t+1, t+2, . . . , n.
Let us denote this matrix by M1. By assumption, there is now a right node of
degree 1, i.e., M1 has a row of degree 1. Let us call the left node corrected by
this right node v1. After a permutation of rows and columns, we can assume that
position (1, 1) ofM1 is 1, and that position (1, i) ofM1 is 0 for i ≥ 2. Deleting the
first row of M1, we obtain the matrix M2 which describes the graph in which v1
and all edges incident to it are deleted. Again, by assumption, there is another
right node of degree 1 in the graph new graph, which corrects, say, v2. By a
permutation of rows and columns we can assume that the (1, 1)-entry of M2 is
1 and that the entries (1, i) of M2 are zero for i ≥ 2. Continuing this way, we
see that the original matrix M1 is lower triangular. ✷

Perhaps the simplest possible case for fast encoding is the following.

Lemma 1. With the same assumptions as above, suppose that H contains an r×
r-submatrix which is lower triangular up to a permutation of rows and columns.
Then the code corresponding to H can be encoded in linear time.

Proof. Without loss of generality assume that the r× r-submatrix is the one
given by columns 1, 2, . . . , r. Choosing positions r + 1, r + 2, . . . , n freely, we
can recover the positions 1, 2, . . . , r using the erasure decoding algorithm, since
this is guaranteed to finish successfully by Proposition 3. The erasure decoding
algorithm runs in linear time which implies that the full encoding algorithm does
so as well. ✷

In general one cannot expect the conditions of the lemma to be satisfied.
However, one can hope that H contains an m × m-submatrix which is lower
triangular up to a permutation of rows, where m is close to r. In that case, one
has the following.

Proposition 4. With the same conditions as above, suppose that H contains
an m × r-submatrix which is lower triangular up to a permutation of rows and
columns. Then the code corresponding to H can be encoded in time O(n+ (r −
m)2) after a preprocessing time of O(n+(n+r−2m)(r−m)2+m(n−m)(r−m)),
where n and r are the number of columns and rows of H, respectively.
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Proof. Without loss of generality, let us assume that the m× r-submatrix M
consists of the first m columns and that the rows have already been permuted
so that M is lower triangular. Then H has the following form:

❅
❅
❅
❅
❅
❅
❅❅

r −m

m

m r −m n− r

A D′ E ′

U

*

0
B C

The matrix U is lower triangular, and the matrices A, B, C, D′, and E′ are
sparse. For the encoding process we can assume that A is zero. This is seen by
computing the Schur-complement of H with respect to U : Multiplying H from
the left with the invertible matrix

(
I 0

−AU−1 I

)
,

where the I’s are appropriately dimensioned identity matrices, then H becomes
H̃ given as

❅
❅
❅
❅
❅
❅
❅❅

r −m

m

m r −m n− r

0 D E

U

*

0
B C

where D = D′ − AU−1B and E = E′ − AU−1C. This multiplication does not
change the right kernel of H, i.e., the code.

Let us assume for the moment that the matrix D is invertible. Then we
compute in a preprocessing step the matrix D−1. This takes O((r −m)3) time.
In general, this matrix is not sparse anymore.

The encoding algorithm takes as input a vector (x1, x2, . . . , xk), k = n − r,
and produces an encoded vector c = (c1, c2, . . . , cn) via the following algo-
rithm, which successively determines the subvectors d = (c1, . . . , cm), e =
(cm+1, . . . , cr), and f = (cr+1, . . . , cn) of c. We assume that we have computed
the matrix D and that it is invertible.
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1. Set f := x, i.e., cr+1 := x1, cr+2 := x2, . . . , cn := xk.
2. Compute e := D−1 · (E · f) by first determining E · f and then multiplying
D−1 with it.

3. Compute y := B · e+ C · f and solve U · d = y for d.
To see that this algorithm works, note that the encoding process is equivalent
to solving the equations

D · e+ E · f = 0,
U · d+B · e+ C · f = 0.

Let us now discuss its running time.
Step 2. The computation of E · f is accomplished by realizing that this is

equal to (E′−AU−1C)f . The vector C ·f is computed with O(n−r) operations.
Since U is sparse and lower triangular, U−1 times this vector can be computed
in time O(m). The vector obtained this way can be multiplied with A with O(m)
operations, as A is sparse. E′ · f can be computed with O(n− r) operations, as
E′ is sparse. Hence, E ·f can be computed with O(n) operations. Multiplication
of D−1 with this vector uses O((r−m)2) operations, as D−1 is dense in general.
So, this step uses O(n+ (r −m)2) operations.

Step 3 uses O(n− r) operations for the computation of y and O(m) opera-
tions to solve for d, since U is sparse.

Altogether, we see that if D is invertible, then the running time of the algo-
rithm is O((r−m)2 +n) The preprocessing of this algorithm consists of compu-
ting the matrix D. It is easy to see that this is accomplished with O(m(r−m)2)
operations.

What if D is not invertible? In this case, we compute D̃ := (D′ | E′) −
AU−1(B | C) and run Gaussian elimination on this matrix appended with the
(r −m)× (r −m)-identity matrix to obtain a submatrix that is invertible. The
computation of D̃ costs O(m(n−m)(r−m)). Running Gaussian elimination on
this matrix costs O((n + r − 2m)(r − m)2) operations. This step also reveals
whether or not H has full rank, in which case we simply reduce r.

Note that in a practical setting a full Gaussian elimination on the compo-
und matrix D̃ is not necessary; typically, appending r − m columns of E to
D will reveal an invertible submatrix. So, in practice the running time of the
preprocessing step is likely to be a lot less than (r −m)3. ✷

An immediate application of this proposition is that if the erasure decoding
algorithm can correct a large fraction of errors for a code, then that code can be
encoded fast!

Corollary 1. Let C be an LDPC code of rate R and block-length n for which
the erasure decoding algorithm can correct a (1−R)(1− ε)-fraction of erasures.
Then the code can be encoded in time O(n+ (ε · n)2) time.
Proof. Follows from the previous proposition and Proposition 3. ✷
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Example 2. 1. Consider a random (3, 6)-graph. We have seen that the erasure
decoding algorithm can asymptotically correct a fraction δ of erasures, where
δ ∼ 0.429. Hence, using the encoding algorithm above, the running time of
the encoder is proportional to n+0.0049n2. In fact, the only nonlinear part
of the running time is multiplication with a square matrix of size 0.071 · n
which results in an overall running time of 0.0049n2.

2. Consider the Tornado codes. Fix the design parameter D. In this case, the
erasure decoding algorithm can asymptotically recover from a fraction (1−
R)(1 − 1/D) of errors. It turns out that the running time of the encoding
algorithm is roughly (n/D)2.

One can apply the same type of techniques to the transpose H� of H rather
than to H. With that, it is possible to further lower the gap r−m of the encoding
process. For instance, for the (3, 6)-graph, the encoding requires in addition to
processes with linear running time, a multiplication with a square matrix of size
0.027n. For details, we refer the reader to [16].

With the above method it is not possible to prove that the encoding time is
linear, except if one can show that the erasure decoding algorithm can recover
from a fraction (1 − R)(1 − 1/sqrt(n)) of erasures. The methods that we have
discussed in this paper do not allow the proof of such an assertion. In [16] the
authors improve upon the decoding algorithm described in this section and show
that for a large class of LDPC codes decoding is indeed possible in linear time.
More precisely, they show that if an LDPC code has a degree distribution given
by λ(x) and ρ(x), and if the distribution satisfies the conditions

– ρ(1− λ(1− x)) ≤ x on (0, 1), and
– λ′(0)ρ′(1) > 1,

and if the minimum degree of check node is larger than 2, then the code can be
encoded in linear time, with high probability. Here, the probability is with respect
to the random choice of the graph. Somewhat surprisingly, all the optimized
degree sequences from [14] satisfy the above properties, and so can be encoded
in linear time with high probability.

9 An Example of the Erasure Channel: The Internet

The definition of the erasure channel may seem slightly out of touch with realities
in the world of communication. This was certainly the case until the prolifera-
tion of Internet applications and the introduction of computer networks as a
communication channel. The latter provides the prime example of the erasure
channel.

In a computer network data is transferred in the form of atomic entities called
packets. Packets are routed through the network from the transmitter to the
receiver. During this transmission, packets can be lost or corrupted. Each packet
is equipped with a header which, among other things, contains information on
the entity the packet came from (the specific file it belongs to) and its position
within that entity. Upon reception, the receiver puts the packets into their right
order and hence can identify those that are lost. Another source of error on the
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Internet is the corruption of packets. Each packet is equipped with a standard
checksum which is designed to detect corrupted packets. Once a packet is known
to be corrupted, it can be regarded as lost. Hence, one needs only to concentrate
on lost packets.

Standard protocols like the TCP Protocol solve the problem of lost packets
by initiating retransmission by the server. In a scenario in which the server is
transmitting the same file to a huge number of receivers, this solution becomes
inadequate. This is because the server needs to keep track of losses of all the
individual clients. To solve the loss problem in this case, one needs to scale the
number of servers linearly with the number of receivers. Financially, this becomes
a losing proposition.

A completely different approach can be taken in the following way. The server
encodes the file using an LDPC code especially designed for the erasure channel.
An example could be the Tornado codes. Then the server broadcasts the encoded
file in a cyclic manner into the network.

The client joins the broadcast and collects a number of packets which is
slightly larger than the size of the original file. Once this is achieved, the erasure
decoder starts and decodes the file.

In this scenario, there is no need for a feedback channel between the user
and the server. The user waits until it has received enough distinct packets, no
matter which ones.

The key to the realization of this solution is the existence of codes described
in this paper. It is rather interesting that a theoretical solution like this leads to
the design of a massively scalable content distribution architecture.
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Abstract. The primal–dual schema, a general algorithm design method,
has yielded approximation algorithms for a diverse collection of NP-
hard problems. Perhaps its most remarkable feature is that despite its
generality, it has yielded algorithms with good approximation guarantees
as well as good running times. This survey provides some insights into
how this comes about as well as a discussion on future work.

1 Introduction

A large fraction of the theory of approximation algorithms, as we know it today,
is built around linear programming. Let us first provide reasons for this. When
designing an approximation algorithm for an NP-hard NP-optimization pro-
blem, one is immediately faced with the following dilemma. In order to establish
the approximation guarantee, the cost of the solution produced by the algorithm
needs to be compared with the cost of an optimal solution. However, for such
problems, not only is it NP-hard to find an optimal solution, but it is also
NP-hard to compute the cost of an optimal solution. Typically, the way to get
around this dilemma is to find good, polynomial time computable lower bound
on the cost of the optimal solution (assuming we have a minimization problem
at hand). Interestingly enough, the lower bounding method provides a key step
in the design of the algorithm itself. Many combinatorial optimization problems
can be stated as integer programs. Once this is done, the linear relaxation of
this program provides a natural way of lower bounding the cost of the optimal
solution. Approximation algorithms for numerous problems follow this approach.
There are two basic techniques for obtaining approximation algorithms using

linear programming. The first, and more obvious, method is to solve the linear
program and then convert the fractional solution obtained into a n integral
solution, trying to ensure that in the process the cost does not increase much.
The approximation guarantee is established by comparing the cost of the integral
and fractional solutions. This technique is called rounding.
� Research supported by NSF Grant CCR-9820896
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The second, less obvious and perhaps more sophisticated, method is to use the
dual of the LP-relaxation in the design of the algorithm. This technique is called
the primal–dual schema. Let us call the LP-relaxation the primal program. Under
this schema, an integral solution to the primal program and a feasible solution
to the dual program are constructed iteratively. Notice that any feasible solution
to the dual also provides a lower bound on OPT. The approximation guarantee
is established by comparing the two solutions.
For many problems, both techniques have been successful in yielding algo-

rithms having good guarantees, often essentially equal to the integrality gap
of the relaxation being used. The main difference in performance between the
two techniques lies in the running times of the algorithms produced. An LP-
rounding algorithm needs to find an optimal solution to the linear programming
relaxation, and therefore has a high running time, often leading to an unprac-
tical algorithm. Perhaps such inefficiency is to be expected from so general a
method. The following quote by Lovasz [15] about another general algorithm
design schema, due to Grotschel, Lovasz and Schrijver [9,10], which yields exact
polynomial time algorithms for numerous problems, is quite insightful in this
respect. “The polynomial time algorithms which follow from these general con-
siderations are very far from being practical. ... This ridiculous slowness is of
course quite natural for a method which can be applied in such generality – and
hence makes so little use of the specialities of particular problems.”
It is quite surprising then, that despite its generality, the primal–dual schema

yields algorithms with good running times. The reason is that the primal–dual
schema provides only a broad outline of the algorithm. The details have to be
designed by utilizing the special combinatorial structure of individual problems.
In fact, for many problems, once the algorithm has been designed using the
primal–dual schema, the scaffolding of linear programming can be completely
dispensed with to get a purely combinatorial algorithm.
This brings us to another advantage of the primal–dual schema – this time

not objectively quantifiable. A combinatorial algorithm is more malleable than
an algorithm that requires an LP-solver. Once a basic problem is solved using the
primal–dual schema, one can also solve variants and generalizations of the basic
problem. From a practical standpoint, a combinatorial algorithm is more useful,
since it is easier to adapt it to specific applications and fine tune its performance
for specific types of inputs.
In this survey paper, we will first present a broad historical development of

the ideas behind this schema. Then, we will give the basic mechanism it uses
and illustrate it in the simple setting of the set cover problem. We will also show
how the algorithm, once designed, can be stated in purely combinatorial terms.
Finally, we will list some key open problems concerning this schema.

2 Historical Development of Ideas

Kuhn [14] gave the first primal–dual algorithm – for the weighted bipartite mat-
ching problem. However, he used the name “Hungarian Method” to describe his
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algorithm. Dantzig, Ford and Fulkerson [5] used this method for giving another
means of solving linear programs, and called it the primal–dual method. Although
the schema was not very successful for solving linear programs, it soon found wi-
despread use in combinatorial optimization. Indeed, this schema yielded the most
efficient algorithms for some of the cornerstone problems in P, including mat-
ching, network flow and shortest paths. These problems have the property that
their LP-relaxations have integral optimal solutions. By the LP-duality theorem
we know that optimal solutions to linear programs are characterized by fact that
they satisfy all the complementary slackness conditions. In fact, the primal–dual
schema for exact algorithms is driven by these conditions. Starting with initial
feasible solutions to the primal and dual programs, it iteratively starts satisfying
complementary slackness conditions. When they are all satisfied, both solutions
must be optimal. During the iterations, the primal is always modified integrally,
so that eventually we get an integral optimal solution.
Consider an LP-relaxation for an NP-hard problem. In general, the rela-

xation will not have an optimal solution that is integral. Does this rule out a
complementary slackness condition driven approach? Interestingly enough, the
answer is “No”. It turns out that the algorithm can be driven by a suitable re-
laxation of these conditions! This is the most commonly used way of designing
primal–dual based approximation algorithms – but not the only way.
In retrospect, the first use of the primal–dual schema in approximation algo-

rithms was due to Bar-Yehuda and Even [2]. They gave a factor two algorithm
for the weighted vertex cover problem. The set cover algorithm given in Section
4 is a simple generalization of their idea. It is interesting to note that they did
not originally state their work as a primal–dual algorithm.
The works of Agrawal, Klein and Ravi [1] and Goemans and Williamson [7]

revived the use of this schema in the setting of of approximation algorithms,
giving a factor 2 approximation algorithm for the Steiner forest problem. They
also introduced the powerful idea of growing duals in a synchronized manner.
This is has turned out to be an important way in which primal–dual algorithms
differ in the exact and approximate setting. The former work on demand, in the
sense that they pick a condition that needs to be fixed and do so. The paper of
Goemans and Williamson also established the wide applicability of this schema
by giving algorithms for several related problems such as the prize collecting
Steiner tree problem.
The mechanism of relaxing complementary slackness conditions was first for-

malized in Williamson, Goemans, Mihail, and Vazirani [18] in the context of sol-
ving the Steiner network problem, a generalization of the Steiner tree problem to
higher connectivity requirements. All of the above stated algorithms work with
a covering-packing pair of linear programs, i.e., all the coefficients occurring in
the LP’s are nonnegative. The extension to non-covering-packing LP’s was given
by Jain and Vazirani [12] in the context of deriving an algorithm for the metric
uncapacitated facility location problem. This work also introduced the use of
Lagrangian relaxation, a classic method from combinatorial optimization, into
the primal–dual schema, by giving an algorithm for solving the metric k-median

200 V.V. Vazirani



problem. The latter problem has a global constraint – that at most k facilities
be opened. On the other hand, the primal–dual schema works by making local
improvements. The use of Lagrangian relaxation enables replacing the global
constraint by a local one, thereby essentially “reducing” the k-median problem
to the facility location problem. This technique has also been used for “redu-
cing” the k-MST problem, which has a global constraint, to the prize collecting
Steiner tree problem [4]. The only primal–dual algorithm that does not ope-
rate by relaxing complementary slackness conditions is [17]; they relax the dual
program instead. For further historical information, see the excellent survey by
Goemans and Williamson [8]. For a detailed exposition of several primal–dual
schema based approximation algorithms, see [Vaz01].

3 Overview of the Schema

Let us consider the following primal program, written in standard form.

minimize
n∑

j=1

cjxj

subject to
n∑

j=1

aijxj ≥ bi, i = 1, . . . ,m

xj ≥ 0, j = 1, . . . , n

where aij , bi, and cj are specified in the input. The dual program is:

maximize
m∑

i=1

biyi

subject to
∑m
i=1 aijyi ≤ cj , j = 1, . . . , n

yi ≥ 0, i = 1, . . . ,m

Most known approximation algorithms using the primal–dual schema run by
ensuring one set of conditions and suitably relaxing the other. In the following
description we capture both situations by relaxing both conditions. Eventually,
if primal conditions are ensured, we set α = 1, and if dual conditions are ensured,
we set β = 1.

Primal complementary slackness conditions
Let α ≥ 1.
For each 1 ≤ j ≤ n: either xj = 0 or cj/α ≤

∑m
i=1 aijyi ≤ cj .

Dual complementary slackness conditions
Let β ≥ 1.
For each 1 ≤ i ≤ m: either yi = 0 or bi ≤

∑n
j=1 aijxj ≤ β · bi,
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Proposition 1. If x and y are primal and dual feasible solutions satisfying the
conditions stated above then

n∑

j=1

cjxj ≤ α · β ·
m∑

i=1

biyi.

Proof.

n∑

j=1

cjxj ≤ α
n∑

j=1

(
m∑

i=1

aijyi

)

xj = α
m∑

i=1




n∑

j=1

aijxj



 yi ≤ αβ
m∑

i=1

biyi. (1)

The first and second inequalities follow from the primal and dual conditions
respectively. The equality follows by simply changing the order of summation.
✷

The algorithm starts with a primal infeasible solution and a dual feasible
solution; these are usually the trivial solutions x = 0 and y = 0. It iteratively
improves the feasibility of the primal solution, and the optimality of the dual
solution, ensuring that in the end a primal feasible solution is obtained and
all conditions stated above, with a suitable choice of α and β, are satisfied. The
primal solution is always extended integrally, thus ensuring that the final solution
is integral. The improvements to the primal and the dual go hand-in-hand: the
current primal solution is used to determine the improvement to the dual, and
vice versa. Finally, the cost of the dual solution is used as a lower bound on
OPT, and by Proposition 1, the approximation guarantee of the algorithm is
αβ.

4 Primal-Dual Schema Applied to Set Cover

Problem 1. (Set cover) Given a universe U of n elements, a collection of subsets
of U , S = {S1, . . . , Sk}, and a cost function c : S → Q+, find a minimum cost
sub-collection of S that covers all elements of U .
Define the frequency of an element to be the number of sets it is in. A useful

parameter is the frequency of the most frequent element. Let us denote this by f .
We obtain a factor f algorithm for the set cover problem using the primal–dual
schema.
To formulate the set cover problem as an integer program, let us assign a

variable xS for each set S ∈ S, which is allowed 0/1 values. This variable will
be set to 1 iff set S is picked in the set cover. Clearly, the constraint is that for
each element e ∈ U we want that at least one of the sets containing it be picked.

minimize
∑

S∈S
c(S)xS

subject to
∑

S: e∈S
xS ≥ 1, e ∈ U

xS ∈ {0, 1}, S ∈ S

(2)
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The LP-relaxation of this integer program is obtained by letting the domain
of variables xS be 1 ≥ xS ≥ 0. Since the upper bound on xS is redundant, we
get the following LP. A solution to this LP can be viewed as a fractional set
cover.

minimize
∑

S∈S
c(S)xS

subject to
∑

S: e∈S
xS ≥ 1, e ∈ U

xS ≥ 0, S ∈ S

(3)

Introducing a variable ye corresponding to each element e ∈ U , we obtain
the dual program.

maximize
∑

e∈U
ye

subject to
∑

e: e∈S
yelevelc(S), S ∈ S

ye ≥ 0, e ∈ U

(4)

We will design the algorithm with α = 1 and β = f . The complementary
slackness conditions are:

Primal conditions:

∀S ∈ S : xS 
= 0⇒
∑

e: e∈S
ye = c(S).

Set S will be said to be tight if
∑
e: e∈S ye = c(S). Since we will increment the

primal variables integrally, we can state the conditions as : Pick only tight sets
in the cover.
Clearly, in order to maintain dual feasibility, we are not allowed to overpack any
set.

Dual conditions:

∀e : ye 
= 0⇒
∑

S: e∈S
xS ≤ f

Since we will find a 0/1 solution for x, these conditions are equivalently to:
Each element having a nonzero dual value can be covered at most f times.
Since each element is in at most f sets, this condition is trivially satisfied for all
elements.
The two sets of conditions naturally suggest the following algorithm:
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Algorithm 1 (Set cover – factor f)

1. Initialization: x← 0; y ← 0
2. Until all elements are covered, do:

Pick an uncovered element, say e, and raise ye until some set goes tight.
Pick all tight sets in the cover and update x.
Declare all the elements occurring in these sets as “covered”.

3. Output the set cover x.

Theorem 2. Algorithm 1 achieves an approximation factor of f .

Proof. Clearly there will be no uncovered elements and no overpacked sets at
the end of the algorithm. So, the primal and dual solutions will both be feasible.
Since they satisfy the relaxed complementary slackness conditions with α = f ,
by Proposition 1 the approximation factor is f .

Example 1. A tight example for this algorithm is provided by the following set
system:

n-1e

n+1

n

1 2

1 1 1

e

e e

e

1+ε

. . .

Here, S consists of n − 1 sets of cost 1, {e1, en}, . . . , {en−1, en}, and one set of
cost 1 + ε, {e1, . . . , en+1}, for a small ε > 0. Since en appears in all n sets, this
set system has f = n.
Suppose the algorithm raises yen in the first iteration. When yen is raised to

1, all sets {ei, en}, i = 1, . . . , n − 1 go tight. They are all picked in the cover,
thus covering the elements e1, . . . , en. In the second iteration, yen+1 is raised to ε
and the set {e1, . . . , en+1} goes tight. The resulting set cover has a cost of n+ ε,
whereas the optimum cover has cost 1 + ε.

5 A Combinatorial Algorithm

As stated in the Introduction, once an algorithm has been designed using the
primal–dual schema, one can remove the scaffolding of linear programming and
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obtain a purely combinatorial algorithm. Let us illustrate this in the context
of the weighted vertex cover problem, which is a special case of set cover with
f = 2. For each vertex v, t(v) is a initialized to its weight, and when t(v) drops
to 0, v is picked in the cover. c(e) is the amount charged to edge e.

Algorithm 3

1. Initialization:
C ← ∅
∀v ∈ V , t(v)← w(v)
∀e ∈ E, c(e)← 0

2. While C is not a vertex cover do:
Pick an uncovered edge, say (u, v). Let m = min(t(u), t(v)).
t(u)← t(u)−m
t(v)← t(v)−m
c(u, v)← m
Include in C all vertices having t(v) = 0.

3. Output C.

One can show that this is a factor 2 approximation algorithm without in-
voking linear programs, by showing that the total amount charged to edges is
a lower bound on OPT, and that the weight of cover C is at most twice the
total amount charged to edges. Observe that the charges to the edges essentially
correspond to the dual solution produced by Algorithm 1. It is easy to verify
that this algorithm runs in linear, i.e., O(|E|), time. This is currently the best
known algorithm for the weighted vertex cover problem.

6 Discussion

It is instructive to compare the current status of primal–dual approximation al-
gorithms with the (mature) status of exact primal–dual algorithms. In the latter
setting, only one underlying mechanism is used: iteratively ensuring all comple-
mentary slackness conditions. On termination, an optimal (integral) solution to
the LP is obtained. In the former setting, we are not seeking an optimal solu-
tion to the LP (since the LP may not have any optimal integral solutions), and
so there is a need to introduce a further relaxation. Relaxing complementary
slackness conditions (which itself can be carried out in more than one way) is
only one of the possibilities (see [17] for an alternative mechanism). Another
point of difference is that in the exact setting, more sophisticated dual growth
algorithms have been given, e.g. [6]. In the approximation setting, other than
[17], all primal–dual algorithms use a simple greedy dual growth algorithm.
So far, the primal–dual schema has been used for obtaining good integral so-

lutions to an LP-relaxation. However, it seems powerful enough for the following
more general scenario: when the NP-hard problem is captured not through an
integer program, but in some other manner, and there is an LP that provides
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a relaxation of the problem. In this setting, the primal–dual schema will try
to find solutions that are feasible for the original NP-hard problem, and are
near-optimal in quality. Another possibility is to use the strong combinatorial
conditions satisfied by solutions produced by the algorithms designed using the
primal–dual. See [13] for one such use in cooperative game theory.
Some specific problems for which the primal–dual schema may be are right

tool are:

Metric traveling salesman problem: The solution produced by the well
known Christofedes’ Algorithm [3] is within a factor of 3/2 of the subtour
elemination LP-relaxation for this problem, [19]. However, the worst inte-
grality gap example known is (essentially) 4/3. Can a 4/3 factor algorithm
be obtained using this relaxation?

Steiner tree problem: The best approximation guarantee known is essentially
5/3, due to Promel and Steger [16], using structural properties established
in [20]. A promising avenue for obtaining an improved guarantee is to use
the bidirected cut LP-relaxation. This relaxation is exact for the minimum
spanning tree problem. For the Steiner tree problem, the worst integrality
gap known is (essentially) 8/7, due to M. Goemans. The best upper bound
known on the integrality gap is 3/2 for quasi–bipartite graphs (graphs that do
not contain edges connecting pairs of Steiner vertices), due to Rajagopalan
and Vazirani [17]. Determine the integrality gap of this relaxation, and obtain
an algorithm achieving this guarantee.

Steiner network problem: Jain gives a factor 2 algorithm for this problem
[11]. However, it uses LP-rounding and has a prohibitive running time. Ob-
tain a factor 2 combinatorial algorithm for this problem. A corollary of Jain’s
algorithm is that the integrality gap of LP-relaxation he used is bounded by
2. Therefore, this relaxation can be used as a lower bound for obtaining a
factor 2 combinatorial algorithm.
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The foundations of computer science are built upon the modified Church-Turing
thesis. This thesis states that any reasonable model of computation can be si-
mulated by a probabilistic Turing Machine with at most polynomial factor si-
mulation overhead (see [10] for a discussion). Early interest in quantum com-
putation from a computer science perspective was sparked by results indicating
that quantum computers violate the modified Church-Turing thesis [3,8]. The
seminal work by Shor giving polynomial time algorithms for factorization and
discrete logarithms [9] shook the foundations of modern cryptography, and gave
a practical urgency to the area of quantum computation. All these quantum al-
gorithms rely crucially upon properties of the Quantum Fourier transforms over
finite Abelian groups. Indeed these properties are exactly what is required to
solve a general problem known as the hidden subgroup problem, and it is easiest
to approach the the algorithms for factoring and discrete logarithms as instances
of this general approach. This survey paper focusses on presenting the essential
ideas in a simple way, rather than getting the best results.

Can quantum computers solve NP-complete problems in polynomial time?
This alluring prospect is unlikely to be resolved without a major breakthrough
in complexity theory, since it has been proved [4] that there are oracles relative
to which quantum computers do not provide a better than quadratic speed up
for NP over exponential exhaustive search. The proof of this result relies on
the hybrid argument, which we will present in this paper. There is a matching
upper bound [5] showing that, in fact, this quadratic speed up can be achieved
in general for any search problem.

This paper is based on course notes from my quantum computation course
at Berkeley. The notes are accessible on the web at

http:www.cs.berkeley.edu/˜vazirani/quantum.html.

1 Qubits

The basic entity of quantum computation is a qubit (pronounced “cue-bit”), or a
quantum bit. As an example, the electron in a hydrogen atom can be regarded as
a two-level system: it can be in its ground state or in an excited state. Viewed as
a classical system, the state of the electron could store a single bit of information:
� This research was supported by NSF Grant CCR-9800024, Darpa Grant F30602-00-
2-0601.
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ground = 0, excited = 1. But the general quantum state of the electron is a linear
superposition of the two possibilities, and is called a qubit:

∣
∣ψ
〉

= α
∣
∣0
〉

+ β
∣
∣1
〉

α, β ∈ C and |α|2 + |β|2 = 1
In Dirac notation, used above, a column vector —called a “ket”— is denoted

by
∣
∣ 〉 — it has the advantage that the basis vectors can be labelled explicitly.

(The {∣∣0〉 , ∣∣1〉 } basis is called the standard basis.) Thus the linear superposition
written above is just a unit vector in a 2-dimensional complex vector space, and

could alternately be written as a column vector
(
α
β

)
.

One may think of the linear superposition,
∣
∣ψ
〉

= α
∣
∣0
〉

+ β
∣
∣1
〉

, as the elec-
tron’s way of “not making up its mind” as to which of the 2 classical states it is
in. This linear superposition is part of the private world of the electron, and for
us to know the electron’s state, we must make a measurement. A measurement
in the {∣∣0〉 , ∣∣1〉 } basis yields

∣
∣0
〉

with probability |α| 2, and
∣
∣1
〉

with probability
|β| 2.

One important aspect of the measurement process is that it alters the state
of the qubit: the new state is exactly the outcome of the measurement. i.e. if the
outcome of the measurement of

∣
∣ψ
〉

= α
∣
∣0
〉

+β
∣
∣1
〉

yields
∣
∣0
〉

, then following the
measurement, the qubit is in state

∣
∣0
〉

. This implies that no further information
about α, β can be collected by repeating the measurement.

The measurement above was made in the
∣
∣0
〉
,
∣
∣1
〉

basis. More generally, we
may choose any orthogonal basis v, v⊥ and measure the qubit in that basis. To
figure out the outcome, we just rewrite our state in that basis:

∣
∣ψ
〉

= α′
∣
∣v
〉

+
β′
∣
∣v⊥
〉

. Now the outcome is v with probability |α′| 2, and
∣
∣v⊥
〉

with probability
|β′| 2. If the outcome of the measurement on

∣
∣ψ
〉

yields
∣
∣v
〉

, then as before, the
the qubit ends up in the state

∣
∣v
〉

.

2 Two Qubits

How do we describe the quantum state of the two electrons in a pair of hydrogen
atoms? Once again, if we were to view this as a classical system, then there are
four possibilities: {00, 01, 10, 11}, which can represent 2 bits of classical informa-
tion. Now the general quantum state of this system is a linear superposition of
these four states:

∣
∣ψ
〉

= α00
∣
∣00
〉

+ α01
∣
∣01
〉

+ α10
∣
∣10
〉

+ α11
∣
∣11
〉

where by
∣
∣ab
〉

we mean the first qubit has state a, and second qubit has state
b. This is just Dirac notation for the unit vector in C

4:






α00
α01
α10
α11







where αjk ∈ C,
∑ |αjk|

2 = 1.
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If we were to measure the two qubits, then the probability that the first qubit
is in state j, and the second qubit is in state k is P (j, k) = |αjk| 2. Following the
measurement, the state of the two qubits is

∣
∣ψ
〉

=
∣
∣jk
〉

. What happens if we
measure just the first qubit? The probability that the first qubit is 0 is the same
as in the case that we measure both qubits: Pr {1st bit = 0} = |α00| 2 + |α01| 2
But the new state of the system consists of those parts of the superposition that
are consistent with the outcome of the measurement– but normalized to be a
unit vector:

∣
∣φ
〉

=
(α00

∣
∣01
〉

+ α01
∣
∣00
〉

)
√|α00|2 + |α01|2

Example:
Consider the following state, which is called an EPR pair or a Bell state:

∣
∣Ψ−

〉
=

1√
2

(
∣
∣01
〉 − ∣∣10

〉
)

Measuring either bit of
∣
∣Ψ−

〉
in the standard basis yields a 0 with probability

1/2, and 1 with probability 1/2. However, if the outcome of measuring the first
bit is a 0, then the second bit is necessarily a 1, and vice versa.

Moreover, the state
∣
∣Ψ−

〉
is rotationally symmetric, in the sense that if

we measure the two qubits in an arbitrary basis — v, v⊥ — the outcomes
for the two qubits will be opposite. This follows from the fact that

∣
∣Ψ−

〉
=

1√
2

(∣∣vv⊥
〉 − ∣∣v⊥v〉 ).

In 1964, John Bell showed that these properties of an EPR state have verifia-
ble consequences that distinguish quantum mechanics from any hidden variable
theory. Consider an experiment where two particles are initialized in an EPR
state, and then are measured at two distant locations A and B. At each location,
one of two measurements is chosen at random, according to random inputs XA

and XB respectively. The challenge for a hidden variable theory is to achieve the
same probability distribution on outcomes of the measurements, in the following
abstract setting: the initialization of the two particles is now a classical proba-
bilistic process, and can be abstractly modeled as assigning the same arbitrarily
long random string r (the hidden variable) to each particle. The outcome of the
experiment at location A is allowed to be an arbitrary function of XA and the
hidden variable r (similarly for location B).

The following concrete communication problem may be stated in this setting:
Let A and B be two parties who share a common random string r. They receive as
input random bits XA, XB , and must output bits a, b respectively, such thatXA∧
XB = a⊕ b. How small can they make their probability of failure? It is easy to
show that the optimum strategy for A and B is deterministic, and that A and
B must fail with probability at least 1/4.

In the quantum setting, A and B now share an EPR pair
∣
∣Ψ−

〉
. As before,

they receive bits XA, XB , and try to output bits a, b respectively, such that
a, b ∈ 0, 1, s.t. XA ∧XB = a ⊕ b. Surprisingly, there is a strategy for A and B
such that they fail with probability 3−√2

8 < 1/4:
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– if XA = 0, then A measures (her half of
∣
∣Ψ−

〉
) in the standard basis, and

outputs the result.
– if XA = 1, then A measures in the basis rotated by π/8, and outputs the

result.
– if XB = 0, then B measures in the standard basis, and outputs the comple-

ment of the result.
– if XB = 1, then B measures in the basis rotated by −π/8, and outputs the

complement of the result.

To analyze this strategy, first notice that if A and B share an EPR pair,
and A measures her qubit in the standard basis, and B measures his qubit in a
basis rotated by θ, then the two outcomes are opposite with probability cos2 (θ),
and equal with probability sin2 (θ). Adding the failure probability in the four
cases now gives: the total probability that A and B fail = 1/4(0 + sin2(π/8) +
sin2(π/8) + 1/2) = 3−√2

8 ≡ .2 < 1/4. This shows that no hidden variable theory
is consistent with the predictions of quantum physics.

3 Tensor Products

The state of a single quantum bit is a unit vector in the Hilbert space C
2. The

state of two quantum bits is a unit vector in the tensor product of this space with
itself C

2 ⊗ C
2 = C

4. Using Dirac “ket” notation, we write the basis of C
2 ⊗ C

2

as
{|0〉 ⊗ |0〉, |0〉 ⊗ |1〉, |1〉 ⊗ |0〉, |1〉 ⊗ |1〉}

We will often write |0〉 ⊗ |0〉 as |0〉|0〉 or |00〉.
In general, we represent an n-particle system by n copies of C

2 tensored
together. We will often write (C2)⊗n = C

2n . So the state of an n-qubit system
can be written as

|ψ〉 =
∑

x∈{0,1}n
αx|x〉

∑

x

|αx|2 = 1

This means that nature must ‘remember’ 2n complex numbers just to keep track
of the state of an n-particle system. The idea behind quantum computation is
to harness the ability of nature to manipulate these exponentially many αxs.

4 Quantum Gates and Quantum Circuits

Quantum physics requires that the evolution of a quantum state in time is given
by a unitary transformation. Such a transformation U preserves inner product
of the underlying Hilbert space.

A unitary transformation on n qubits is c − local if it operates nontrivially
on at most c of the qubits, and preserves the remaining qubits. Quantum com-
putation may be thought of as the study of those unitary transformations that
can be realized as a sequence of c− local unitary transformations. i.e.

U = U1U2 · · · Uk,
where the Ui are c− local and k is bounded by a polynomial in n.
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Indeed, it has been shown that we can simplify the picture further, and
restrict attention to certain special 2− local unitary transformations, also called
elementary quantum gates [2]:
Rotation
A rotation or phase shift through an angle θ can be represented by the matrix

U =
(

cos θ − sin θ
sin θ cos θ

)
.

This can be thought of as rotation of the axes (see Figure 1).

θ

|1’>
|0’>

|0>

|1>

θ

Fig. 1. Rotation.

Hadamard Transform
If we reflect the axes in the line θ = π/8 we get the Hadamard transform (see
Figure 2). This can be represented by the matrix

H =
1√
2

(
1 1
1 −1

)
.

H

|0>

|1>

H

|1’>

|0’>

Fig. 2. Hadamard transform.
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Controlled NOT
The controlled NOT gate (Figure 3) operates on 2 qubits and can be represented
by the matrix 





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0





 ,

where the basis elements are (in order) |00〉, |01〉, |10〉, |11〉. If inputs a and b
are basis states, then the outputs are a and a⊕ b.

b

a

Fig. 3. Controlled NOT.

Any unitary transformation can be approximated by using just rotations, the
Hadamard transform, and controlled NOT gates [2].

5 Primitives for Quantum Computation

Let us consider how we can simulate a classical circuit with a quantum circuit.
The first observation is that quantum evolution is unitary, and therefore reversi-
ble (the effect of a unitary transformation U can be undone by applying its ad-
joint). Therefore if the classical circuit computes the function f : {0, 1}n → {0, 1}
then we must allow the quantum circuit to output |x〉 |f(x)〉 on input x. It fol-
lows from the work of Bennett [1] on reversible classical computation that, if
C (f) be the size of the smallest classical circuit that computes f , then there
exists a quantum circuit of size O (C (f)) which, for each input x to f , computes
the following unitary transformation Uf on m qubits:

Uf : |x〉 |y〉 → |x〉 |y ⊕ f (x)〉
In general, though, we don’t need to feed Uf a classical state |x〉. If we feed

Uf a superposition

∑

x∈{0,1}n
αx |x〉 |0〉

then, by linearity,
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Uf




∑

x∈{0,1}n
αx |x〉 |0〉



 =
∑

x∈{0,1}n
αxUf (|x〉 |0〉) =

∑

x∈{0,1}n
αx |x〉 |f (x)〉 .

At first sight it might seem that we’ve computed f (x) simultaneously for each
basis state |x〉 in the superposition. However, were we to make a measurement,
we would observe f (x) for only one value of x.
Hadamard Transform
The second primitive is the Hadamard transform H2n , which corresponds to
the Fourier transform over the abelian group Zn

2 . The correspondence is based
on identifying {0, 1}n with Zn

2 , where the group operation is bitwise addition
modulo 2. One way to define H2n is as the 2n × 2n matrix in which the (x, y)
entry is 2−n/2 (−1)x·y. An equivalent way is as follows: let H be the unitary
transformation on one qubit defined by the matrix

(
1√
2

1√
2

1√
2
− 1√

2

)

.

When we combine quantum circuits that operate on disjoint qubits, the ma-
trix for the combined circuit is formed by the tensor product of the matrices for
the individual circuits. Thus H2n = H⊗n, or H tensored with itself n times.

Applying the Hadamard transform (or the Fourier transform over Zn
2 ) to the

state of all zeros gives an equal superposition over all 2n states

H2n |0 · · · 0〉 =
1√
2n

∑

x∈{0,1}n
|x〉.

Applying the Hadamard transform to the computational basis state
∣
∣u
〉

mo-
difies the above superposition, by a phase:

H2n |u >=
1√
2n

∑

x∈{0,1}n
(−1)u·x|x〉.

Fourier Sampling
In general, if we start with a state

∣
∣φ
〉

=
∑

x αx

∣
∣x
〉

, after applying the Fourier

transform over Zn
2 , we obtain the new state ˆ∣∣φ

〉
=
∑

x α̂x

∣
∣x
〉

. Notice that this
transform can be computed by applying only n single qubit gates, whereas it
is computing the Fourier transform on a 2n dimensional vector. However, the
output of the Fourier transform is not accessible to us. To read out the answer,
we must make a measurement, and now we obtain x with probability |α̂x|2. This
process of computing the Fourier transform and then performing a measurement
is called Fourier sampling, and is one of the basic primitives in quantum com-
putation (see [3] for further discussion about the complexity of this primitive).

In the next section, we shall consider Fourier transforms over arbitrary finite
abelian groups. Kitaev [7] showed that there are efficient quantum circuits for
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computing the quantum Fourier transform over an arbitrary finite abelian group,
and therefore for Fourier sampling over an arbitrary finite abelian group. There
is also work by Hales and Hallgren [6] that obtains this result by a completely
different approach.

6 Fourier Transforms over Finite Abelian Groups

Let G be a finite abelian group. The characters of G are homomorphisms χj :
G→ C. There are exactly |G| characters, and they form a group, called the dual
group, and denoted by Ĝ. The Fourier transform over the group G is given by:

∣
∣g
〉 �→ 1

√|G|
∑

j

χj(g)
∣
∣j
〉

Consider, for example G = ZN . The characters are defined by χj(1) = ωj

and χj(k) = ωjk. And the Fourier transform is given by the familiar matrix F ,
with Fj,k = 1√

N
ωjk.

In general, let G ∼= ZN1 ×ZN2 × · · · ×ZNl , so that any g ∈ G can be written
equivalently as (a1, a2, . . . , al), where ai ∈ ZNi . Now, for each choice of k1, . . . , kl
we have a character given by the mapping:

χk1,... ,kl(a1, a2, . . . , al) = ωk1a1
N1
· ωk2a2

N2
· · · · · ωklal

Nl

Finally, the Fourier transform of (a1, a2, . . . , al) can be defined as

(a1, a2, . . . , al) �→ 1
√|G|

∑

(k1,... ,kl)

ωk1a1
N1

ωk2a2
N2
· · · · · ωklal

Nl

∣
∣k1 · · · kl

〉

7 Subgroups and Cosets

Corresponding to each subgroup H ⊆ G, there is a subgroup H⊥ ⊆ Ĝ, defined as
H⊥ = {k ∈ Ĝ | k(h) = 1 ∀h ∈ H}, where Ĝ is the dual group of G. |H⊥| = |G|

|H| .
The Fourier transform over G maps an equal superposition on H to an equal
superposition over H⊥:
Claim

1
√|H|

∑∣
∣h
〉 FTG�→

√
|H|
|G|

∑

k∈H⊥

∣
∣k
〉

Proof. The amplitude of each element k ∈ H⊥ is 1√
|G|
√
|H|
∑

h∈H k(h) =
√
|H|√
|G| .

But since |H⊥| = |G|
|H| , the sum of squares of these amplitudes is 1, and therefore

the amplitudes of elements not in H⊥ is 0.
The Fourier transform over G treats equal superpositions over cosets of H

almost as well:
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Claim
1

√|H|
∑

h∈H

∣
∣hg
〉 FTG�→

√
|H|
|G|

∑

k∈H⊥
χg(k)

∣
∣k
〉

Proof. This follows from the convolution-multiplication property of Fourier
transforms. An equal superposition on the coset Hg can be obtained by con-
volving the equal superposition over the subgroup H with a delta function at
g. So after a Fourier transform, we get the pointwise multiplication of the two
Fourier transforms: namely, an equal superposition over H⊥, and χg.

Since the phase χg(k) has no effect on the probability of measuring
∣
∣k
〉

, Fou-
rier sampling on an equal superposition on a coset of H will yield a uniformly
random element k ∈ H⊥. This is a fundamental primitive in the quantum algo-
rithm for the hidden subgroup problem.
Claim. Fourier sampling performed on

∣
∣Φ
〉

= 1√
|H|
∑

h∈H
∣
∣hg
〉

gives a uni-

formly random element k ∈ H⊥.

8 The Hidden Subgroup Problem

Let G again be a finite abelian group, and H ⊆ G be a subgroup of G. Given
a function f : G → S which is constant on cosets of H and distinct on distinct
cosets (i.e. f(g) = f(g′) iff there is an h ∈ H such that g = hg′), the challenge
is to find H.

The quantum algorithm to solve this problem is a distillation of the algo-
rithms of Simon and Shor. It works in two stages:
Stage I. Setting Up a Random Coset State:
Start with two quantum registers, each large enough to store an element of the
group G. Initialize each of the two registers to

∣
∣0
〉

. Now compute the Fourier
transform of the first register, and then store in the second register the result
of applying f to the first register. Finally, measure the contents of the second
register. The state of the first register is now a uniform superposition over a
random coset of the hidden subgroup H:

∣
∣0
〉 ∣∣0
〉 FTG⊗I−→ 1√

|G|
∑

a∈G
∣
∣a
〉 ∣∣0
〉

f−→ 1√
|G|
∑

a∈G
∣
∣a
〉 ∣∣f(a)

〉

measure 2nd reg−→ 1√
|H|
∑

h∈H
∣
∣hg
〉

Stage II. Fourier Sampling:
Compute the Fourier transform of the first register and measure. By the last
claim of the previous section, this results in a random element of H⊥. i.e. random
k : k(h) = 0 ∀h ∈ H. By repeating this process, we can get a number of such
random constraints on H, which can then be solved to obtain H.
Example. Simon’s Algorithm: In this case G = Zn

2 , and H = {0, s}. Stage I
sets up a random coset state 1/

√
2
∣
∣x
〉

+ 1/
√

2
∣
∣x+ s

〉
. Fourier sampling in stage

II gives a random k ∈ Zn
2 such that k · s = 0. Repeating this n − 1 times gives
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n− 1 random linear constraints on s. With probability at least 1/e these linear
constraints have full rank, and therefore s is the unique non-zero solution to
these simultaneous linear constraints.

9 Factoring and Discrete Log

Factoring is a problem of great practical interest, and its classical intractability
forms the basis of the RSA cryptosystem. The factoring problem may be stated
as given N find N1, N2 > 1 such that N = N1N2.

A closely related problem to factoring is order finding. To define this problem,
recall that:

The set of integers that are relatively prime to N form a group under the
operation of multiplication modulo N : Z∗N = {x ∈ ZN : gcd(x,N) = 1}.

Let x ∈ Z∗N . The order of x (denoted by ordN (x)) is minr≥1x
r ≡ 1 mod N .

Lemma. Let N be an odd composite (not a prime power), and let x mod N be
random and relatively prime to N . Let r be the order of x mod N . Then with
probability at least 1/2, r is even and xr/2 �= ±1 mod N .

The proof of this lemma is simple and relies on the Chinese remainder theo-
rem. The lemma says that if we know how to compute the order of a random
x ∈ Z∗N , then with high probability we can find a non-trivial square root of
1 mod N , and therefore factor N . To see this let a = xr/2. Then a is a non-
trivial square root of 1 mod N , since a2 = 1 mod N , but a �= ±1 mod N . There-
fore N |(a + 1)(a− 1), but N � |(a + 1) and N � |(a− 1). Thus gcd(N, a + 1) must
be a proper factor of N , and can be efficiently found via Euclid’s algorithm.
Example. Suppose that N = 15. Then 42 ≡ 1 mod N while 4 �≡ ±1 mod N
hence gcd(15, 4− 1) = 5 and gcd(15, 4 + 1) = 3 are both nontrivial factors of 15.

So now the task of factoring N is reduced to the task of computing the order
of a given x ∈ Z∗N . Recall that |Z∗N | = Φ(N), where Φ(N) is the Euler Phi
function. If N = pe1

1 · · · pekk then φ(N) = (p1− 1)pe1−1
1 · · · (pk − 1)pek−1

k . Clearly,
ordN (x)|Φ(N).

Consider the function f : ZΦ(N) → ZN , where f(a) = xa mod N . Then
f(a) = 1 if a ∈ 〈r〉, where r = ordN (x), and 〈r〉 denotes the subgroup of Z∗N
generated by r. Similarly if a ∈ 〈r〉 + k, a coset of 〈r〉, then f(a) = xk mod N .
Thus f is constant on cosets of H = 〈r〉.

The quantum algorithm for finding the order r or x first uses f to set up a
random coset state, and then does Fourier sampling to obtain a random element
from H⊥. Notice that the random element will have the form

k = s · φ(N)
r

where s is picked randomly from {0, . . . , r− 1}. If gcd(s, r) = 1 (which holds for
random s with reasonably high probability), gcd(k, φ(N)) = φ(N)/r. From this
it is easy to recover r. There is no problem discarding bad runs of the algorithm,
since the correct value of r can be used to split N into non-trivial factors.
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Discrete Log Problem:
Computing discrete logarithms is another fundamental problem in modern cryp-
tography. Its assumed hardness underlies the Diffie-Helman cryptosystem.

In the Discrete Log problem is the following: given a prime p, a generator
g of Z∗p (Z∗p is cyclic if p is a prime), and an element x ∈ Z∗p ; find r such that
gr ≡ x mod p.

Define f : Zp−1 × Zp−1 → Z∗p as follows: f(a, b) = gax−b mod p.
Notice that f(a, b) = 1 exactly when a = br. Equivalently, when (a, b) ∈

〈(r, 1)〉, where 〈(r, 1)〉 denotes the subgroup of Zp−1 × Zp−1 generated by (r, 1).
Similarly, f(a, b) = gk for (a, b) ∈ 〈(r, 1)〉+ (k, 0). Therefore, f is constant on

cosets of H = 〈(r, 1)〉.
Again the quantum algorithm first uses f to set up a random coset state, and

then does Fourier sampling to obtain a random element from H⊥. i.e. (c, d) such
that rc + d = 0 mod p − 1. For a random such choice of (c, d), with reasonably
high probability gcd(c, p − 1) = 1, and therefore r = −dc−1 mod p − 1. Once
again, it is easy to check whether we have a good run, by simply computing
gr mod p and checking to see whether it is equal to x.
Making It All Work
To make the simplified picture of the factoring and discrete log problem rigorous,
we have to do a little more work. In the case of the discrete log problem, the main
remaining issue is computing the Fourier transform over the group Zp−1×Zp−1.
This is not straightforward, since the Fourier transform over this group does
not have a straightforward tensor decomposition. There are two main approa-
ches: one is to use Kitaev’s phase estimation technique [7], to compute Fourier
transforms for any abelian group. A second technique, clean Fourier sampling [6],
shows that Fourier transforms are robust under changes in the underlying group.
Thus if we wish to Fourier sample the state

∣
∣φ
〉

with respect to the group ZN ,
the result can be closely approximated by interpreting

∣
∣φ
〉

as a state over ZM

for M >> N , and Fourier sampling over ZM and considering the conditional
distribution on N evenly spaced points � jMN �. Now if we let M = 2k, computing
the quantum Fourier transform over ZM is easy.

In the case of factoring, the problem is more complicated. The issue is that
knowing the Euler Phi function Φ(N) is as hard as factoring, since there is a
polynomial time classical algorithm to factor N given Φ(N). The technique of
clean Fourier sampling still works though, and we can do the Fourier sampling
with respect to a large enough ZM . The key observation is that the algorithm
does not need the measured value k, but only the ratio k

Φ(N) , which is closely

approximated by the ratio k′
M in the clean Fourier sampling.

10 Quantum Algorithms for NP?

Consider the satisfiability (SAT) problem: given a Boolean formula
f(x1, x2, . . . , xn), is there an boolean assignment to x1, . . . , xn that satisfies
f? Brute force search would take O(N) steps, where N = 2n. Is there a quan-
tum algorithm that can solve this problem in polynomial in n steps? We will
abstract this problem in a black box or oracle model as follows: assume that
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the input to the problem is a table with N boolean entries, and the task is to
find whether any entry in the table is 1. Classical algorithms can have random
access to the table entries, and quantum algorithms can query the entries of the
table in superposition. We will show, using the hybrid argument [4], that any
quantum algorithm for this problem must make Ω(

√
N) queries to the table.

Consider any quantum algorithm A for solving the search problem. First
do a test run of A on function f ≡ 0. Define the query magnitude of x to be∑

t |αx,t|2, where αx,t is the amplitude with which A queries x at time t. The
expected sum of the query magnitudes Ex

(∑
t |αx,t|2

)
= T/N , where T is the

total number of queries made by A. Thus minx

(∑
t |αx,t|2

) ≤ T/N . For any
such x, by the Cauchy-Schwarz inequality,

∑
t |αx,t| ≤ T/

√
N .

Let
∣
∣φ0
〉
, . . . ,

∣
∣φT

〉
be the states of Af during its run on f . Now run algorithm

A on the function g : g(x) = 1, g(y) = 0 for y �= x. Suppose the final state of
Ag is

∣
∣ψT

〉
. We will show that ||∣∣φT

〉 − ∣∣ψT

〉 || must be small.
Claim.

∣
∣ψT

〉
=
∣
∣φT

〉
+
∣
∣E0
〉

+ . . .
∣
∣ET−1

〉
, where ||∣∣Et

〉 || ≤ αx,t.
Proof. Consider two runs of the algorithm A, which differ only in the tth step:
on the tth step the first run queries f and the second queries g. Both runs query
f on the first t− 1 steps, and both query g starting with the t + 1st step. Then
at the end of the tth step, the state of the first run is

∣
∣φt

〉
, whereas the state of

the second run is
∣
∣φt

〉
+
∣
∣Ft

〉
, where ||∣∣Ft

〉 || ≤ |αx,t|. Now, if U is the unitary
transformation describing the remaining T − t steps, then the final state after
T steps for the two runs are U

∣
∣φt

〉
and U(

∣
∣φt

〉
+
∣
∣Ft

〉
respectively. The latter

can be written as U
∣
∣φt

〉
+
∣
∣Et

〉
, where

∣
∣Et

〉
= U

∣
∣Ft

〉
. The claim now follows

by ‘walking from’ the pure f run to the pure g run by switching one additional
query in each step, thus showing that the total error vector is the sum of the∣
∣Ei

〉
’s.

It follows from the above claim that ||∣∣φT

〉 − ∣∣ψT

〉 ≤∑t |αx,t| ≤ T/
√
N . It

was proved in [3] that if ||∣∣φ〉 − ∣∣ψ〉 || ≤ ε then the probability distributions that
result from measuring

∣
∣φ
〉

and
∣
∣ψ
〉

are with in a total variation distance of 4ε of
each other. Therefore, for the algorithm A to distinguish f from g with constant
probability, it follows that T/

√
N = Ω(1). i.e. T = Ω(

√
(N).

There is a matching upper bound due to Grover [5], that gives a quantum
algorithm for search that runs in O(

√
N) steps.
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